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PREFACE 


When the present volume was first contemplated some five years ago it was 
primarily meant to be a second edition of the author’s Topology (1930, Volume 
XII of the American Mathematical Society Colloquium Series). It soon became 
evident however that the subject had moved too rapidly for a mere revised 
edition, and that a completely new book would have to be written. With the 
consent of the Colloquium Committee the task was undertaken by the author 
and resulted in the present work. Its basic topic, often referred to as ‘““Combi- 
natorial Topology,” is in substance the theory of complexes and its applications. 
Many factors have contributed to a great increase in the role of algebra in this 
subject. For this reason it is more appropriately described as eae 
Topology,’ and this explains the title of the volume. 

The purely topological (non-algebraic) part has been concentrated in the 
first chapter, and all the necessary group-theoretic material in the second, 
thus resulting in a great economy and simplification in the treatment of many 
questions, notably duality and intersections. The next three chapters deal 
with the theory of complexes proper. The basic type selected is A. W. Tucker’s 
modified in that the elements may also take negative dimensions. As is well 
known one of the important recent advances has been the extension to complexes 
of the duality and intersection properties of manifolds. This may be ac- 
complished by means of special “‘dual’’ cycles (the ‘“‘pseudocycles” of Topology, 
Chapter VI), or by a special dual complex as done by Tucker (companion 
algebraic development by W. Mayer), or else again with Alexander and Whitney 
without new elements but with a new boundary operator for the chains. By 
utilizing negative dimensions it has been possible to associate with each complex 
X a dual complex X* such that the relation between the two is wholly sym- 
metrical, As a consequence the ‘‘co-theory’” of X (Whitney’s terminology) 
appears as the ordinary theory of X*, and all the duality and intersection 
properties are obtained by combining the X, X* relationship with group-duality 
and group-multiplication in the sense of Pontrjagin. There emerges thus a 
theory of complexes of purely algebraic nature, with manifolds relegated to the 
second plane. 

The homology theory of topological spaces is taken up in Chapter VII, the 
necessary limiting processes constituting the theory of nets and webs being dealt 
with in Chapter VI. We have chosen as our basic theory the Cech homology 
theory and in substance reduced to it the other known theories thus unifying a 
domain which has definitely stood in need of it for some time. 

The relative concepts which played such an important role in the previous 
volume have not been neglected in the present. They appear chiefly in the 
guise of certain binary dissections which run right through complexes, nets and 
topological spaces, and are at the root of the mechanism of webs. 
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The last chapter contains the applications to polyhedra and certain related 
questions, notably a very concise and very general treatment of fixed points. 
The book concludes with an appendix by Hilenberg and MacLane on the homol- 
ogy groups of infinite complexes and another by Paul Smith on his theory of 
fixed points of periodic transformations. 

Owing to limitations of time and space it has not been possible to take up 
the applications of algebraic topology. However with Marston Morse’s Calculus 
of Variations in the Large (1934, Volume XVIII of the Colloquium Series), 
W. V. D. Hodge’s The Theory and Applications of Harmonic Integrals (1941, 
Cambridge University Press), and a forthcoming volume by Hassler Whitney 
on sphere spaces, the reader interested in the applications will readily satisfy 
his curiosity. 

Certain deviations from standard usage have been adopted in the text and 
should be kept in mind. Thus “compact” replaces ‘‘bicompact,” and “com- 
plex” replaces ‘abstract complex.”” (A nomenclature of complexes and mani- 
folds is given at the end of Chapter VIII.) All groups are topological (the 
topology may be discrete) ; unless otherwise stated homomorphisms are supposed 
to be continuous and group-isomorphisms topological, exceptions being indi- 
cated by the mention ‘‘in the algebraic sense.” For vector spaces over a field 
there is a special set of conventions indicated in Chapter IT (22.2). 

The literature in topology has grown to such proportions that it has been 
impossible to provide more than a scanty bibliography. References are given 
by the author’s name followed by an appropriate letter in square brackets. 
Those to the present volume are of the form (IV, 16.3), where IV stands for 
Chapter IV and 16.3 for the numbering in the chapter. 

It has been my good fortune to have obtained sympathetic cooperation and 
advice from many sources. In preparation of the manuscript invaluable as- 
sistance was received from Samuel Eilenberg, W. W. Flexner, N. E. Steenrod, 
John Tukey, and as regards the second chapter, Claude Chevalley practically 
acted as a collaborator. Parts of the manuscript in more or less final form or 
important parts of the proofs were carefully read by Hubert Arnold, E. G. Begle, 
Paco Lagerstrom, Saunders MacLane, Moses Richardson, Seymour Sherman, 
J. D. Tamarkin, A. D. Wallace and Hassler Whitney. To one and all it isa 
great pleasure to express here my appreciation and thanks. 


S. LEFSCHETZ 


PrINcETON, N. J. 
October, 1941 


CHAPTER I 
INTRODUCTION TO GENERAL TOPOLOGY 


The scope of the chapter is sufficiently clear from its title. Particular at- 
tention has been paid to compactness and there is also a thoroughgoing treat- 
ment of inverse mapping systems which come strongly to the fore in (II), and 
also in (VI, VII) in connection with the homology theory of topological spaces. 

General references: The standard treatises and in addition: Alexandroff- 
Urysohn [a], Cech [g], Steenrod [a], Tukey [T], Wallace [a], Wallman [a]. 


§1. PRIMITIVE CONCEPTS 


1. We introduce a few formal abbreviations: 

A — B means “‘A implies B’’; 

A = B means “‘A is equivalent to B”’; 

A = B means “‘A is isomorphic with B.” 

We shall assume that the reader is familiar with the basic concepts of point 
sets. The null-set is designated by @ and if X is a set, X = @ signifies that X 
isempty. If X, Y are sets we write X C Y or Y > X for: “every element of X 
is an element of Y”, or: ““X is a subset of Y”’. We shall also say of three sets 
X, Y,Z that “Y is between X and Z’”’ whenever X C Y C Zorelse X DY D Z. 

The statement ‘‘x is an element of the set X”’ is written symbolically x « X 
or X az. Frequently the different elements of a set X are denoted by the same 
letter x with additional affixes as: x? , tan , ++ , or Say by X_ with complementary 
affixes as: %a;,°:-. In that case the set will sometimes be designated by 
{a}, {va}, ---. We shall also write X = {x}, X = {xa}, --- whenever it is 
the intention to designate the different elements in the manner Just stated. 
However, the symbol { } is too convenient to be reserved strictly for the 
preceding usage; deviations will be allowed but their meaning will generally 
be clear from the context. 

Let {X.} be a collection of sets which may or may not be distinct. Let par- 
ticularly X, = {2a}. Then the set of all the z, for all a is called the unzon of 
the X, and designated by U,X,. In this and similar symbols the subscript a 
will often be omitted, and we shall write U in place of U,, wherever the “a’”’ 
is clear from the context. Similarly the set of all the elements which are in 
every Xq (i.e., common to all the X,) is called the intersection of the X, and 
denoted by 1,X.. If the number of X, is finite, say consisting of the collection 
X1,°*: , X, (r an integer), we also designate the union and intersection, respec- 
tively, by Xu X,u---u X,and Xin Xen---n X;. 

Given two sets X, Y, the set of all the elements of X which are not in Y is 
called the complement of Y in X, also the difference of X and Y, and is denoted 
by X — Y. 
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If P is a property and X = {x}, the totality of all the elements z which 
satisfy P is denoted by ,z|z has the property P}. As an example of this 
notation, if {2} is the set of all real numbers, the set of all those between 0, 1 
is denoted by {x|0 < a < 1}. 

Negation of any relation shall be indicated by a bar drawn through its symbol 
asin Y ¢ X (Y not contained in X), Y # X (Y different from X), etc. 

The sets X, are said to be disjoint whenever any two are disjoint (Xan Xo = Q, 
for a # b). 

2. Transformations or functions. Let X = {xz}, Y = {y} be two sets and 
let G be a subset of the set whose elements are the ordered pairs (x, y). We 
suppose that G has the following property: every element zx is found in precisely 
one pair (z, yz) «G. There results then an assignment to each z ¢ X of a definite 
element y, ¢ Y and this assignment is known as a transformation of X into Y 
or function on X to Y. The statement ‘7 is a transformation of X into Y” 
will be generally written in one of the symbolic forms: “7 : X — Y,” “T : 
z—y:,” “x — yz defines JT.” The set X is the range of T and yz is the value 
of T at x. The element y, is frequently designated by Tz, and called the 
transform or image of x under T. The set Y’ of all the values Tz for all x e X 
is a subset of Y called the transform or image of X under T, and we write Y’ = 
TX. It may happen that Y’ = Y, i.e., that every element y occurs in some 
pair (x, y) ¢ G (every y is a Tx), in which case T is said to transform X onto Y. 

The transformation T is said to be unwvalent whenever x # x! > Tx # Tx’. 
It is said to be one-one when it is both univalent and a transformation “onto.” 
That is to say, every y occurs in one and only one pair (z, y). 

The set G of the pairs (x, y) serving to define 7’ is known as the graph of T. 

EXAMPLE. zisareal variable and X = Y = {x}, while T:2-—2?. Then X’ = TX # X, 
so 7 is a transformation of X into X but not onto X. Suppose now the same situation 
except that z is a complex variable. This time T is a transformation of X onto X.. 

Let X, Y, 7 be as before and let Z C X. Then if x e Z the assignment of 
Tx to x defines a transformation T,;: Z — Y denoted by T|Z. We also say 
that T is an extension of T |Z to X. | 

(2.1) Multi-valued transformations. Let the sets X, Y, G be as before, except 
that this time G is not subjected to any restrictions. The elements y in any 
pair (x, y) € G in which x occurs make up a set Y, C Y, which may be @ (an 
automatic subset of every set). The assignment 7 to any z of the set Y, is 
called a multi-valued transformation of X into Y. The terms “value, image, 
transform’’ and designations “Tx, TX,” are carried over to multi-valued trans- 
formations. If it is known that every Tx consists of n elements, T is sometimes 
said to be n-valued. The earlier transformations correspond to n = 1, and are 
sometimes designated as single-valued. 

A multi-valued transformation X — Y may be considered as a (single-valued) 
transformation of X into the set Y’ of all the subsets of Y. 


Example. If X is the set of all complex numbers then z — z”" is a multi-valued trans- 
formation X — X, the values Y, being sets of n complex numbers. 
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(2.2) Indexed system of sets. A multi-valued transformation 7':X — Y, 
with Tx = Y;, 1s also called a system of sets indexed by X, or more simply an 
indexed system, and denoted by {Y,}. It may be said that this designation 
will be used chiefly whenever X plays a minor role. As an example of an 
indexed system we may mention set sequences. We have then X = {1, 2,---, 
n, ---}, and the set sequence is here a system {Y,} indexed by {n}. Whenever 
every Y, is a single point the set sequence becomes a point sequence or more 
simply a sequence. 

(2.3) Inverse transformations, one-one transformations. Let T:X — Y 
be single-valued or multi-valued, and set X, = {x| Tx ay}. Then y > X, 
defines a multi-valued transformation known as the inverse of T and denoted 
by T. Thus if z is a complex variable then T : x — 2x” is a transformation 
X — X whose inverse is J’: 2 — x’/", already considered above. 

If both T and T™ are single-valued 7’ is one-one. In terms of the set G 
the transformation 7 is one-one whenever every x and every y each occur in 
a single pair (z, y) ¢ G. 7 

(2.4) Identification. Let R be a relation of equivalence between the elements 
of a set X = {zx} and let the resulting equivalence classes be taken as elements 
of a new-set Y = {y}. The set Y is said to be obtained from X by identifica- 
tion of the elements in each class y. 

There is an obvious connection between “identification” and ‘‘transforma- 
tion.”” Indeed if we define 7 by 7'x = the class y a x then T is a transformation 
xX — Y. Conversely, if 7’ is a transformation X — Y and we define the relation 
R by “x and 2’ are in the relation R whenever z and 2’ are elements of the same 
set 1 ‘y,’”’ then R is a relation of equivalence and Y is derived from X by identi- 
fication of the elements in each class. 


EXAMPLES. (2.5) A “‘book”’ may be obtained from a collection of rectangles {R.} by 
identification of points on a set of edges {E,}, one in each rectangle. Each equivalence 
class consists of the points at a specified distance from one vertex in each £, or of a sin- 
gle point not on an £,. 

(2.6) Let X consist of a circular region with its boundary circumference Z and let the 
relation FR be defined as follows: each interior point is in the relation RF with itself and itself 
alone; two end points z, z’ of the same diameter are in the relation R with one another and 
with no other points. The resulting identification yields the projective plane. Similarly 
the Euclidean set 2? + --- + 22 S 1 gives rise to projective n-space. 


(2.7) Imbedding. Let T be a univalent transformation X — Y and let X’ = 
TX. Then the process of replacing Y by (Y — X’) u X is known as imbed- 
ding X in Y. 

3. Cartesian products. 


(3.1) Derrnition. Let {X,} be a system of sets indexed by A = {a}, with 
Xq = {2a}. The cartesian product, or merely product of the Xq 1s the set of 
all the single-valued functions §(a) on A to UX, such that §(a) ¢ Xa for every a. 
The product is denoted by PX, or also by X; X --- X X, when A = {1,2,---,n}. 
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If the sets Xq are merely the same set X repeated we also write the product as a 
power: X*. , 


Exampues. (3.2) Take two disjoint sets X: = {zi}, X2 = {ze}. Then X; X Xz is in 
one-one correspondence with the collection of all the pairs (71 , 72), 2; « X;. Similarly if 
X; = {z.},7 = 1,2, --+ , n, are disjoint sets then X; X --- X X, is the collection of all the 
sets (v1, °°: ,2n), tee Xs. 

(3.3) Let X, = X_. = X = {x}. Then the product X X X, also written X?, is in one-one 
’ correspondence with the set of all ordered pairs (x', z’’),z’andz’’e X. Here then (z’, 2’’) = 


(x’’, x’) when and only when 2’ = x”. Similarly X X --- X X (r factors), written also X’, 
is in one-one correspondence with the set of all ordered r-uples (x, --- , x) of elements 
of X. : 


(3.4) Application to functions. By a function f on the sets Xq , or of the variables 2, , 
toa set Y, is meant a function on PX, to Y. If there are only a finite number of 2. , say 
Zi,°*: , 2, f is often designated by f(z, , --- , Zr). 

(3.5).Graphs. Let X, Y designate the sets of points z, y on two cartesian axes x’ O 2, 
y’ O y in an Euclidean plane x. Then the points of w are in one-one correspondence with 
the pairs of coordinates 2, y, i.e., with the elements of X X Y. With a function f on X 
to Y there is associated the set G of all points (z, f(z)), in which we recognize the graph of f 
in the sense of (2). 

By interchanging z, y and X, Y throughout, G may be viewed as the graph of f-!. If f 
is single-valued every vertical meets G in a single point. 

This simple configuration is so effective that its terminology has been increasingly 
borrowed. Explicitly, given the product PX, and an element z in the product, we call 
projection of x on Xa , or ath coordinate of x, its value z(a) at a. In the case of a product 
of two factors X X Y, we call x and y the horizontal and vertical projections of the point 
(z, y) of the product. The horizontal, vertical, ath projection of a set in X X Y or PX, 
is the aggregate of those of its elements. 

(3.6) Other products. Interesting generalizations of the cartesian product may be ob- — 
tained. For example, we may take as elements all the unordered pairs (z’, x’’) of elements 
of X, thus obtaining the symmetric product of X by itself. Similarly the unordered sets 
of r elements give the symmetric product of X by itself r times. 


4. Partially ordered and directed systems. A set A is said to be partially 
ordered or merely ordered, if certain pairs of elements (a, b) of A satisfy an 
ordering relation denoted by a < b and subjected to the sole condition of transi- 
tivity:a < bandb < c->a <c. Instead of a < b we also writeb > a. The 
ordering is said to be: reflexive if a < a for every a « A, proper if a < a’ and 
a’ <a>a=a'. The set A is said to be semply ordered whenever every pair 
of elements a, b are ordered: one of a < b or b < aor both must hold. 

Let A be ordered by <. Then A is said to be directed by > [ by <] when- 
ever given any two elements a, b of A there exists a third c such that c > a 
andc > b {ec < aandc < bj]. We also write accordingly A = {a; >} [A = 
ta; <}}]. | 

ExaMmpLes. (4.1) Ais the set of all real numbers anda<b¢>a<Zb. This set is simply 
ordered and directed both by < and >. 

(4.2) A is the Euclidean plane referred to the coordinates (z, y) and (x, y) < (z’, y’) 
means that z = z’,y Sy’. This set is ordered but not simply ordered and not directed. 

(4.3) A consists of all the subsets of a given set EH anda <~b¢%aCb. This system 
is directed by > and not simply ordered. Its ordering will occur frequently and is some- 
times called ordering by inclusion. 
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A subset A’ of a directed set A = {a; >} [= {a; <}] is said to be cofinal 
[cointtial] in A whenever for every a e A there is an a’ e A’ such that a < a’ 
[a > a’]. Thusif A = {a,} is a monotone numerical sequence, then any sub- 
sequence A’ is cofinal in A. In point of fact, cofinal systems play in many 
respects a role analogous to that of subsequences. 

In a partially ordered system A the subset A’ is said to have a for an upper 
[lower] bound whenever a < ad [a > a] for every a ¢ A’. The element ap is 
said to be maximal for A if a > ay > a > a. If the ordering is proper then — 
this definition specializes to the usual one: a is maximal if no a ¥ ap is such 
that a > a. | 

(4.4) If {\; >} 1s a countable directed system, either it contains a maximal 
element or it contains a cofinal simply ordered sequence. 

Let {A} = {\i, Xe, °:-}. Choose 4; = Xu, and choose dX, so that A, > An, 
X)_, and Az-1 + Ax. If such a choice is impossible at the nth step, then \,-1 
is a maximal element. If the choice can always be carried out, then {\,} 
is'a sequence cofinal in {\}. | 

5, Zorn’s theorem. We now introduce a theorem which will be used in a 
number of proofs. It is logically equivalent to the well-ordering postulate, 
but in a form which can be used to replace arguments based on well-ordering, 
particularly transfinite induction, by a simpler procedure. 

We give three statements of the theorem, which are easily proved equivalent. 


(5.1) THEorEM or Zorn. If in a partially ordered system A each simply 
ordered subset has an upper bound in the system, then there exists at least one 
maximal element a ¢ A, with a ‘> for a preassigned do. 


(a) A property P of sets is said to have finite character if whenever it holds for every finite 
subset of a set X it also holds for X itself, and conversely. 

(b) If a property P of some subsets of a set X has finite character then there exists at least 
one subset Y of X with property P such that any subset containing Y which has property P 
is equal to Y. 

(ce) Every partially ordered system contains at least one maximal simply ordered subset; 
that is, a subset B which cannot be extended in simple order by an element greater than or less 
than all elements of B. 

This last form of the theorem is perhaps most intuitive; but (b) brings out more clearly 
the basis for the proofs making use of Zorn’s theorem, since the properties involved usually 
are first defined for finite subsets of some set and then extended. 

In the formulation (a) and for the subsets of a given set ordered by inclusion the theorem 
was given by R. L. Moore [M, 84] but the first general formulation, and particularly its 
usage as a substitute for transfinite induction are due to Zorn. 


§2. TOPOLOGICAL SPACES 


6. We shall understand by topological space Rt an aggregate of elements, the 
points of R, and an aggregate U of subsets, the open sets of R, which satisfy 
the following axioms: ° 7 

OS1. The null-set and Rt itself are open. 

OS2. The union of any number of open sets 1s open. 
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OS3. The intersection of two (and hence of any finite number of) open sets 1s open. 

Although a space, as we have defined the concept, is made up of points, the 
points themselves will not be used in a major way until (§6) is reached. 

(6.1) Open base. An open base, or merely a base, for ® is an aggregate {W.} 
of open sets (+) of # such that every open set of § is a union of these basic open 
sets. The empty set is understood to be a union of an empty aggregate of sets. 

If we wish to make a set R into a space by choosing an aggregate {W.} of 
its subsets as a base, we will need 

(6.2) {W,} is a base for a topological space if and only if: (a) Ris a union of 
W.’s; (b) the intersection of every two W,’s is a union of W,'s. | 

The necessity of these conditions is clear from OS123. If R is a union of 
W,’s, then OS1 will be satisfied. OS2 is automatically satisfied. The inter- 
section of two unions of W,’s is the union of intersections of pairs of W,’s; 
hence if the intersections of pairs of W.’s are unions of W.’s, then the inter- 
section of two unions of W,’s is a union of W,’s and OS3 holds. 

In the applications it is more convenient to replace (6.2) by the equivalent 
condition: 

(6.3) {W.} is a base whenever: (a) every point x is in some Wa; (b) of x € We 
n W, there is a W. such thatxr eW. C Wan We. . 

Two bases {Wa}, {W2} are said to be equivalent if they are bases for the 
same topological space. The condition for this is that every W, is a union of 
sets W;, and conversely. Or more conveniently in terms of points: if z e« We 
there is a W; such that ze W; C W. and likewise with W. , W; interchanged. 

(6.4) Subbase. An aggregate {W.} of open sets of ® such that their finite 
intersections constitute a base is known as a subbase for ®. If a space has a 
subbase it is necessarily topological. 

(6.5) Base and subbase at a point. Let x be a point of ®. An aggregate 
{W,} of open sets, all containing 2, is a base at x, whenever if U is any open set 
containing x there is a set W, such that re W.C U. An aggregate {W.} isa 
subbase at x whenever the finite intersections of its sets constitute a base at x. 

(6.6) Countable bases. The presence of countable bases is often an important 
property of a space. In this connection we must mention the two well known 
axioms due to Hausdorff: | 


First COUNTABILITY AxIoM. There is a countable base at each point of R. 
SrCOND COUNTABILITY AXIOM. The space R has a countable base. 


Clearly the second implies the first. 
In connection with countable bases we have also the classical: 


(6.7) Tazorem or Linpe.ér. If ® has a countable base and V = UV, 
where the V, are open sets, then there is a countable subcollection {Va,} of {Va} 
such that V = UYV,,. 


[2] TOPOLOGICAL SPACES 7 


Let {W,} be a countable base. Every V, is a union of sets W,. The totality 
of the sets W, which are contained in some V, is thus a subcollection {W,,} 
of {W, and so necessarily countable. We have then V = UW,. Now for 
each W,, there is a 7 | 


Va, > Ws 

and clearly {V.,} behaves as required. 

From the theorem we deduce 

(6.8) If R has a countable base {W,} then every base {V.} contains a countable 
subaggregate {V.,} which is already a base. 

By the theorem just proved out of the sets V, whose union is W, there may 
be selected a countable subcollection {V.,,} whose union is again W,. There- 
fore {Va,,} (all p, g) is a countable base. 


7. Closed sets. The complement F = ® — U of an open set is known as a 
closed set. The properties of closed sets are the duals of those of open sets; 
explicitly, the duals of OS123 are: 

CS1. R and @ are closed. 

CS2. Any tinteresection of closed sets is closed. 

CS3. The union of two (and hence of a finite number of) closed sets ts closed. 

Conversely, if we had the closed sets satisfying CS123 and defined the open 
sets as the complements of closed sets, then the open sets would satisfy 0S123. 

(7.1) Closed base. An aggregate {F.} of closed sets of ® is a closed base 
whenever every closed set is an intersection of basic closed sets. Clearly: 

(7.2) {F.} ts a closed base for R if and only if {R — F.} is an open base for 
the space. 


8. Transformations between spaces. A single- or multi-valued transforma- 
tion T is called open [closed}if it takes open sets of R onto open sets of 7' Kt [closed 
sets of ® onto closed sets of 7 ®t]. Since the image of a union is the union of 
the images we have 

(8.1) If {U.} ts a base for R, then a transformation T of R onto S is open if 
and only if each TU, is open in G. 

A continuous transformation or mapping is a transformation 7’, whose inverse 
T ‘is open. An argument similar to that for (8.1) yields 

(8.2) If {Va} 1s a subbase for S, then a transformation T of R into S is con- 
tinuous if and only if each T'V, is open in R. 

If both 7. and 7™ are single-valued and continuous, then T is called a topo- 
logical transformation or a homeomorphism. Clearly: 

(8.3) A one-one transformation T is topological if and only if both T and / i 
are open. 


(8.4) A transformation of R into S is continuous if and only if its inverse 
as closed. 
A formal description of topology may now be given: 
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(8.5) Derinirions. A topological property of a topological space R is a prop- 
erty of R which remains invarrant under topological transformations. Topology 
as the study of the topological properties of topological spaces. 


Exampies. (8.6) A rigid plane motion is a topological transformation. A folding over 
of the plane is a continuous transformation but it is not topological. 


(8.7) Topological equivalence. The relation expressing that one space is the 
topological transform of another is evidently an equivalence, and is called 
topological equivalence. 


9. Some examples of topological spaces. : 
(9.1) Euclidean spaces. Consider the set X* of all the ordered sets of n real numbers 
{z.,-°*+,2,}. The subsets of X defined by inequalities 


ar<2a<b;, a= 1,2, +--+ x, 


are known as n-intervals, written J", or merely intervals when n = 1. Since {Z*} is immee 
diately seen to verify (6.2) it may be chosen as a base in a topology for X". The resulting 
topological space, or any other topologically equivalent, is known as an Euclidean n-space, 
written &*, also as a real line for n = 1. The open sets of €* are sometimes called regions. 

Strictly speaking ‘‘Euclidean n-space’’ should be applied only to certain metric spaces 
described more accurately in (44.1). However, in this and other similar instances it will 
be generally more convenient to enlarge the meaning of a well known term in the above 
manner, rather than to have recourse to a more involved terminology. 

Let Ul be the base just defined for €* and let B be the set of the rational n-intervals, i.e., 
corresponding to the a; , 5; all rational. If z ¢Z*, there is an element of 8 between z 
and J"; hence every J" is a union of sets of @. Moreover every element of VisanJ*. There- 
fore B may serve as a base for &*. In other words &* has a countable base namely &. 

(9.2) Let R be any point set and let the open sets be defined as all the subsets of R so 
that the points themselves are open. The verification of the axioms OS123 is now trivial. 
The topology thus affixed to & is known as the discrete topology. Its chief function is to 
make statements for topological spaces valid for arbitrary point sets, it being always 
understood when this is done that the discrete topology is assigned to the set. 

(9.3) Let ® be a set ordered by <. Define as an open set any subset U such that z e U 
andz<z'—>z’«U. Then the sets U verify OS123. In fact OS3 is fulfilled in the stronger 
form: 

OS3’. Any intersection of open sets is open. 

® is known as an ordered space. Let aset F have the property that ze F and z’ <z™ 
z'eF. Then ® ~— F = U is open, and so F is closed. Conversely, if F is closed it hag 
the property just considered. From this follows that the closed sets of R satisfy the same 
axioms OS123 as the open sets of R. Noteworthy examples of ordered spaces are the com- 
plexes (III, 1). In their theory however the fact that they are topological spaces is not 
important. 

(9.4) An interesting example of ordered space is the real line L: -~ < x < +0, con- 
sidered as a set ordered by S$. The open sets are then the “‘rays’’ a S$ x < @, and the 
closed sets the rays -~ <xzSa. This topology is manifestly different from the customary 
topology of LZ as an @!. 


10. Additional topological concepts. The new concepts to be introduced must 
of course be expressed directly or indirectly in terms of the primitive elements, 


the open sets. 
(10.1) The interior of a set A, written Int A, is the open set which is the union 
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of all the open sets C A (greatest open set contained in A). If zx ¢ Int A, x is 
said to be an interior point of A. 

(10.2) The closure A of A is the closed set which is the intersection of all the 
closed sets > A (least closed set containing A). 

(10.3) A is dense in Rif A = KR. 

(10.4) The boundary $A of A is the intersection of the closures of A and 
its complement: GA = An — A. 

(10.5) A neighborhood of A is any open set containing A. 

Many formal properties may be derived directly from the definitions. Thus: 

(10.6) Interiors are open sets, and the interior of an open set U 1s U itself: 
Int U = U. Closures and bouridaries are closed sets, and the closure of a closed 
set F is F itself: F = F. 

(10.7) A is dense in Re» An Ua a D for every set Uz of a base {U.}. 

Noteworthy and readily proved properties of the closure are: 


(10.8) ACA, 
(10.8b) | — =O, 
(10.8c) A = A, 
(10.8d) AuB=AuB. 


It may be shown that if we take (10.8 abcd) as axioms for a closure operator 
and define a set F as closed by: F = F (10.6), then we obtain a collection {F} 
satisfying’ CS123. Thus following F. Riesz and Kuratowski, one may describe 
topological spaces in terms of a suitably restricted closure operator. . 
Additional properties of the closure needed later will now be considered. 


(10.9) NA, CNA, Int UA, DU Int A, 
(10.10) KR — A = Int (R — A). 


This last property may also be expressed as: the complement of A is the union 
of all the open sets which do not meet A. It leads to the following important 
property (the only one of the present set where “points” are mentioned): 

(10.11) The closure A is the set of all the points x such that every neighborhood 
of x meets A. 

For if x « A, no neighborhood U of x can be in % — A and so every such 
neighborhood meets A. On the other hand if this last property holds then 
z¢ — A, since otherwise # — A would be a neighborhood of x disjoint from 
A. Therefore x ¢ A. 

(10.12) Let R, S be topological spaces and T a mapping R — ©. Then of 
A is any subset of R we have T(A) C TA. 

For T'(7A) is closed and > A, hence 7” '(TA) D A which yields at once 
(10.12). 

11. Topologization of subsets. Let A be any subset of the space ®t and let 
{U.}, {Fa} be the aggregates of open sets and closed sets of 9%. We see at 
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once that any of the properties OS? which hold for {U,} also hold for {A n Ug}, 
provided only that we replace ® by A in their statement. The same is true for 
{F,}, CSi, and {A n Fa}. This leads to adopting throughout the present 
work the rule | 


(11.1) PRINCIPLE OF RELATIVIZATION. Any subset A of a topological space 
R is turned into a topological space o : choosing as its open sets the intersections 
with A of the open sets of KR. In this statement “open sets’’ may be replaced by 
“closed sets.’ 

(11.2) ExampLe. Under the principle of relativization the subsets of any Euclidean 


space are topological spaces. 
Observe that B might well be closed in A but not closed in. For example, let L be 
the real line. If A is the interval 0 < x < 1, and B the set 0 < x S 1/2, then B is closed 


in A but notin L. 

(11.3) The closure in A of a subset of A is the intersection with A of tts closure 
nm KR. 

(11.4) Application. Let Tbe a mapping R — © andlet A CR. Then T | A 
is a mapping of A onto a subset B of S, for T'| A is continuous in the relative 
topologies. In particular T is a mapping of ® onto its image TR. 

12. Topological products. Let {9.} be a collection of topological spaces, and 
let {Uz, 2} be the aggregate of open sets of Rta. We have already defined the 
set-product P%.. We now agree to topologize it by choosing as a base the sets 
V = PU. na , where Ua, aca) = Ma except for a finite set of a’s depending on V. 
These sets might well be called “basic prisms.’ It is easily seen that (6.2) is 
fulfilled and so the product is a topological space ®. 

We notice that {U. * P:,.9ts} is a subbase for R. 

(12.1) The projection r.:R — Ra is an open mapping. More generally if 
fa} = {b} u {c}, KR’ = PR, R” = PR., so thai R = R' XK RK”, then the pro- 
jection +: KR — R’ ts an open mapping. 

It is only necessary to consider the projection 7,. If U. is open in ®, then 
Va = {x|xaeU.} = 7 Uisopenin ®, 50 7. is amapping. Since raVa = Us, 
@, is open by (8.1). 

The following proposition is expressed in the form in which it usually occurs: 

(12.2) Let SG = {y} be a topological space and let f.(y) be a continuous func- 
tion on © to Ry. If we setx = {faly)} = oly), then oly) ts likewise continuous 
on G. We may also say that y is a mapping: S — R. 

Since x. = fa(y) is continuous f. Us = ye Vz is epen and since {Vg} is a 
subbase for 9, ¢ is continuous (8.2). 

(12.3) Application to the continuity of functions of several variables. ‘To simplify 
matters consider a function of two variables f(z, x’) with ranges ®, §t’ and values 
inaspace G. By definition f is merely a function of the point (a, 2’) of R K R’ 
i.e., with range R X *’, with values in S; and f is said to be continuous in both 
z, x’, when it is a continuous mapping # X KR’ > S. Let {U}, (U' } be the 
open sets of Kt, #’. Since {U x U’} is a base for R X R’ a n.a.s.c. for the 
function f to be continuous is that if f(x , to) = yo and V is any neighborhood 
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of yy then there exists a neighborhood U X U’ of (a, x) « R X R’ such that 
the values of fon U X U’ are in V. This is the well known condition: There 
exist neighborhoods U, U’ of 2, 29 such that x « U, x’ « U' > f(z, x’) eV. 
The extension to any number of variables is obvious. 

(12.4) The graph G of a mapping T: R — KR’ is topologically equivalent to R. 
More precisely if w is the projection R K RK’ KR then «|G is a topological 
mapping G — §. 

It is already known that z | G is one-one, and it is continuous since x is con- 
tinuous. Therefore we only need to prove r|G open. If {U}, {U’} are the 
open sets of R, R’ then {U XK R’} and {R & U"} together form a subbase for 
RX R’. Hence {Gn U X K’} and {Gn R X U’} together form a subbase 
for the subset G. Now e(GnU X®’) = U, e(GaR XU’) = TU = 
an open set of 9, since T is continuous. Since + |G maps the elements of a 
subbase of G onto open sets it is open, and (12.4) follows. 

(12.5) If R = PR, As CR, A = PA,, then A = PA,. Or, explicitly: 
the closure of a product ts the product of the closures. 

Since A is a product in order thatx = {2a} ¢ A an.a.s.c¢. is that every neigh- 
borhood of « meet A, and hence that every set of the subbase {U. X P:,.8s} 
(U, are the open sets of ®.) containing z meet A. Hence the n.a.s.c. is: for 
every a every neighborhood of x, must meet A,, or 2. € Az for every a, and 
this is (12.5). 

If the Aq are closed then A, = Ag, and hence A = A or: 

(12.6) A product of closed sets is a closed set. 

This may also be proved directly as follows. If the A, are closed then A = 
1G.,G. = Aa X PizaRs. Since R — Ga = (Rz — Aa) X PRs is open, G, 
is closed and so is A. 

(12.7) An Euclidean n-space &" is the product of n real lines: Li; X --+ & Dy. 
If we replace in this product one factor say LZ; by an interval \ of L;, there is 
obtained a strip “perpendicular” to L;, and the totality of these strips forms 
a subbase. Thus in the Euclidean plane the horizontal and vertical strips 
form a subbase. 

(12.8) Parallelotopes, cells, spheres. We have already defined the interval 
as a subset a < x < bof the real line. Its closurea S$ x S b (a & b) is known 
as a segment. Let 1, ---, An be intervals, and 1; = i, the corresponding seg- 
ments. The product P), is an n-interval I”. The product P” = Pl, is known 
as an n-parallelotope. The set S”’ = P” — I" = BP” is called a topological 
(n — 1)-sphere. The topological zero-sphere consists of two points, the topo- 
logical one-sphere of the perimeter of a rectangle. 

The terms “‘parallelotope,” ‘‘sphere” are also applied to any sets topologically 
equivalent to P”, S*”. However, a set topologically equivalent to I” is gen- 
erally called an n-cell. 

The number vn for the n-parallelotope, n-cell or n-sphere is called its dimension. 
For the present this designation is merely to be understood in a formal way. 
Later (VIII, 15), we shall identify n with the topological dimension. 
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Owing to their importance it is advisable to recognize parallelotopes, cells and 
spheres even when they occur in a form unrelated to the products. Most models 
may be deduced from: 

(12.9) A bounded convex region Q (region with bounded coordinates) in an 
Euclidean n-space &” is an n-cell; its closure 2 is an n-parallelotope and its boundary 
BQ is a topological (n — 1)-sphere. | 

Let x; be running coordinates for the space and choose for n-cell the set: 
%:0<2;< 1. Take a point a on 2 and a point aon. Any ray \ from a 
meets the boundary 80 in a single point p. Draw from a a ray Xo parallel to 
and in the same direction, and let it meet BQ in p. Let T be the transforma- 
tion whereby a point x dividing aopo in a given ratio between 0 and 1 goes into 
the point x dividing ap in the same ratio, while a@— a, p.—p. T is manifestly 
a topological transformation, and since TQ) = 2, TBMX% = Ba, (12.9) follows. 


APPLICATION. Let &* be referred to the coordinates z;. Then the Euclidean spherical] 


region 
> ri<il 
is an n-cell. Its closure, the set 


> 4 S11, 


is an n-parallelotope. The boundary, the Euclidean (n — 1)-sphere, is a topological 
(n — 1)-sphere. This is, of course, the justification for the term “‘sphere.”’ 


(12.10) Let {l,} be a countable collection of segments. The product 
P* = Pl, is known as the Hilbert parallelotope. If P°® is parametrized by 
0 < x, < 1, then the “strips” defined by one condition of the form a, < tn < ba, 
0 S rn < ba, Gn < %n S 1, make up a subbase for P”. 


Here again strictly speaking the Hilbert parallelotope as we have defined it, 
is only a topological image of the set commonly designated by that name. 


(12.11) Let X, Y denote, respectively, the segments0 Sz 31,0 S y S 1 and let {Y,} 
be a system indexed by X, where Y. = Y. Then PY, = Y* is the set of all functions f 
on X to Y. Let U, be an interval of Y,. Then the set V, = {f| f(z) « Uz} is open in 
YX and {Vz} is a subbase for this space. The space thus obtained has many important 
properties of great interest in analysis. For instance, the subset Q of Y* which represents 
the continuous functions on [0 — 1] to [0 — 1) is ‘‘very thinly spread’”’ in Y~. 

The space Y~ is also interesting as a special case of what we shall call later (25.2) a 
‘compact parallelotope.”’ 


13. Topological identification. We have seen (2.4) that a relation of equiva- 
lence R between the elements of a set X yields a new set Y by identification of 
the elements in each equivalence class y. We also have an associated trans- 
formation T of X onto Y whereby Tx = y. Suppose that X is a topological 
space and let Y be topologized by specifying V C Y to be open whenever 
TV is open in X. Then 08123 are readily verified, and so Y is a topological 
space. This space is said to be obtained from X by topological identification. 


[3] AGGREGATES OF SETS. COVERINGS. DIMENSION 13 


ExampLes. (13.1) The set described as “‘projective plane” in (2.6) receives by topo- 
logical identification a definite topology and it is the set thus topologized which is referred 
to henceforth as projective plane. Similarly for projective n-space. 

(13.2) Let X = {x} be the real line and let the relation R be defined by the condition: 
x and x’ are in the relation R whenever x = x’ mod 1 (x — zx’ is an integer). This is mani- 
festly a relation of equivalence and topological identification yields the space Y referred 
to as the real line mod 1, or also the circumference. 


(13.3) Topological imbedding. Let ® contain a set S such that there is a 
topological mapping t: G — S. If we replace every point xe S by ¢ x both 
in ®t and in its open sets, we obtain what is known as a topological imbedding or 
ammersing of S into R. It is an imbedding in the sense of (2.7) since it replaces 
R by (R — S)u GS. 


§3. AGGREGATES OF SETS. COVERINGS. DIMENSION 


14. In view of the fundamental role of aggregates of sets and coverings it is 
important to settle the nomenclature as rapidly as possible. 

We shall be dealing with aggregates of subsets of a given space ®. Let 
% = {A,} be such an aggregate. The set {A.} of the closures of the A, is 
denoted by %. Given a second collection 8 = {Bg} we shall write: 

Yu Bor WV B = the union of A and B; 

Wa B = {Aan Bs}; 

Wx B= {Aa X Bg}; 

> B = every Aq is in some B,; ; we say also that % is a refinement of B or 
refines B. 

As a special case of 2 a B one of the collections, say 2%, may consist of a 
single set A so that Ya B is now {A n Bg}. 

The order of %&{ is the largest number 7 if one exists such that some p + 1 sets 
of % intersect; if p does not exist the order is said to be infinite. 

The finiteness properties of the aggregates are important. We say that 2 is: 

point-finite whenever every point of ® belongs to at most a finite number 
of A.; | 

neighborhood-finite whenever every point of & has a neighborhood N which 
meets at most a finite number of A, ; 

locally finite whenever every Aq meets at most a finite number of Az ; 

finitely covered by 8 whenever A > B and every Bg contains at most a finite 
number of A.. 

Notice that when %, 8 are point-finite or neighborhood-finite so is Uv B 

Two aggregates 1 = {A.}, 6 = {Bg} are said to be sumilar whenever there 
may be established a one-one transformation 7: {a} — {8} such that 
Aan-':n Aw ~O Ban-::n Ba ~ G. The transformation Y — B 
defined by A. — Bra is known also as a similitude. 

By a covering of is meant an aggregate 2 whose sets Aq have ® for unicn: 
UA, = ® (every point x belongs to an Aq). An open [closed] covering is a 
covering by open [closed] sets. 
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Let {%.} be a collection of coverings. We say that the subcollection {Y,} 
is cofinal in {2.4} whenever every %. has an %, refinement. 

Notice that a neighborhood-finite covering 2% may be characterized thus: 
There exists an open covering each of whose sets meet at most a finite number 
of sets of 1. 

15. Dimension. The general theory of dimension, of Menger and Urysohn, 
fully developed for separable metric spaces, has not reached very far beyond 
these spaces. An important reason is that several equivalent definitions, all 
natural and which agree for separable metric spaces, seem to part company for 
other, less simple, spaces. A full treatment of these questions is wholly outside 
the scope of the present treatise, and they will be touched upon here and there 
only in those phases of interest in algebraic topology. Let us say at all events, 
that while in the early definition of Menger-Urysohn the “local” point of view 
predominates, we shall adopt the definition, inspired by Lebesgue, in terms of 
the order of coverings, as it is most closely related to our general purpose. 


(15.1) Derinition. Let K = {%,; >} be a class of coverings of a topological 
space Rt, which is directed by refinement: % > %, <-> Ay refines A, . For a given 
%,, consider all the XA. > A, , and let n, be the least order of all such UM. The 


K-dimension of R 7s sup ny . 


Among the noteworthy classes K are: all the finite open or all the finite closed 
coverings, all the point-finite, or neighborhood-finite open or closed coverings. 
If ¥ is topological then each of these has the property that %, a %, refines both 
%, and I, and is in the class. Hence each may serve to define a dimension. 
We have thus the dimensions by finite open or closed coverings, ---. The 
most generally utilized is the first, and it is to this dimension by finite open 
coverings that the term dimension, written dim §R, is applied in the sequel. 

Little is known regarding the mutual relations between the various dimensions 
and there are few, if any, very general properties. A simple property is: 

(15.2) If F is a closed set in ® then dim F S dim R. 

Any finite open covering of F is of the form {F n U;}, where U = {U;} isa 
finite collection of open sets of R. Since {U;, R — F} is a finite covering of R, 
if dim # = n, the covering has a refinement 8 = {V,} whose order does not 
exceed n. The sets {F n V,;} are then a refinement of the covering {F a U;} 
of F, whose order does not exceed n. Therefore dim F S$ n = dim &. 


§4. CONNECTEDNESS 
16. There is perhaps no simpler intuitive property of a space than con- 


nectedness. 


(16.1) Derinition. A topological space Rt 1s said to be connected when 1t 1s not 
the union of two non-void disjoint open sets. 
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If R = Uv V, where U and V are open and disjoint, then U and V are also 
closed, so that # is the union of two disjoint closed sets, and conversely. There- 
fore in the definition ‘“‘open sets’’ may be replaced by ‘“‘closed sets.’”’ Moreover 
the property of the definition is seen to be equivalent to the following: The null- 
set and 9 itself are the only subsets of Jt which are both open and closed. 

Let A, B be two subsets of R which satisfy the so-called Hausdorff-Lennes 
separation condition: 


(16.2) (An B)u(AnB) = @. 
Explicitly neither set meets the closure of the other. We prove: 


(16.3) THEorEM. A n.a.s.c. for the connectedness of a subset C of R 18 
that it admits of no decomposition C = A u B wherein A, B are not empty and 
satisfy the Hausdorff-Lennes condition. 


This characteristic property is frequently taken as the definition of con- 
nectedness. 

If C = Au B and (16.2) holds, then Cn A CC — B CA, and hence A is 
closed in C. Similarly B is closed in C,, and hence B and A are open in C and C 
is not connected. 

If C is not connected, then C = A vu B, where A and B are disjoint, non- 
empty, open and closed in C; hence (A n B) u (An B) = (Co AnaB)u 
(AnCn B) = (AnB)u(AnB) =AnB=Q. Thus the theorem is proved. 

17. Connected aggregates. The definition of connectedness for aggregates 
of sets rests upon the simple properties of certain finite collections, the chains. 

Let us call topological chain or merely chain a finite collection A = Aj, 
Az,-::,A, = A’ such that consecutive sets of the collection intersect. The 
A; are the links of the chain. The chain is said to join A to A’, and if every 
A; is member of a collection X = {Aq}, the chain is said to join A to A’ in Y, 
and it is called an %-chain. In particular when r = 1 then A = A’ and the 
chain consists of one link A. 

Let us take a particular set A in W% and let % be the subaggregate of % con- 
sisting of all the sets which may be joined to A by a chain in Y. The aggre- 
gate 2; is called a component of A. The following properties are immediate: 

(17.1) The set A belongs to the component %, which zt serves to determine. 

(17.2) The component determined by any set of %, 1s A, rtself. 

In other words the components are independent of the individual sets which 
serve to determine them and they depend on % alone. 

(17.3) Two components of X with a common set A coincide, or equivalently: 
distinct components are disjoint. 

(17.4) Each component of a locally finite aggregate is composed of a countable 
number of sets. 

For we may then obtain, say 2%, as follows: Take the sets A; (finite in number) 
which meet A; ¢ 1, then the sets A,; (finite in number) which meet the sets A;, 
etc. The totality of the sets thus obtained is %, and it is countable. 


16 INTRODUCTION TO GENERAL TOPOLOGY [I] 


An aggregate % consisting of a single component is said to be connected. 
It is characterized by the property that any two of its sets may be joined by 
an %{-chain. This corresponds in every way to the intuitive concept of con- 
nectedness. 

(17.5) Let XU, B be two aggregates such that LA > B and that every set of B con- 
tains a set of A. Then if YU is connected so is B. 

For let B, B’ «®. By assumption we have in Y two sets A C Band A’ CB’. 
Since % is connected there is a chain A, A1,---, A,, A’ joining A to A’ in Y. 
Choose for each A; a set B; > A,;. Then B, B,,:-:, B,, B’ is a chain joining 
B to B’ in 8. Therefore % is connected. 

18. We now link up connectedness in sets and in aggregates by: 

(18.1) A n.a.s.c. for connectedness of a space ¥ 18 that all the coverings of any 
one of the following families be connected: (a) all the open coverings; (b) all the 
locally finite open coverings; (c) all the finite open coverings; (d) a family cofinal 
in any one of (a)-(c) (refinements as in 17.5). 

The proof of (a, b, c) is the same, while combined with (17.5) they yield (d), 
so we merely consider (a). If the condition holds all the open coverings are 
connected. Therefore in every decomposition R = U u V, U and V open, 
necessarily U n V #¥ @, or & is connected. Thus the condition is sufficient. 
To prove necessity let R be connected and let the open covering U be dis- 
connected. 1 has then at least two components. Let U be the open set 
which is the union of all the elements of one of the components, and V the open 
set which is the union of the remaining elements. We then have R = U u JV, 
U and V are open and Un V = @. But this is ruled out since ® is connected. 
This proves necessity and hence (18.1). 

19. We shall utilize the result just proved to derive a certain number of 
simple properties of connected sets. Unless otherwise stated they are supposed 
to be subsets of a given topological space %. 

(19.1) A union of connected sets of which every pair intersect is uself connected 


(18.1, 17.1). 

(19.2) Whenever in a sequence of connected sets A1, Az, +--+ each meets the 
next one, their union is connected. 

For A,, 4, u A2, A1u Azu Az, -+- are all connected and contain A; . Hence 


their union which is UA; is connected. 

(19.3) If A is connected so is A. 

Let ll be a covering of A without sets not meeting A. Then A a U 
is a covering of A. Since A aU > WU these two aggregates are related as in 
(17.5). It follows that in the sequence of sets and aggregates of sets: A,Aau, 
uu, A the connectedness of each implies that of the following one. This proves 
(19.3). 

(19.4) If A, B are connected so is A X B. 

If (x, y), (m1, y:) ¢ A X B, both are in the union of the connected sets A X m1, 
2 X B with the common point (x, y:) and (19.4) follows. 

(19.5) The image of a connected set under a mapping ts connected. 
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For let T map A continuously onto B and let 1 = {U.} be an open covering 
of B. Then {7 *U,} is an open covering of A and hence connected. Therefore 
any two sets T”’U, and T’‘U, may be joined by a chain of such sets. Since 
T is single-valued, TT’ 'U. = U,,, and so the images of the links of this chain 
make up a l-chain joining U, to U;, hence U is connected and so is B. 

20. From (19.1) follows that the union C(x) of all the connected sets con- 
taining a given point z is connected. If y ¥ x and y e C(x) then C(y) = C(z). 
For otherwise their union would be a connected set containing x and € C(z) 
which contradicts the definition of C(z). Thus C(x) is uniquely defined by 
any one of its points. The set C(x) is called a component of R. We have simi- 
larly of course components of any subset of §. 

Since C(x) contains all the connected sets containing x and is itself connected, 
it is the maximal connected set containing the point. 

(20.1) The n-cell, n-paralleloiope, Hilbert parallelotope, n-sphere (n > 0), 
are all connected. | 

We first show that a segment /:0 < ¢ S$ 1 is connected. For if it is not we 
have | = A u B, where A, B are closed and disjoint. Let @¢« A and seta = 
sup {t|teA;t< B}. Since A is closed ae A. Furthermore whatever n > 0 
there is a point of B in the interval a,a + ». Henceae B = B, andso A, B 
are not disjoint, contrary to assumption. 

Since any two points of one of the sets in (20.1) can be joined by a “‘closed arce”’ 
(one-parallelotope, topological image of a segment), by the result just proved 
the sets are connected. 


§5. COMPACT SPACES 


21. It is not too much to say that all the spaces of chief interest in general 
topology, and even more so in algebraic topology, are compact spaces or their 
‘subsets. This is largely due to the fact that in dealing with compact spaces 
one may frequently replace infinite collections by finite collections. 


We emphasize at the outset the following important departures from hitherto accepted 
terminology: (a) with Bourbaki we shall replace the term bicompact of Alexandroff- 
Urysohn by the term compact; (b) what has been known hitherto as compact (following 
Fréchet who introduced the concept) shall be called countably compact; (c) following 
Alexandroff-Hopf, a compact metric space shall be called a compactum. It is important 
that these modifications be kept in mind. The chief justification for adopting them, aside 
from convenience, are first that ‘‘bicompact metric’? = ‘‘compact metric’’ and that 
“compact”? (non-metric) spaces in the earlier sense occur but rarely. 


22. (22.1) Derinirion. A collection of sets 1s said to have the finite inter- 
section property whenever every finite subcollection has a non-empty intersection. 


(22.2) The following properties of a topological space are equivalent. 

Pl. If {U.} 2s any open covering of R, then some finite subcollection of {Ua} 
as already a covering. 

P2. If {Fa} zs a collection of closed sets with the finite intersection property, 
then the intersection of the whole collection 1s non-empty. 
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For P2 is equivalent to: if the sets of {F.} have a void intersection the same 
holds for some finite subcollection, and this is the dual of P1, hence equiva- 
lent to Pl. 

On the strength of (22.2) we lay down the 


(22.3) Derinirion. A topological space satisying any one of P12 (and hence 
both) is said to be compact. 


Notice that the concept of compactness is primitive in the sense that it may 
be expressed without reference to the other properties of open or closed sets. 

In the applications it is convenient to have: 

(22.4) If the U. in P1 are restricted to a particular open base, or the F, in 1 P2 
to a particular closed base, then we still have equivalent conditions. _ 

Let in fact 8 = {Vz} be any covering of and suppose P1 to hold in the 
restricted manner. Let ll’ = {U;} be the set of the elements of the base which 
are contained in any V,. Since every V» is a union of elements of Ul’, UW’ is also 
a covering. By assumption it has a finite subcovering {Uz, , °°, Usy}. Each 
Uz, is in some set Vs, of B. Hence {V»,} is a finite subcovering of % and so 
Pl holds. The treatment of P2 is wholly similar and is omitted. 


(22.5) COMPACTNESS OF SUBSETS. A subset A of a topological space R is 
compact when and only when one of the following two equivalent properties holds: 
(a) of {U.} 1s any open covering of A by open sets of R then some finite sub- 
collection of {U.} is already a covering; (b) if {Fa} is a collection of closed sets of R 
such that {A n Fa} has the finite intersection property, then the sets F, have a 
non-empty intersection which meets A. 


This is an immediate consequence of the principle of relativization (11.1). 

23. (23.1) A closed subset F of a compact space Rt is also compact. 

For a collection {F.} of closed subsets of F with the finite intersection prop- 
erty is also a similar collection for itself, and so NF, ¥ @, proving F compact. 

(23.2) If a compact space R is mapped onto a subset A of a topological space 


© then A is compact. 
Let 7 be the mapping and {F,} a collection of closed sets of A with the finite 


intersection property. Then {7 F,} is a similar collection for 9. Hence | 
Nr F, = @ 


and therefore NF, ~ 9, proving A compact. 

(23.3) The union of a finite number of closed subsets of a space 1s compact uf 
and only «f each subset 1s compact. 

Let F = UF,. If F is compact, then, since each F, is a closed subset of F, 
each F, is compact. If each F, is compact, consider any open covering of F; 
each F, is covered by a finite number of its sets (22.5a) and hence F is covered 
by a finite number of its sets. Thus P1 holds and F is compact. 
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24. Products of compact spaces. 


(24.1) THeorEM. An arbitrary product of compact spaces as compact (Tycho- 
noff; proof after Bourbaki). | 


Let R = PR, where the ®, are compact. Given in K a family § = {F,} 
of closed sets with the finite intersection property we must show that there is 
@ point common to all the F,. 

By Zorn’s theorem % is contained in a family © = {G,} of sets (not necessarily 
closed) with the finite intersection property and maximal relatively to this 
property. As a consequence: (a) any finite intersection of sets of G is in G; 
(b) a set meeting every set of © is in G. 

Let m be the projection # — R, and set G, = {mG}. Since G is a family 
of closed sets in 8, with the finite intersection property there is an 2, common 
to all its sets. Let + = {2,} and let N be any neighborhood of x. If {My} 
are the ee of x then {2,'N,} isa subbase at x, and so for some finite 
set 1, -°-,Az we have: eM(m,Ni,) GC N. Since 1; € m,Gs, Na, meets 
™ Go. Henge a, Ny, meets G,, and so it isin @. It follows that N(m. Ny,) €G, 
hence N ¢ G. Therefore N meets F, and consequently ze F, = F.. This 
proves the theorem. 

(24.2) If R, S are compact then every finite open covering W = {W;} of RX S 
has a refinement U X B where U and & are finite open coverings of R and S. 

Let-{U}, {V} be the open sets of R, S, so that {U x V} is a base for xX S. 
For each (2, y)e RX S select a W; a (x, y), then a Uz X V, between (x, y) and 
W;. Thus {Uz X V,}, y fixed, is a covering of the compact set ® X y, and so 
there is a finite subcovering { Ut xX Vi}. If Vy =N Vj then {U; x V,;} is a 
covering of R X V,. Since { vi" is a covering of the compact set © it has a 
finite subcovering @ = {V,,}. If U; = {U:,} and U= UuA--: AU, then 
U X Bis readily shown to behave as asserted. 

25. Applications. 

(25.1) Segments are compact. 

Let 1:0 S x S$ 1, be asegment. It has for base all the sets V of the follow- 
ing types:0 St <a,a<x<b,b <x ¥ 1, wherea, bare rational and 0 < a, 
b <1. Therefore by (22.4) we merely need to show that a covering B by such 
sets has a finite subcovering. Since the set of all the V’s is countable so is &. 
Let then @ = {V,} and suppose that it has no finite subcovering. The sets 
W,=1— (Viu---uV,) are never empty. Since W,4, C W,, and each W, 
is a finite set of disjoint segments, there may be selected among these segments 
one, say l, , such that l,4: Cl, throughout. It follows then from elementary 
properties of the Dedekind cut that Nl, ~ @, and so it contains a point z. Since 
x e W, for every n, it is contained in no V, , which contradicts the fact that B 
Is a covering and (25.1) follows. 

(25:2) Let a be any cardinal number and | a segment. Then |* 1s a compact 
set known as ‘compact parallelotope”’ (24.1, 25.1). 
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(25.3) The n-parallelotope P” and the Hilbert parallelotope P” are compact. 

(25.4) All spheres S" are compact. 

For 8” is closed in P”*’, and so (25.4) follows from (23.1) and (25.2). 

(25.5) Any power C* of a circumference C is compact and is known as a “toroid” 
and a is called the ‘dimension’ of the toroid (24.1). 

(25.6) Every closed and bounded subset of an Euclidean space €* is compact. 

By “‘bounded subset of &’’ we mean here a set A such that the coordinates 
of its points are bounded. Since A is in some P”, and closed in P*, (25.6) 
follows from (25.3) and (23.1). 

(25.7) Real projective spaces are compact. 

For the set A of all points of €* which satisfy 


ua s1 
is closed and bounded, and hence compact. Since a real projective n-space 
is the image of A under a mapping it is likewise compact (23.2). 
26. Compacting. This refers to the operation of imbedding topologically a 
space in a compact space. The basic result is the 


(26.1) THrorEM. Every topological space St may be mapped topologically 
onto a dense subset of a compact space © such that dim © S dim R (Wallman 


[a). 


We will! define the points, the closed sets and the open sets of ©, and for 
later purposes develop their properties somewhat beyond the immediate re- 
quirements of the theorem. 

Notations. The points, open sets and closed sets of are denoted by z, u, f, 
and the same for © by X, U, F. 

The points of S. Let gy iene the union of a closed set of R and of a finite 
point set of #. By a basic set is meant a collection = {yg} with the finite 
intersection property. By Zorn’s theorem é is contained in a similar collection 
which is maximal with respect to this property. Such a collection will be 
called a maximal basic set (= m.b.s.). The points X of © are the m.b.s. and if 
X = {ga} then the ¢g, are called the coordinates of X. As in (24) the maximality 
of X implies that: (a) every finite intersection of coordinates of X is a coordinate 
of X; (b) every set ¢, and in particular, every set f meeting every coordinate 
of X is also a coordinate. 

Every z e Jt is a set y, and so it is a coordinate of at least one maximal basic 
set X = {y,}. Since X is a basic set z n o ~ Q, hence x ¢ yg and Ny, = z.- 
Suppose that z is a coordinate of X’ = {g,} * X. Then some yj ¢X. Since 
x € ys, X may be augmented by ¢; without ceasing to be a basic set, which 
contradicts the assumption that X is maximal. Therefore X’ = X. Thus: 

(26.2) Every point x of Rt is a coordinate of a unique m.b.s. which ts written X (x). 

If x ~ x’ thenznzx’ = Q, hence x’ ¢ X and X(z’) ¥ X(x). Therefore 

(26.3) The transformation T: x — X(x) is univalent. 
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Let X be a point which is not an X(xz): XeG—TR. If gae X then yg = 
fauxz,u-::uz,. Since X # Tx,;, none of the z; may belong to all the co- 
ordinates of X. Therefore for each 7 there is a ga, which does not contain 2; . 
Hence @ = Nya, does not contain anyz;. Now (g.ngong, ¥9) > (fangon oo 
@) whatever the coordinate yg, of X. Therefore f, n ¢, ~ @ and hence f, is a 
coordinate of X also. Thus: 

(26.4) If X ¢ TR has the coordinate yo, = fa 21U ++: U2, , then the closed set fa 
7s also a coordinate of X. 

27. The closed sets of S. Let f be a closed set of R and #(f) the set of all 
the points X with the coordinate f. We verify at once: 


(27.1) a0)=6, OR =SG, fxf ras) ~a(f); 


(27.2) B(Nfa) = NP(fa) 

whenever {f,} is finite; 

(27.3) fof’ > &f) C af’). 
Less obvious is the relation 

(27.4) (fu f’) = &(f) vu B(f’). 


Let fi = fuf’. Since fi > f, by (27.3): ®(f) C (fi), and similarly $(f’) C 
@(f,). Therefore 


(27.5). O(f) ud’) CO(fuf’). 


Suppose now X e¢ ®(f;) — ®(f’). Since fi is a coordinate of X and ff’ is not, 
there is a finite intersection y of coordinates of X which include f; , and such that 
gy does not meet f’. Since X is a maximal basic set, ¢ itself must be a coordinate 
of X andsogy Cf, — f’ Cf, hence X e @(f). This proves (27.5) withthe in- 
clusion reversed and (27.4) follows. 

Referring to (6.2, 7.2) and by (27.1, 27.4) the collection {(f)} may be 
chosen as a closed base for ©, turning it into a topological space. We shall 
show that © 2s compact. Since {®(f)} is a base, we merely need to show that 
if § = {(f.)} has the finite intersection property then N®(f.) ~ 9. Now by 
(27.2) when § has the finite intersection property so has {f.}. That is to say, 
{fa} is a basic set. It follows that there is a m.b.s. X with the f, as coordinates. 
Thus X ¢ ®(fa), N&(f.) ¥ GY, and S is compact. 

The open sets of ©. Letu = R — f and set Q(u) = S — O(f) = an open set 
of S. A point X is in Q(u) when and only when it does not have f as a co- 
ordinate, or when and only when it has a coordinate gy C wu. Since {®(f)} isa 
closed base for ©, {Q(u)} is an open base. From (27.1), ---, (27.4) follows then 
by dualization: 


(27.6) 2(9) = @, QAR) = S, uu Au) ¥ Au’); 
(27.7) (Une) = U2Q(ue), 


whenever {wa} is finite; 
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(27.8) ucw Au) CA(w’); 
(27.9) Q(unu’) = Q(u) a Q(u’). 


Further properties of the Q(u) follow. 

(27.10) If U = {u,--+, ur} is @ finite open covering of R then Q(U) = {Q(u,)} 
as one for S and in addition: (a) U < We QU) < 2(’); (b) order Q(U) = order Ui; 
(c) u; — Q(u,) defines a sumilitude U > Q(U). 

The covering property ls is a consequence of (27.6) and (27.7), while (a), (b), 
(c) follow from (27.6, -+-, 27.9). 

(27.11) Any finite open eee B of S has a finite refinement Q(U). 

Since {Q(u)} is a base for © there is a refinement {Q(w2)} = OQ(Us) of B. 
Since © is compact 0(i;) contains a finite subcovering Q(U) which refines ¥. 

28. All the elements for the proof of the compacting theorem are now at 
hand. We have already shown that © is compact and we have a univalent 
transformation T: R —- G. Let TR = R. If x eu then X(xz) = Tx has the 
coordinate x in u, and so X(zx) € Q(u). Conversely, X(x) € Q(u) implies that 
X (x) has a coordinate ¢ in u, and since x €g, likewise xr eu. Therefore x eu 
X(r) ¢€ Q(u)n R. It follows that 7’ induces a one-one transformation of the 
elements of the base {u} for # into those of the base {Q(u) n R} for R. Conse- 
quently T imbeds & topologically as a subset FR of ©. 

Every u ~ @ contains at least one point x of R and so Q(u) contains X(z) = 
Tx ¢«R. Therefore Q(u) meets R and © — RF contains no Q(u), hence no open 
set since {Q(u)} is a base. It follows that © = R. Thus the imbedding is 
dense. 

Let finally dim ® = n and let B be a finite open covering of S. By (27.11) 
it has a finite refinement (U1), where WW is a finite open covering of R. Since 
dim = n, ll has a refinement 1’ of order not exceeding n, and Q(U’) is a re- 
finement of % of order likewise not exceeding n. Therefore dim @ S$ n. This 
completes the proof of the theorem. 

29. Locally compact spaces. The compacting process just given, while very 
general, usually provides a far more involved space than one would wish to 
have. Consider, for example, the interval \: 0 < x < 1, and let f, f’ be two in- 
finite convergent sequences tending towards 0 or 1, but having no common 
terms. Each is the coordinate of a m.b.s., and the two m.b.s., say X, X’ thus 
obtained must be distinct since fn f’ = @. Thus in the case under considera- 
tion the space © of (26.1) is such that S — F contains at least as many points 
as there are disjoint sequences — 0, 1. On the other hand if C is a circumfer- 
ence and y ¢ C, d is topologically equivalent to R = C' — y, and so C is a com- 
pacting space such that C — Risa point. This is a special case of a theorem 
which we shall now prove. First a 


(29.1) Derinirion. A topological space R is said to be locally compact when- 
ever every point x of R has a neighborhood N whose closure N is compact. Thus 
the interval, the real line, indeed any Euclidean space, are locally compact but not 
compact. They show that the locally compact class 1s very extensive. 
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(29.2) A n.a.s.c. for ® to be locally compact is the existence of an open base 
whose elements have compact closures. 

Sufficiency is obvious. Suppose ® locally compact and let {U} be a base 
and {V} the open sets with compact closures. Since U an V C V, we have 
UnvV CY, and hence Un V is compact. If W is any open set and z e W, 
there is a U between zx and W anda Vaz. Hence U n V is an open set between 
x and W whose closure is compact, and so {U n V} is a base whose sets have 
compact closures. This proves necessity and hence also (29.2). 


(29.3) TurorEM. A locally compact space R may be compacted by the addition 
of a single point y. 


Let F denote the closed sets of #. Define the closed sets of R’ = Ru y as all 
the sets F u y and all the sets F which are compact. The verification for §’ 
of the conditions CSz of (7) is a consequence of the same for R, and so §’ is 
a topological space. Since the closed sets of ® are the intersections with R 
of those of §’, is topologically imbedded in ft’. Let {f.} be a collection of 
closed sets of 9’ possessing the finite intersection property. Separate the f, 
into two groups. The first made up of sets f, which are compact, and also 
closed sets of }f itself. The second group consists of sets f, such that f, = 
F.u y, where F, is closed in . Suppose that there exist sets f, , and let f,, be 
one of them. We have Mf. = N(fan fr,). The sets fa n fo, are closed in the 
compact set f,, and their collection has the finite intersection property. Hence 
their intersection is non-empty and the same holds for {f,}. 

Suppose now that there are no sets f,. We have then 


N= Nf. = N(F.vy)sy ¥ G@. 
Since Nf. ~ @, R’ is compact. The theorem is therefore proved. 


(29.4) Remark. Since local compactness has not been utilized in the proof, the theorem 
is valid for any topological space R. However, if z «¢R has the neighborhood N and N 
is not compact then N » y. Hence when & is not locally compact the open sets of ®’ do not 
behave very well and so the theorem is of value only in the locally compact case. 
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30. The theory developed so far rests exclusively upon the axioms OS: in 
which the points are nowhere mentioned. Thus the points have merely been 
the primitive elements of which the sets considered are composed. To express 
it in another way the properties with which open or closed sets have been imple- 
mented do not as yet enable us to distinguish between the individual points by 
means of these sets: It may well happen that there exist pairs of distinct points 
x, y such that every open or closed set containing one of the two also contains 
the other. This is certainly remote from the situation in the familiar spaces, 
where usually the points are closed, and where in fact no two are on the same 
total aggregate of open sets. 
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We require then a suitable “separation” axiom for the points. The most 
frequently utilized are the following which we describe in the ‘‘7';-nomenclature” 
of Alexandroff-Hopf [A~H, 58]: 


Axiom To. Of each pair of distinct points at least one has a neighborhood 
which does not contain the other. 


Axiom 7;. Each point of every patr of distinct points has a neighborhood which 
does not contain the other. 


Axiom TJ». (Hausdorff’s separation axiom.) Every pair of distinct points 
have disjoint neighborhoods. 


A topological space which verifies Axiom 7’; is known as a T7',-space, although 
T.-spaces are commonly called Hausdorff spaces. They include all the spaces 
of classical geometry and analysis. 

The following proposition is an immediate consequence of the 7';-axioms 
together with the principle of relativization: 

(30.1) The subsets of a T-space are T.-spaces. . 

Again from the 7'’,-axioms together with the definition of topological products 
we deduce: 

(30.2) A product of T;-spaces is a T,-space. 

In our ascending scale of axioms the following property shows that with the 
T,-class points begin to assume their customary properties: 

(30.3) A n.a.s.c. in order that the points of a topological space R be sees sets 
is that R be a Ti-space. 

For let x, y be any two distinct points of ®. A n.a.s.c. for x to be closed is 
that #% — xbeopen. Since y is merely any point of R — x an.a.s.c. is that given 
any y ~ x there exist an open set U between y and  — z, i.e., such that y ¢ U, 
xe3 — U. In other words the required condition is that ® satisfies Axiom 7). 

We prove also for an ulterior purpose: 

(30.4) If S 7s a Hausdorff space and T 1s a mapping R — G, then the graph G 
of Tin ® XK © 1s closed. 

Let (10, yo) € G, or yo = Tx and let (2., y:1) ¢G, or y1 ¥ Yo. Since Gisa 
Hausdorff space yo , y: have disjoint neighborhoods V), V:1. Since T is continu- 
OuUS 2» has a neighborhood U such that x e U > Tze Vo hence Tx ¢ Vi. Hence 
(U X Vi) nG = @ or (a, y:) has the neighborhood U X V;, free from points. 
of G. Therefore R XK G — G is open and G is closed. 


Exampes. (30.5) All the examples considered hitherto in the chapter except ordered 
spaces (9.3) are T>.-spaces. We state explicitly that cells, spheres, parallelotopes, Euclidean 
and projective spaces as well as all their subsets, finally discrete spaces, are all T'2-spaces. 

(30.6) The following example essentially due to Alexandroff-Urysohn [a], describes a 
space which is 7; but not T,. The space is the real line L:-~ <x4<+». Forza 30 
a base at 2X consists of the intervals with the center z>. For to > 0a base {U} at 20 is 
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made up as follows: U is an interval 0 < a < x < b of center zo together with the interval 
—b < x < —a with the center —xo removed. It is readily seen that as between 2» and 
—2o Axiom 7; holds but 7 fails to hold. 

(30.7) Any ordered space which contains at least one ordered pair: x < x’, is a T’9-space 
but not a 7;-space. Thus the real line L with the points ordered as in (9.4) by S is a Te- 
space but not even a 7-space. Under its customary topology however L is a.T2-space. 


31. Limits. A few words about this important concept will not be out of 
place. Let ® be a topological space. A sequence {z,} of points of R is said 
to have for limit the point x of R or to tend or converge to x, written {z,} — 2, 
or x, —> x, whenever corresponding to any neighborhood U of zx there is an 
integer p such that n > p> 2z,¢«U. When {z,} has a limit it is said to be 
convergent. 


(31.1) THtorem. Let ® have countable bases at each point and let T be a 
transformation R — RK’. Then a n.a.s.c. for T to be continuous, t.e., that it be 
a mapping, is that if {rn} — x then {Tx,} — Tx. This is the situation in par- 
ticular when KR has a countable open base. 


The proof of necessity is elementary and requires no restriction on the bases. 
Conversely, suppose the condition fulfilled and yet T fail to be continuous. 
There exist then x and x’ = Tz, with a neighborhood U’ of x’ such that 2 
is not an interior point of 7”'U’. We may construct a countable base {U,} at 
x such that Uni: C Un. Then U, contains a point z, ¢ 7 'U’. Therefore 
%n—> x and yet Tx, + x’, contrary to assumption. This proves (31.1). 


(31.2) THrorem. In a Hausdorff space limits are unique. 


Suppose that a sequence {z,} converges to two distinct limits z, x’. There 
exist disjoint neighborhoods U, U’ of x, x’ such that for n sufficiently high 
t,¢€UnU' = @ which is absurd. This proves (31.2). 

32, Compact subsets of Hausdorff spaces. Many of the important and 
better known characteristic properties of compact sets appear first in the Haus- 
dorff class. | 

(32.1) A compact subset A of a Hausdorff space § is clésed. 

LetreR — AandyeA. There exist disjoint open neighborhoods U,(z) of x 
and U,.(y) of y. Since A is compact and has the open covering {A n U,(y)} 
there is a finite subcovering. Hence there is a finite set {y;} such that A C V = 
UU.(y:). If W = NU,,(z), we have then A CV, xe W, Vn W = Q, and 
since W is open, so is  — A which implies (32.1). 

(32.2) A continuous image of a compact space into a Hausdorff space 1s closed 
(23.2, 32.1). 

(32.3) A continuous transformation of a compact space into a Hausdorff space 
as a Closed transformation (32.2). 

(32.4) A one-one mapping of a compact space onto a Hausdorff space ts topo- 
logical; hence both spaces must be compact Hausdorff spaces. 
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For 7, the mapping, is continuous and closed hence both 7 and T™ are 
continuous. | | 

(32.5) If A and B are disjoint compact subsets of a Hausdorff space, then they 
have disjoint neighborhoods. 

Let ye A, xeB. As shown in the proof of (32.1) there exist disjoint neigh- 
borhoods V, of A, and W(z) of x (the V, W there considered). Since {Bn W(z)} 
covers the compact set B, it has a finite subcovering {B n W(xz,;)}. Hence 
this time V = NV,, and W = UW(z,) are disjoint neighborhoods of A, B. 

33. Normality. The separation axioms alone are in general not powerful 
enough to reach down to the usual spaces. For example, they do not suffice 
to characterize metric spaces. For this reason further restrictions are required 
and one of the most important, given presently, is a separation axiom for closed 
sets analogous to Hausdorff’s axiom. The basic definition is: 


(33.1) Derinirion. A topological space R is said to be normal whenever 
every two disjoint closed sets F, F’ have disjoint neighborhoods: F CU, F’ CU’, 
Un vw’ = @. 


In point of fact normality, like compactness, is a primitive concept, in the sense that it 
may likewise be expressed without reference to the other properties of open or closed sets. 
One must also bear in mind that normality does not imply, nor is implied by any one of the 
separation axioms 7’; . Of course mutual relations do exist. Thus if ® is 7; and normal 
it is necessarily a Hausdorff space. 


The dual form of (33.1) is 


(33.2) If {U, U'} is an open covering of KR then there exists a closed covering 
{F, F’} such that F C U and F’ CU". 


(33.3) DEFINITION. Given an open covering U = {U4} of ®, if there exists 
for each a an open set Va such that Va C Uae, and that B = {V.} is a covering, 
we shall say that U has been shrunk to %, also that U is shrinkable. 


A stronger result than (33.2) is: 

(33.4) Every point-finite (in particular every finite or locally finite) open cover- 
ing U of a normal space R 1s shrinkable. 

(a) U zs finite. Although the proof for this case is covered by the general 
proof, it is so simple, that we give it first. Let UW = {U1,---,Un}. Since the 
closed sets F = R — Ui, F’ = R — (U {U; | 7 #1}) are disjoint, they have dis- 
joint open neighborhoods U, V,;. From V; C ® — U follows V7; CR—-—-U C 
U,. Since R — (U{U;|741}) C Vi we know that {Vi, U2, ---, Un} is 
an open covering. We proceed to shrink the U;, 7 # 1, in the same way, 
proving the theorem. 

‘b) General case. Let U = {Ua}, A = {a} and let ¢(a) be a function on A 
such that: (a) ¢(a) = U, orelse g(a) = Va, Va CU; (b) {o(a)} is a covering. 
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Order 6 = {yg} by the relation: » < gy’ whenever g’(a) = ¢(a) if g(a) = Va. 
It is readily shown that if ®’ = {9} C@ is simply ordered, and ¢’’(a) = Ny'(a) 
then g’’ e«® and yg” = sup ©’. Therefore by Zorn’s theorem ® contains an 
element ¢,; such that ¢ > 91> ¢ = g,. It remains to be shown that ¢:(a) = V. 
for every a. Suppose indeed that 9:(8) = Us and set F = R — U{y,(a) | a ¥ 
8}. Weshow as above that there is an open set Vs such that F C Vz, Vs C Us. 
Hence ¢2 such that g(a) = oi(a), a ¥ B, and ¢2(8) = Vs = gi and >¢,. This 
contradiction proves that 9:1(8) = Vg, and (83.4) follows. 

Notice that point-finiteness is required to prove that y” is a covering: Let 
U.,,°+:, Ua, be the sets U, containing z. From some go on, none of them 
will be modified so that if g’ > gp then ¢’(a;) = go(a:) = o”(a;) = U4; or Va;. 
Since go is a covering, for some a;:x € go(a;) = y (ai). 

A direct generalization of the property of (33.1) is: 

(33.5) If {Fi} ts a finite collection of closed sets in the normal space R, there 
can be found for each F; an open set U; > F; such that Fjn--- nF; = Pe 
U;n cee A~ U; = 0. 

Suppose first that {G;} is a finite collection of nonintersecting closed sets. 
Then {(# — G;,)} is a finite open covering and so by (33.4) there exist open sets 
W,; such that W; C # — G; and that {W,} is a covering. Therefore U; = 
RR — W,; is an open set such that G; C U; and that NU; = @. 

In the general case consider all the combinations a = {a,, ---, a;} of indices 
such that NF., = @. By the result just obtained there exist corresponding 
neighborhoods U%, of the F., such that NU, = @. For a given z let U; = 
N{US, |a;ea}. Clearly {U;} is such that F; C U; and that Fin ---a F; = 
6—>U;n--- 2 U; = @. The implication in the other direction is obvious. 

(33.6) A compact Hausdorff space is normal (23.1, 32.5). 

34, Urysohn’s characteristic function. Normality is intimately related to the 
existence of nonconstant real continuous functions. Let A, B be disjoint sets 
and f a real continuous function on # whose values on A, B are constant and 
distinct. Then for suitable constants a, b the function a + 6 arc tan f has the 
same properties and takes its values in the segment [0 — 1]. Urysohn has con- 
sidered more particularly continuous functions f on ft to [O— 1] such that f(A) = 0, 
f(B) = 1. If such a function exists it is called a characteristic function of the 
pair (A, B). Of particular importance is: 


(34.1) Urysoun’s LEMMA. Normality 1s equivalent to the existence of a char- 
acteristic function for every pair of disjoint closed sets (F, F’). 


Suppose that F, F’ have the characteristic function f and set U = {xz | f(x) < 
1/4}, U' = {x\f(x) > 3/4}. Since f is continuous U, U’ are open and as 
they are thus disjoint neighborhoods of F, F’, R is normal. 

Conversely, let # be normal and F, F’ disjoint closed sets. There exists an 
open set U(1/2) such that F C U(1/2), U(1/2) CR — F’. We treat similarly 
the pairs of disjoint closed sets (F, R — U(1/2)), (U(1/2), F’), and thus obtain 
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U(1/4), U(3/4), ete. This produces an open set U(t) for every dyadic proper 
fraction { = m/2” with the property: < t’ > U(t) C U(t’). Given any ze®R 
we define f(z) = y, where y = sup {t|2¢U(é)}. The function f is single-valued 
and has the proper range. Furthermore f = 0, at F,f = lat F’. If = ab 
is a subinterval of 0 — 1, or else closed at an end point a, b which is then 0 or 1, 
we have f(A) = U{U(t)|t <b} — N{U(t) | t > a} = an open set. There- 
fore f is continuous, and the lemma is proved. 

A noteworthy application of Urysohn’s lemma is the proof (after Alexandroff- 
Hopf [A-H, 75]) of: 


(34.2) TieTzE’s EXTENSION THEOREM. Any mapping f of a closed subset F of 
a normal space R into an n-parallelotope P” or into the Hilbert parallelotope P* 
has an extension o: R — P” or P® as the case may be. 


If P” or P* are referred to coordinates 7, 22, °:-, each of these will bea 
real continuous single-valued function on F and (34.2) will follow from: 

(34.3) Any real continuous single-valued function f(x) on F has an extension 
g(x) to R: p| F = f, which is also real continuous and single-valued. _ 

Evidently f may be replaced by 1/2 + (1/7) arc tan f whose values are in 
the segment [0 — 1]. Therefore we may assume that this is already the case 
for f. Given any two disjoint closed sets A, B in ®, we denote their charac- 
teristic function in # by #(A, B; x). Functions {f,, ga}, where the range 
of the f, is F, and the range of the ¢, is R, are now introduced as follows: 


fo =f, fn+ = fn — On} 
setting now F, = {x|fr(z) S (1/3)(2/3)"}, Fn = {x|fa(z) 2 (2/3)(2/3)"}, 
we have two disjoint closed sets, and take 
| = 3(2)"O(F,, Fy; 2). 
These relations yield a determination of the functions in the order fo, go, fi, 
¢1,°°*, and an elementary recurrence leads to the inequalities: 
(34.4) Oso S$ 3%)", OSf, S ()’. 
Introduce now 
Sn() = go +--+ + Yn. 


From (34.4) follows that the series >\y,(x) is uniformly convergent on 9, and 
since the y, are continuous and single-valued lim s,(z) exists and is a continu- 
ous and single-valued function ¢(z) on #. From the relation 


Sn(x) = f(x) — fasi(z), ze F, 


follows then that ¢| F = f. This proves (34.3) and hence (34.2). 
35. Tychonoff spaces. These spaces originally called completely regular by 
their discoverer Tychonoff are given by the 
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(35.1) Derinition. A Tychonoff space R is a Hausdorff space such that for 
every point x and neighborhood U of x there is a characteristic function of the Pee 
xR — Uz 


We verify immediately: 

(35.2) Every subset of a Tychonoff space is a Tychonoff space. 

(35.3) Every normal Hausdorff space is a Tychonoff space. 

The following two definitions are designed to introduce two important con- 
cepts needed immediately: 


(35.4) Derinition. Let ® be a topological space, {Ra} an indexed system of 
topological spaces and for each a let f, be a function on RtoRa. Thenkx = {fa} 
is said to be a separating class for R whenever for any two distinct points x, y of R 
there is an a such that fa(x) ¥ fa(y). | 


(35.5) Dertnition. Under the same conditions let {V.,} be the open sets of Ra . 
Then x is said to be a basic class for R whenever {f,*Var} ts a subbase for KR. 


(35.6) When ® is a To-space, a basic class x is necessarily separating. 
Since R is a To-space if x ~ y there is an open set U such that say ze U, 
y¢U, and hence an f,'Va, such that xefo'Va, y¢fe Var and so clearly 


Ja(x) ¥ faly). 
Returning to Tychonoff spaces we prove: 


(35.7) Lemma. Let R be a Tychonoff space. Then the class x = {fa} of all 
continuous functions on Rt to the segment [0 — 1] zs a basic class for R. 


Consider the fa. as mapping RR on the segment 0 S y < 1. Since f, is con- 
tinuous the set V. = fa {y|0 S y < 1} is open. ‘Take now any open set U 
of #, and x « U and let f, be the characteristic function of x, R — U. Evidently 
xzeV, CU. Therefore {V,} is a base and x is basic. ' 

The fundamental theorem for the spaces under consideration is: 


(35.8) THEOREM. Every Tychonoff space R may be mapped topologically into 
a compact parallelotope and every subset of such a parallelotope and indeed of any 
compact Hausdorff space is a Tychonoff space (Tychonoff). 


Let x = {f.} be asin (35.7) and set A = {a}. For each a introduce a segment 
1,:0 S ya S landset P* = Pla. If y = {yo}, yo = fa(x), then x — y defines 
a transformation 7: R — P%*. 

(a) T ts univalent (35.6, 35.7). 

(b) Tis open. For {Va} being as before, TV. = {y| ya < 1} a TR is open 
in TR and since {V,} is a base, T is open. 

(c) T 7s continuous (12.2). 

Properties (a), (b), (c) prove that 7 imbeds ® topologically in P*. 
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Since every compact Hausdorff space ® is normal (33.6), by (85.3) and (35.2) 
® and its subsets are Tychonoff spaces. 

(35.9) Remark. The proof of (35.8) goes through step by step if x is replaced 
by any subclass x. = {f,} such that {V3} is a base. 

36. Separation properties and compacting. The influence of separation on 
the two compacting processes that have been given is described in the two 
propositions to follow. 


(36.1) THrorEM. The space Rt and the compact space © of the general com- 
pacting theorem (26.1) are related in their separation properties as follows: When R 
is Ty, T: , or Hausdorff normal, so is ©. 


Let the notations be those of (26, 27, 28). Take two distinct points X, X’ 
of Sbothin TR = Rk. Thatistosay, X = X(x), X’ = X(2’),x ¥ x’. Suppose 
first R to be TJ). There exists then an open set u of R containing say z but 
not x’. Since x, x’ are coordinates of X, X’ we have X eQ(u), X’ ¢Q(u), and 
so the J-axiom holds for the pair (X, X’). Suppose now X ¢R. There exist 
disjoint coordinates g,, ¢, of X, X’. Ife. =fzuxuu---ux,, by (26.4) f, is 
also a coordinate of X and fn vi = @. Hence if u = R — f, then X ¢Q(u), 
X’ ¢Q(u) and the situation is as before. Therefore © is Ty. 

Suppose now # to be J7,. Since the points of R are closed sets all the coordi- 
nates y, are closed sets. If X # X’ they have disjoint coordinates f, , f and 
so AR — f,), Q(R — f.) are neighborhoods of X, X’ which are, respectively, 
free from X’, X. Therefore © is 7; . 

Suppose finally # to be normal Hausdorff. We have again disjoint coordi- 
nates f, , fy of X, X’. Since ¥ is normal there exist disjoint open neighborhoods 
u, u' of fa, fp. Therefore Q(u), Q(u’) are disjoint neighborhoods of X, X’ in S 
and so © is Hausdorff. Since it is compact it is also normal, and the proof of 
(36.1) is completed. 

37. For locally compact spaces we have the stronger 


(37.1) TuEorEM. When the locally compact space Rt of (29.3) is a T-space so 
as the associated compact space 


KR’ = Ruy. 


We may as well exclude at the outset the trivial case of compact. We 
denote by 11 = {U} the collection of all the open sets U of ® such that U is 
compact. 

(37.2) A set U 1s also open in §’. 

For F =  — U is not compact, else R would be the union of the two com- 
pact sets F, U, and hence compact (23.3). It follows that F’ = F u y is closed 
in ®’ and so U = §’ — (F’ u y) is open in ’. 

(37.3) Us a base for FR. 
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Let V be an open set of Randz2eV. Then some U contains z and Vn U C 
U>VnaUell. Sinceex CVnU CY, Wis a base. 

The proof of our theorem is now a simple matter. Any point re has a 
neighborhood U. The set U is thus closed in ’ and so V = ®’ — U is a neigh- 
borhood of y. By (37.2) U is also a neighborhood of z in R’. Since Un V = @, 
Axiom 7’, holds for the pair (2, y). 

Suppose now & to be 7’; and let z, x’ be distinct points of R. The 7’; condition 
may be fulfilled with neighborhoods out of any base for Xt, and in particular out 
of the base Ul of (87.3). Since the elements of ll are open in §®’ also, the T; 
condition is fulfilled for the pair (x, x’). Since 7, is fulfilled for the pairs (x, y) 
so is 7;. Therefore ®’ is a 7,-space. 
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38. The spaces which are to be introduced here are especially important in 
the applications to homology. For our purposes it will be quite sufficient to 
restrict the treatment to Hausdorff spaces. | 

Let then {%,} be a system of Hausdorff spaces indexed by a directed set 
A = {\; >} and suppose that whenever A > uw there is given a mapping, also 
known as a projection, mr: : Ry, — KR, such thath > p > v—> wet = wo. The 
system = = {MR ; 7h} of the MR, and the mw. is called an inverse mapping system. 

Let R* = PR, and in R* let R be the set of all the points x = {x} such that 
A> pomn =2,. Wecall ® the limit-space of the inverse mapping system 2. 

Notice incidentally that for \ < \ we have ma = x2 or m = 1. 


EXAMPLE. {%)} is a sequence {C,} of circumferences, where C, is the image of a real 
variable xz, reduced mod 1. Choose x*t! = kz, kn an integer, and define r+? = 
antl... gntp_,. Then = = {C, ; rnt?} is an inverse mapping system. Its limit-space ®, 
introduced by Vietoris, is known as a solenoid. 


As a subset of §* the limit-space ®t receives the relative topology and by 
(30.1) and (80.2) 

(38.1) The lumit-space R 1s a Hausdorff space. 

(38.2) The topology of the limit-space ¥ is frequently described as follows: 
For each open set Uy of 9, introduce the set Vig = {x|xzeR, 2. € Ure} and 
choose {V),} as a base for the topology. This topology is readily identified with 
the ~elative topology. Define in fact Vi. = {z|xeR*, te Une}. Then 
Vie = Vu, 0 HR, and since {V},} is a subbase for R*, {Vr} is one for K in the 
relative topology. Furthermore given V,, V,. let \ > wu, v. Owing to the 
continuity of the projections (#)'U,s , (#2) ‘U,. are open, and so is their inter- 
section U,,. From this follows that V,, 2 Vie = Vra, so that {Va} is actually 
a base for the relative topology, making the identity of the two topologies 
obvious. 

The set R as a subset of R* may be viewed as the graph of the set of relations 
TrEy = x,. We find therefore the natural analogue of the property (30.4) for 
graphs: 3 

(38.3) The limit-spaze N is closed in the product space R*. 
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For \ > uw introduce St = {x | mn = tu} and let Gi be the graph of Th 
We have: St = GX Pin. P Ry. Since G} is closed in Hh x R, (80.4), Sh is 
closed in R* (12. 6). Therefore = 1S» is also closed in {*. 

From (23.1, 38.3) and (24.1) we deduce: 

(38.4) When the ®, are compact so is the limit-space R*. 

39. We now come to the important: 


(39.1) THtoremM. If the R, are compact and not empty then the limit-space 
1s likewise not empty (Steenrod {a)). 


Let the notations be those of (38.3). Since R* is compact we only need 
to prove 

(39.2) {S%} has the finite intersection property: 

Given a finite set {Sti}, 7 = 1, 2, ---, r, choose y-> A1, -*+, A. Since 
ri > wi we also have Xo > yi. Take any 2, € Ra, , define x, = mx, , ty, = 
w°s,,, and let x be any point of R* with the coordinates x, , z,,. From 
wr? = mrtnh® there follows mim, = 2,,, and so x e Sti. This proves (39.2) 
and hence also (39.1). | 

A complementary property is: 

(39.3) If the Ry are compact and x, is such that for every \ > wthe set (xr) "x, ¥ 
then R contains a point x with the coordinate x, . 

If r, is the natural projection R* — KR, then F = 7;'z, is closed in R* and 
(39.3) reduces to: F n R * @, and hence to: 

(39.4) {F, Si} has the finite interection property. 

Choose this time \) > A1, --:, A-, #. By hypothesis (1h°) "4, x @, and so 
we may take x, in that set. We now take x as before save that in addition 
its «4 coordinate is to be z,, a condition which may manifestly be fulfilled. 
Thus x ¢« F and still x e Shi . Hence (39.4) holds and (39.3) follows. 

40. Let M = {u; >} be a directed subsystem of A = {A; >}. Then the 
spaces ft, and projections 7, give rise to a new inverse mapping system 3; = 
{R, ; wi} known as a partial system of Z. If M is cofinal in A we say that 2, 
is cofinal in 2. 

Let 2; be a partial system of 2 and © its limit-space. If x = {x} €R the 
coordinates x, of x determine a unique point z’ of ©. The transformation 
7: R — © whereby 7x = x’ is known as the projection of R into ©. 

(40.1) Let 2, with limit-space © be a partial system of =. Then: (a) the pro- 
jection 7: R + S is a mapping; (b) when 2, 18 cofinal in = then 7 ts topological, 
so that R, S are then topologically equivalent. 

Let S* = PR,. We have then R* = G* & Py, Ry and the projection 
7*: R* — S* is continuous. Now if x = {2} € R the point r*z is the point of 
©* whose coordinates are the uw coordinates of z, i.e., 7*x = rz. Hence 
7 = r*|, and so 7 is also continuous. 

Suppose now that 2; is cofinal in 2. We shall show that 7 is a one-one 
mapping of R onto SG. Givenz’ = {x,}«Gif x = {x} €R is to be such that 
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7x = x’ then we must have x = wiz,,u > ». Choose some p > Dd and let x 
be defined by this relation. If uw > uw > A then m'x,, = wi(m' yu.) = wht, 
so that u: yields the same value of xz, as. Take any two indices 41,2. There 
is au > p11, Me and since yw, mw: and yp, pe yield the same value for 2, , so do 
M1, oe. Therefore x is unique. If\ > ’ choosexy > AX. From zy = may = 
amt, = m2, follows that {z,} are in fact the coordinates of a point z ef. 
Since this point has the coordinates x, of x’ we have rx = x’. Thus every 
point x’ is the image under 7 of one and only one x and so r is a one-one mapping. 
To prove 7 topological there remains to show that it is open. Let Uys, Vie 
be as in (38.2). Then x€Vy_ > x, € Uy. Choose any u > X. Since x is 
continuous (7%) 'Uya = U,s is open in %, and V,» = {x' | 2, € U,s} is open in S. 
Since rV,. = V,s, 7 is open and hence topological. This proves (40.1). 

Two inverse mapping systems are said to be equivalent if there exists a third 
in which both are cofinal. From (40.1) we deduce: | 

(40.2) Equivalent inverse mapping systems have topologically equivalent limit- 
spaces. . 

41. When {\} is a sequence it is more convenient to use 1, 2,--- as the 
indices. We write therefore %, for 2), and +2 ** for m"*!, and require that for 
n<p<qwehaverir, = m,. Thesystem {®, ; 77} is then called an inverse 
mapping sequence. From (4.4) and (40.2) we see that 

(41.1) When {A} ts countable, R = lim {Ry ; wi} is topologically equivalent 
either to some Sy or to the limit-space of an inverse mapping sequence cofinal in 
{Rs}. 

It is clear that if {Ua} is a base for each §, , then {Vy} (in the notation of 38) 
is a base for R. Thus we have 

(41.2) When {rd} ts countable and the ®, all have countable bases, R = 
lim {9 ; wi} has likewise a countable base. 
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42. Guided by the Euclidean situation, given a point set R we call distance- 
function or merely distance a real function d(z, y) defined for all 7, ye R and 
possessing the following properties: 

D1. d(z, y) = O when and only when x = y. 

D2. (Triangle axiom): d(y, z) S d(x, y) + d(a, 2). 

From D12 we derive, with Lindenbaum, the other two noted properties of 
the distance: 

D3. d(z, y) 2 0. 

D4. d(x, y) = dly, 2). 

We prove D3 by making z = yin D2. Regarding D4 making z = z in D2 
and taking account of D1 we have d(y, xz) S d(z, y). Since the inequality 
may be proved also in reverse order D4 follows. 

The set R with an associated distance-function d(x, y) is called a metric space. 
We also say that d(x, y) defines a metric for R. 

We shall now discuss the first properties of metric spaces. 
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(42.1) Subsets of a metric space. Let 9 be a metric space with the distance 
d(x, y). If A CR and we take xz, ye A, d(x, y) becomes a suitable distance- 
function for A, so that A is metric also. 

(42.2) Distance between two sets. Diameter of a set. Spheres. The distance 
d(A, B) between two subsets A and B of & is inf {d(z, y)|zeA,yeB}. The 
diameter of A (diam A) is sup {d(z, y) |x, yeA}. The set of all points x such 
that d(x, A) < « is called an e neighborhood of A and denoted by G(A, e). 
When A = x, a single point, G(x , €) is commonly called a spheroid or sphere; 
the point x is the center of the spheroid and ¢ its radius. The analogy with 
Euclidean spherical regions is obvious. 

(42.3) ¢ aggregates, ¢« coverings, ¢ transformations. This type of designation 
with appropriate variations is frequently convenient. The mesh of an aggregate 
is the supremum of the diameters of its sets. An e aggregate or covering is 
one whose mesh is less than e. If a space has a finite e covering for every e > 0 
it is said to be totally bounded. An e¢ transformation of a metric space ¥t into a 
set Q = {y} is a transformation such that mesh {T'y} < «. 

(42.4) In terms of the spheres we may define regions as in Euclidean geometry: 
U is a region whenever x ¢ U implies G(z, e) C U for some e > 0. 

43. The chief justification for considering metric spaces at this juncture lies 


in the 


(43.1) TurorEM. If a metric space is topologized by choosing regions as open 
sets it becomes a normal Hausdorff space with a countable base at each point. 


The verification of OS123 (6) is immediate. If x ¥ y, then d(z, y) = e> 0. 
Hence G(x, €/3) and G(y, ¢/3) are disjoint neighborhoods of x and y. If A 
and B are disjoint closed sets, then {x |3d(z, A) < d(x, B)}, {x|3d(z, B) < 
d(x, A)}, are disjoint open sets containing A and B. Thus the space is a normal 
Hausdorff space. Clearly {G(x , 1/n)} is a countable base at the point 2%. 

(43.2) The spheroids form a base, and those of center x form a base at zx. 

On the strength of (43.2) we shall say that two distinct metrics are equevalent 
whenever if G(z, €), S’(z, €) are the corresponding spheroids then given e and z 
there is an 7 such that G’(z, ») C G(z, e), and vice versa. That is to say the 
two metrics are equivalent if they induce the same topology in &. 

It is easy to see that 

(43.3) The distance-function in R defines a topology in the subsets which is in 
accordance with the principle of relatwization. 

A topological space # is said to be metrizable whenever it is possible to assign 
it a metric, i.e., a distance function d(x, y) inducing the topology of the space. 
Metrization is the process of assigning a metric to a metrizable space. Fre- 
quently for shortness a space is described as metric when it is merely metrizable. 
In each case the context shows clearly what is meant. 

(43.3a) The closure A is the set of all points x such that d(x, A) = 0. 

(43.4) Limits, continuity. Since metric spaces are Hausdorff spaces with a 
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countable base in each point, limits in such spaces are unique (31.2) and con- 
tinuity of mappings of metric spaces into one another may be expressed in 
terms of limits as in (31.1). Moreover in so far as such spaces alone are involved 
all questions of continuity and convergence may be dealt with by the “e, 8” 
method of classical analysis. Many, if not most of the well known concepts 
of the latter may be introduced here also. We merely recall the useful concept 
of uniform continuity: R, R’ being metric the mapping T: KR — PR’ is said to be 
uniformly continuous whenever if x «Rt and x’ = Tz then given any e > 0, 
there is an 7 > 0 independent of x such that TG(z, n) C S(z’, e). 

(43.5) Completeness. Since {G(z, e} is a base at x, {z,} —> x whenever 
{d(z, tn)} — 0. As is well known a necessary condition in order that {x,} 
converge (to some point) is that Cauchy’s condition hold: given any e > 0 
there is an n such that p, g > n — d(rp, tq) < €. Whenever Cauchy’s condi- 
tion implies the convergence of any sequence for which it holds the space ® 
is said to be complete. 

(43.6) Separability. A space is said to be separable whenever it has a count- 
able dense subset. This property is only of interest in connection with metriza- 
tion, and largely owing to: 

(43.7) For a metrizable space R separability 1s equivalent to the existence of a 
countable base. 

For this reason we shall call such spaces “‘separable metric.” 

At all events whether ® is metric or otherwise, when it has a countable base 
{U,} we may choose a point xz, on U,,, and since {z,} is a countable dense 
set, Jt is separable. Conversely, let be metric with the countable dense set 
{z,}. To show that ® has a countable base it will be sufficient to show that 
B= {S(x,, pp)}, pp rational, which is composed of a countable number of 
spheroids, is a base. Let U be any neighborhood of z. There is a spheroid 
G(x, p) C U. Since the z, are dense in we may find an zx, such that 
d(x, tn) < p/4, then choose p, between p/4 and p/2. As a consequence x « 
G(xn, pp) & S(z, p) C U. Therefore & is a base. 

(43.8) Metric product. Let {R,} be a countable collection of metrizable 
spaces. Choose a distance d,(x, y) for ®, and metrize the product R = PR, 
(for the present merely set-product) as follows. Ifz = (x,---),y = (w,-°°:) 
are two points of 9 we choose a distance-function 


An(tn, Yn) 


(43.9) d(x, y) = 2d Kn 1+ An(Xn ’ Yn) 


where >> ka, is any convergent series of strictly positive terms. For instance 
we may take k, = 2” but any other choice will do. In particular if the 
number of factors 9, is finite we may choose 


d(x, y) = > dn(Zn 5 Yn)- 


The verification of D12 is elementary, so that d(z, y) defines a metric for ® 
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and Jt is metrizable. We call ® with the metric (43.9) a metric product of 
the }t,. We shall now prove 


(43.10) THrorEem. The metric (43.9) determines the same topology as previously 
assigned to the topological product. In particular it is independent of the special 
choice of {k,} and of the metrics d, . | | 


Since the spheroids form a base on each ®, , we may choose as a base for R 
the sets U = PU, , where U, = %, for n > m, and U,, n S m, is a spheroid 
of R,. Given xe U there is a similar Uj az, U'’CU , with spheroidal factors 
U, = G(a2n,1r), m S&S m, where the x, are the projections of x. Let r = 
inf r,, k = inf k, for n S m and let R = kr/(1 +r). Then if ye G(z, R), 
we have from (43.9) 


An(Xn 9 Yn) kr 
"“1L+di(tn,Yn) Ltr’ 


and hence d(ta, yn) < r. Therefore y,eU,, ye U, and finally G(z, R) C 
U’ CU. Thus there is a spheroid between x and U. 

Conversely, given @(x, R) we may choose m so large that the remainder of 
>. k, after m terms is less than R/2, then take Un = G(2n, tn), Tr < R/2Qmk, 
when n < m. As a consequence ye U > d(x, y) < R and hencexe UC 
G(z, R). Therefore {U} and {G(z, R)} are equivalent bases for R. 


i, =k 


nsm, 


44, Examples. 
(44.1) The n-dimensional number space &* referred to the coordinates 7 , --+ , 2, has 


the distance-function 
(44.2) d(x, y) = (Dy (ai — ys)?}". 


The space with this metric is an Euclidean n-space. It is an elementary matter to identify 


the resulting topology with that of (9.1). 
If we consider ©” as the product of the n lines of the variables z; , metrized by d; = 


| Li Yi , the method of (43.10) leads for €* to the distance-function 


(44.3) d'(z, y) = >; | tn — Yn | 


which yields again the same topology as (9.1), and hence as (44.2). Therefore for topo- 
logical purposes the two metrics are interchangeable. 

(44.4) Since G* is metrizable so are all its subsets. 

(44.5) Consider the Hilbert parallelotope PY = Pil, , and let J, be parametrized as: 
0O<-2, <1/n. Thus P¢ is now the set of all sets: (v1, 272, °°: ),0 S22 S1/n. By (43.10) 


P» is metrizable and admits the distance-function 
| 2a — Yn | 
(44.6) d(z,y) = 2). 


Consider on the other hand the Euclidean metric for P» defined by 


(44.7) d'(z, y) = > (tn — Yyn)3}t?. 


If G(z, e) and G'(x, e) are the spheroids corresponding to the two metrics, it is readily shown 
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that for fixed z each G(z, €) contains an G’(z, 7), and conversely. Hence {G’(z, «)} is a 
base for P’, and so d’(z, y) defines an admissible metric for the Hilbert parallelotope. It 
is in fact the metric customarily assigned to it. 


45. Compacta. A compactum is a compact metric space. The category of 
compacta partakes therefore of the combined advantages of compactness and 
metrizability. Its importance is sufficiently indicated if we observe that closed 
and bounded subsets of Euclidean spaces are compacta. 

(45.1) Every compactum § ts separable and hence possesses a countable base. 

Define a set A as e dense in R whenever every point of # is nearer than e 
to A. I say that we merely have to prove that there exists in ® a countable 
set A which is e dense whatever e. For in that case every sphere ©(z, p) about 
a given point z will contain points of A. As these spheres form a base for z, 
we will have ze A, hence A = §. 

Now {G(z, e)}, xe, is an open covering of re compact space #. Hence 
there is a finite subcovering {G(z; , e)}. Clearly the set A(e) = {2,} is € dense. 
The set A = UA(1/n) is countable and e dense for each e > 0. 

(45.2) If F is closed in R and xeR — F then d(x, F) > O (43.3a). 

(45.3) If § = {Fi,---,F,} is a finite aggregate of nonintersecting closed sets 
in the compactum ft there is a constant c(§) > O such that every x eR 1s at a dis- 
tance not less than c(§) from at least one F; . 

For otherwise whatever n there are points x whose distance from every F; 
is not more than 1/n. The set G, of all such points is closed and G, D Gay. 
Since R is compact and NG, # @ it contains a point x. Clearly d(F;, 2) = 0 
and since F; is closed xe F;. Therefore xeNF; ¥ @ contrary to assumption. 
This proves (45.3). 

(45.4) If F, F’ are closed in the compactum ® and d(F, F’) = 0 then F and F’ 
entersect. 

For otherwise if x e F we have d(z, F’) 2 c(F, F’) > 0, and hence d(F, F’) 2 
c(F, F’) > 0. 

(45.5) For every finite aggregate of closed sets § in the compactum ®t there exists 
a positive constant d(®) called the Lebesgue number of §, such that of A C ®, diam A 
< d(%), and A meets a collection of sets of §, then these sets have a nonvacuous 
antersection. 

Let $;,7 = 1, 2,---, 8, be the subaggregates of § whose sets do not meet, 
and let d(%) = inf c(%:). If A behaves as stated it cannot meet the sets of §; , 
since otherwise x « A would imply that z is nearer than c(§;) to every set of §: , 
which contradicts the definition of c(§). This proves (45.5). 

(45.6) For every finite open covering U = {U,} of the compactum % there exists 
a. positive constant di(U) called the Lebesgue number of U, such that: (a) every 
point x of KR 1s on some set U; and at a distance at least d\(U) from KR — U;; 
(b) of A C Rand diam A < d,(U) then A 1s in some set U;. 

Since UU; = RwehaveN(R — U;) =@. Therefore d,(U) = d(R — Ui, ---) 
has property (a). If A is chosen in accordance with (b), and z¢A then for 
some 7 property (a) holds and hence A C U; 
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(45.7) A continuous mapping f of a compactum R into a metric space © is 
uniformly continuous. 

By (23.2) the values of f make up a compactum # in ©. Given then any 
¢ > 0 there is a finite open e covering i = {U’,} of R. It follows that @ = 
{f'U,} is a finite open covering of R. Let» = di(%). If x’ = f(z), y’ = fly) 
and d(z, y) < 1, some f U,, contains both x and y and hence some U, contains 
both x’ and y’, which implies d(z’, y’) < e«. Therefore f is uniformly con- 
tinuous. 

The following two properties of compacta are obvious but often useful: 

(45.8) A compactum is totally bounded (42.3). 

(45.9) A decreasing sequence of closed sets {Fn}: Fai C Fn, has a non-void 
intersection and if diam F,, — 0 the intersection 1s a point. 

Sequential compactness. A familiar and very important fact in analysis is the 
close connection between compactness and convergence (see notably J. Tukey 
[T]). The specialization to separable metric spaces brings to the fore the 


(45.10) Derinition. The space R is said to be sequentially compact whenever 
every sequence {tn} has a subsequence {x,'} which converges to a point of R. 


(45.11) A compactum is sequentially compact. 

By (45.8) 9t possesses a finite open e covering. The closures of its sets make 
up a finite e closed covering § = {Fu,---, Fir}. Let {z,} CR. One of the 
F,;, say Fi,;,, contains an infinite subsequence {2i,}. Since Fi:;, is a com- 
pactum it has an ¢/2 finite closed covering {F2;}, one of whose sets F2;, contains 
an infinite subsequence {em} of {zim}, etc. By (45.9): NFa:, = 2 is a point 
and clearly 

{nn} —> Xo (diagonal process). 


(45.12) A sequentially compact metric space R 1s a compactum. 

We first prove ® separable. For any ¢ the space has a finite e dense set A(e). 
For if this were false we could find a sequence {z,} such that d(tm, 2a) 2 € 
whatever m, n, m # n, and no subsequence could converge. It follows that 
UA(1/n) is a countable dense set, and so ¥ is separable. : 

Since is separable it has a nitable base (43. 7). Hence (6.7) an open 
covering {U,} of & has a countable subcovering {U,}. Suppose that the latter 
has no finite subcovering. Then we may choose anz,eR — ( Uru: -U U,). 
By hypothesis a subsequence {tn} of {2,} has a limit x. Since Ul } is a 
covering we have 2 e€ U,, for some m, hence z,, ¢ U,, for n’ above a certain value. 
Since this is ruled out (45.12) is proved. 

(45.13) For metric spaces compactness and sequential compactness are equivalent 
(45.11, 45.12). 

An neenestia consequence of (45.11) is: 

(45.14) A compactum is complete. 

46. Urysohn’s metrization theorems. We have now all the elements necessary 
for dealing with these classical theorems. 
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(46.1) TuroreM. Every Tychonoff space with a countable base can be imbedded 
topologically in the Hilbert parallelotope P* and hence it 1s metrizable, and for that 
matter also normal. | 


(46.2) THrorEM. A n.a.s.c. for a Hausdorff space with a countable base to 
be metrizable is normality. 


(46.3) THrorEM. Separable metric spaces are those and only those which may 
be imbedded topologically in P*. 


(46.4) TurorEM. A n.a.s.c. for a compact Hausdorff space to be a compactum 
is that it possess a countable base. 


Proor or (46.1). Referring to (35.8) and (35.9), the mapping considered in 
(35.8) exists when the base { V,} there considered is replaced by any subcollection 
forming a base. Now under the hypothesis of (46.1), and by (6.8), there is a 
countable subcollection {V,} which is a base and the mapping of (35.8) is then 
into P”. This proves (46.1). 

Proor or (46.2). Since normal Hausdorff spaces are also Tychonoff spaces 
(35.3) sufficiency is a consequence of (46.1); and necessity follows from (43.1). 

Proor or (46.3). Since P” is a compactum it has a countable base. Hence 
the subsets of P® are metric with a countable base, and therefore also separable. 
Conversely, if 9¢ is separable metric it is normal with a countable base and hence 
by (46.1) it may be imbedded topologically in P”. 

Proor or (46.4). Necessity is a consequence of (45.1). Since a compact 
Hausdorff space is normal (33.6), sufficiency follows from (46.2). 


§9. HOMOTOPY. DEFORMATION. RETRACTION 


47. These concepts are important not only in their strict form, but also in 
view of certain noteworthy algebraic analogues which occur in the theory of 
complexes. | 

Homotopy, deformation. The intuitive concept of a deformation or displace- 
ment is clear enough. Duly generalized and made fully rigorous it gives rise 
to the: 


(47.1) Derinirions. Let A, B be topological spaces, and | the segment 0 S 
us1. Two mappings t,,t:A— B are said to be homotopic whenever there 1s a 
mapping T of the product | X A — B such that T(0 X x) = ha, TL XK 2) = bez, 
zeA. Ift, = 1, whichimplies A CB, thent,is a deformation. The set T(l X x) 
is the path of x. Whenever the space is metric and the paths are all of diameter 
less than € we have an € homotopy, or ¢ deformation as the case may be. 


In a more geometric form the images of t,A and A are homotopic whenever 
the “cylinder” | X A may be so mapped in B that its bases agree with the 
images 4A, tA. 
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(47.2) Homotopy is an equivalence relation. 

Homotopy is: 

symmetric, for if Tis as above then 7; such that Ti(u X z) = T((1 — u) X 2) 
bears the same relation to ¢, , fg as 7’ but in reverse order; 

reflexive, for T(u X x) = hz is a mapping 1 X A — A making ¢, homotopic 
to itself; | 

transitive, for let (t, , t) and (t:, t3) be homotopic pairs of mappings A — B 
with T’, T’’ as the analogues of T. Define 


T(u X x) = T’((Qu) X 2), 0susil/2; 
Tu X 2) = T’((2u — 1) X 2), 1/2susl. 


It is clear that T(u X x) is continuous in u X z. We have at once T(0 X z) = 
hx, T(1 X x) = 32, and so t, , ts are homotopic which proves transitivity, hence 
also (47.2). 

Since for fixed A, B homotopy is an equivalence there are corresponding 
classes, which are known as homotopy-classes. 

(47.3) Let t, , t be homotopic mappings A — B and let t be a mapping B —> C. 
Then tt, , tt, are homotopic mappings A — C. 

The notations being as before t7 is a mapping 1 X A — C such that 
tT(0 X x) = tha, tT(1 X x) = thx, proving our assertion. 

For mappings into subsets of an Euclidean space ©” or parallelotope P a 
convenient and intuitive sufficiency condition for homotopy is: 

(47.4) The. notations being the same suppose that B is a subset of R = E" or P. 
If for every x the points tix and bx coincide or else may be joined by a segment of R 
which is in B then t; and t, are homotopic. 

For let A(x) = ta when t\2 = fx, and A(x) = the segment joining ¢,2, 2 when 
they are distinct. Then (in vector, notation) 


T(u X x) = (1 — u)(hr) + ube) 
defines a mapping! X A — ® making ¢, , homotopic mappings A — R. Since 


T(u X x) €X(x) we have T(l X A) CB, so that ti , & are in fact homotopic as 


mappings A — B also. 
(47.5) Retraction. This convenient concept, formulated by Borsuk, is closely 


related to homotopy. 


(47.6) Derinitions. Let A, B be topological spaces, with A C B. A retraction 
of B onto A isa mapping t: B + A such thatt| A = 1. Whent exists A ts called 
aretractof B. If t 1s a deformation keeping every point x of A fixed (1.e., x is its 
own path) then t 1s also called a deformation retraction and A 1s then said to be a 
deformation retract of B. 


The notations being the same A is called a neighborhood retract of B when it 
has a neighborhood in B for which it is a retract. 


CHAPTER II 
ADDITIVE GROUPS 


The content of this chapter consists of the group-theoretic material required 
later. All the groups are assumed topological, and everywhere except in a few 
places the topology is significant. Particular attention has been paid to the 
Pontrjagin duality theory and related group multiplication, which we will find 
most useful in connection with intersections. This need cause no surprise since 
group multiplication may be considered as obtained by abstraction from the 
Kronecker index or topological intersections. We have also devoted consider- 
able space to inverse and direct systems and their limit-groups which will come 
very much to the fore in (VI, VII). In addition a full extension of the Pontrjagin 
theory is made to vector spaces over a field. 

General references: Alexander-Zippin [a], Chevalley [a], Freudenthal [a], van 
Kampen [a], Pontrjagin [P, b], Steenrod [a], Weil [W]. 


§1. GENERAL PROPERTIES 


1. We are dealing exclusively with abelian groups: they will always be written 
additively. The groups are denoted by G, H, --- , their elements by g, h, --- 
with eventual supplementary indices. The zero element (unit element, neutral 
element) will be written 0. 

If A, A’ are two subsets of a group G, we denote, respectively, by A + A’ 
and A — A’ the sets of elements {g + g’} and {g — g’},g¢A,g’¢€A’. The 
set —A is the set of elements {—g|geA}. Observe that in this notation 
A — A is not the element 0 but represents the set of all the differences g — 9g’ 
where g, g’ € A. | 

If {Ay} is an indexed system of subsets of G then >) A, is the set 
U(A,, +--+ + Ay,) where {\1, -+-, An} is @ finite subset of {A}. If the A, 
are subgroups, >, A) is also a subgroup, namely the smallest subgroup containing 
all the A). 


(1.1) Derinirion. Let the group G = {g} as a set of elements be assigned a 
topology turning it into a topological space. Then G thus topologized is called a 
topological group whenever it 1s a T'o-space and in addition g — g’ is a continuous 
junction of (g, g’) in this topology. 


Since it will occur repeatedly it is important to bear in mind that the con- 
tinuity condition imposed upon g — g’ means that it must be a mapping 
GxG-—G. That is to say, if V is any neighborhood of gy = go — go then 
there must exist neighborhoods U, U’ of go, go such that geU, g’¢U' > 
g — g’ «V, or equivalently such that U — U’ CV. 

41 


42 ADDITIVE GROUPS (II) 


Hereafter all groups are assumed topological. Since the discrete topology 
always makes any group G a topological group, G may always be assigned a 
topology turning it into a topological group. 


(1.2) Derinitions. <A neighborhood of zero in a topological group G is known 
as a nucleus of G. A base or subbase at zero will be called a nuclear base or subbase 


as the case may be. 


EXAampLes. (1.3) The additive group of the real numbers (real line) with its usual 
topology is a topological group; likewise the additive group of the real vectors with the 
usual topology is a topological group. However, in (25) and for certain special purposes 
an altogether different topology will be assigned to vector spaces, under which they will 


still be topological groups. 

(1.4) Consider the additive group $ of the reals mod 1. Take a circumference C re- 
ferred to an angular variable 6:0 S$ @ < 2x, and identify $ with C so that p e $ goes into 
the angle 6 = 2pr mod 27. If the usual topology of C is assigned to § it becomes a compact 
topological group and it is this group that is referred to hereafter as ‘‘the group of the 
reals mod 1,’’ with the notation % attached. Its fundamental importance will become 
clear when we deal with Pontrjagin’s duality theory. 


2. From the definitions we deduce at once: 

(2.1) The mapping g — —g is a topological mapping of G onto itself. Likewise 
for the mapping g — go + 9 (go fixed). 

(2.2) If N is a nucleus so is —N. Furthermore uf goeG then g + N isa 
neighborhood of go and every neighborhood of go 1s of this form. 

It is a consequence of (2.2) that the nuclei of G determine its topology. 

Does a given assignment of open sets or nuclei turn a group G into a topo- 
logical group? This question is answered by the following two propositions: 

(2.3) Let a group G be topologized by the assignment of a non-empty family {U} 
as its family of open sets. N.a.s.c. in order that G be a topological group under 
this assignment of open sets are: (a) if U is open and goéeG then go + U 18 also 
open; (b) af go ¥ O there is an open set U such that 0€ U, go¢ U; (c) of O€U 
there is a U’ containing 0 and such that U’ — U’ C U (Pontrjagin, [P, 54]). 

Regarding necessity, (a) is a consequence of (2.1) and (c) is implied by the 
continuity of g — g’. As for (b), since G is a To-space there exists an open 
set U containing one of 0, go but not the other. If 0«U then (b) holds. If 
goe U, O¢ U, we may set U = go + N, where N is a nucleus » — go. Hence 
— N is a nucleus go and this is (b). Passing to sufficiency let go , go be distinct 
elements. Then go — go * O and so by (b) there is a U such that0Oe U, 
go — go ¢U, or go ego + U = U',go¢U'. Therefore Gis a Ty-space. Whether 
go, go are distinct or not let Uago — go. Then (go — go) + U is open and 
contains 0. By (c) there is a U’ such that 0 « U’, U’ — U" CS (go — go) + U,z 
or (go + U’) — (go + U’) CU. Since go + U' and gy + U’ are open sets 
containing go , go , the mapping (9, g’) — g — g’ is continuous and (2.3) follows. 

(2.4) Let G be a group. N.a.s.c. in order that a family {N} of subsets may 
serve as a nuclear base for a topology turning G into a topological group are: (a) 
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the family is non-empty; (b) every N contains 0; (c) if g « N there is an N’ such 
that g + N’ CN;; (d) the intersection of two sets N contains an N; (e) of g # 0 
there is an N » g; (f) for every N there is an N’ such that N’ — N’ CN. 

Necessity is immediate. To prove sufficiency we will first show that {N + g} 
may serve as a base for a fie At all events the union of its sets is G. 
Let gie(N + go) a (N’ + go). Then gi — goeN, gi — go e N’. Therefore 
by (c) there exist Ni, Mi such that g. — g + Mi CN, a —g + Ni CN’. 
The intersection Ni » Ni contains N2 such that g, + Ne is between g, and 
(go + N) 0 (go + N’). Hence by (I, 6.3) {N + g} may be chosen as a base. 
We must now verify the conditions of (2.3). Take g + U, U open, and 
g.ego t+ U. Since gi — goe U there is a g2 + N between gi — go and U and so 
ge (go + gz) + N Cg + U. Therefore go + U is open or (2.3a) holds. 
Property (2.3b) is a consequence of (e). Let nowQe«U. Again some g + N 
is between 0 and U. Hence —g e N and so by (c) we have some —g + Ni CN, 
_ then by (f) an N’ such that N’ — N’ CN,. From this follows N’ — N’ CU 
which is (2.3c). Thus G has been made a topological group. There remains 
to show that in its topology {N} is a nuclear base. We have just seen that if 
0«U then some N’ — N’ CU. This implies that if ge N’ then g — 0 = 
g « U or that N’ C U which proves the asserted base property and also (2.4). 

A nucleus N is said to be symmetrical whenever N = —N. — 

(2.5) Every nucleus N contains a symmetrical nucleus (for example N n (—N)). 

(2.6) A topological group is a Hausdorff space. 

That is to say, for a topological group @ the separation axiom 7 implies 7; . 
Let indeed g, g’ be distinct elements of G. Since g — g’ ¥ 0 there is a nucleus 
Ng — g’, then another Ni such that Ni — Ni CN. Nowg —g’ ¢N—> 
g— 94M. — Nim (go + Ni) n (g’ + M1) = G. Thus g, g’ have the disjoint 
neighborhoods g + Ni, g’ + N; which proves (2.6). 

A stronger result is: 

(2.7) A topological group is a Tychonoff space (Pontrjagin). 

In view of (2.2) it is only necessary to establish the Tychonoff property ve 0. 
That is to say, we are to show that if NV is a nucleus there exists a characteristic _ 
function for 0 and the complement M of NinG. We first construct symmetrical 
nuclei No, Ni, -°-: such that No CN, Neat + Nizar CN. That this may 
be done is a consequence of (2.4f) and (2.5). Any rational dyadic number a 
of the interval 0 — 1 may be written as a finite dyadic fraction 0.aia2 --- a), 
a; = 0, 1. Corresponding to a let N(a) denote the set of all the elements 
»> agi, 9:¢N;. Since Nfa) is a union of open sets it is open. Moreover 
a < 6B > N(a) C N(B). To prove it we merely need to show it for 6 = 
0.a;++-apl. Now ifgeN(a) theset g + Np41 meets N(a) org eN(a) — Noy = 
N(a) + Noi: = N(@) which proves our assertion. Referring now to (I, 34.1) 
we find that {N(a)} has precisely the properties required in the construction 
for a characteristic function of (0, Jf). 

(2.8) A n.a.s.c. for G to be locally compact is that it possess a nucleus N whose 
closure N is compact. 
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For a neighborhood of g is of the form g + N. Its closure g + N is topo- 
logically equivalent to N and hence compact when and only when N is compact. 

8. Subgroups. A subgroup of G is a subset H of G such that H — HC H. 
Under the principle of relativization H is assigned a definite topology. 

(3.1) A subgroup is a topological group. 

For as a subset of G it is already a Jo-space by (2.6). Moreover since the 
transformation r: G X G — G sending (g, g’) into g — g’ is continuous so is 
7|H X H:H X H — H which sends (g, g’), where g, g’ ¢ H, intog — g’. This 
proves (3.1). 

(3.2) If H is a subgroup so is H. 

We must show that H — H C @ or thatg.,g.¢H mg = gi — ge eH, or 
again that if N is a nucleus then g + N meets H. There is a nucleus N’ such 
that N’ — N’ CN. Since g; eH the set g; + N’ contains an element g; eH 
and since H is a group g’ = g; — g,¢H. Thereforeg’egi—-ge +N’ —-N'C 
g + N, and since g’ e H, (8.2) follows. 

As an interesting special result needed later we have: 

(3.3) Every closed proper subgroup G of the group ¥ of the reals mod 1 7s finite 
and cyclic (t.e., consists of the multiples of a single element). 

Identify with a circumference. About every point p e [ there is an arc X 
such that contains no element g¢G other than p. For otherwise G must 
contain elements on the arc 0 — 1/n whatever n, and so G is dense in 3, hence 
G = G = §, contrary to assumption. Since G is compact it may be covered 
by a finite number of arcs each containing at most one g. Thus Gis finite. 
Assuming, as we may, G = 0 let g,; ¥ O be an element of G as near to 0 as 
‘possible. Then G consists of the multiples of g,. For if go ¢ Gis not an mg, 
then some mg; — g2 is nearer 0 than g:. Thus G is cyclic. 

4. Homomorphisms. Let G, H be two groups. The purely algebraic con- 
cept of a homomorphism 7 of G into H is that of a transformation 7: G — H 
such that 7(g — g’) = 7g — 7g’. Since we are dealing with topological groups 
we must ascribe suitable continuity properties to 7. There arise thus a certain 
number of mixed concepts which we must now examine. 


(4.1) Derinitions. A homomorphism 7: G — H is a mapping G — H such 
that r(g — h) = 7g — th. If 7 has merely the algebraic property just stated (1.e., 
as perhaps not continuous) we shall call it a homomorphism in the algebraic sense. 


(4.2) Derinitions. A homomorphism 7: G — H which ts a topological trans- 
formation is called an tsomorphism. If 7 1s merely a one-one homomorphism in 
the algebraic sense r is called an tsomorphism in the algebraic sense. 

A homomorphism 7 1s said to be open if it 1s an open mapping. A univalent 
open mapping +t: G — H is thus an tsomorphism of G with a subgroup of H. 

(4.3) Let + be a homomorphism G — H in the algebraic sense. If r is continu- 
ous at 0 zt 1s a homomorphism. If moreover t maps every nucleus of G onto a 
nucleus of 7G, it 7s an open homomorphism. 
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Suppose 7 continuous at 0 and let geG. The mapping g — r(g — go) is 
continuous at go and hence this is also the case for 7: g — Tg = tg + r(g — go). 
Thus 7 is continuous everywhere. A similar proof applies to the second assertion 
of (4.3). 

(4.4) Let + be a homomorphism G — H. The set of the elements g such that 
7g = 01s a closed subgroup of G called the kernel of r. An.a.s.c. for r to be 
univalent 1s that the kernel reduces to the element 0. 

(4.5) Let r and @ be homomorphisms G— HandH—-G. If 716 =14,6r = 1¢ 
(the identity mappings of H, G into themselves) then both + and @ are isomorphisms. 

It is readily seen that both kernels are zero and then that @ = +r. Hence 
7 is an isomorphism and similarly for 6. 

5. Factor-groups. Let G be a group. and G’ a closed subgroup of G. If 
g «G the set g + G’ is known as the coset of g mod G’. If g, g: are in the same 
coset mod G’ then they are said to be congruent mod G’ and this relation is 
manifestly an equivalence. If h, h; are the cosets of g, g, mod G’ then hh + hy 
are those of g + gi mod G’. Therefore under this addition the cosets form a 
group H, which, duly topologized as shown in a moment, is known as the factor- 
group of G by G’ or mod G’, and denoted by G/@’. 

The assignment to g of the coset h containing it defines a homomorphism in 
the algebraic sense 7 of G onto G/G’ known as the natural projection or merely 
the projection of G onto the factor-group. 

We now define a set V ¢ G/G’ as open whenever 7 V is open in G. If the 
resulting topology turns G/G’ into a topological group it will also automatically 
turn a into a homomorphism. | 

The topology assigned to G/G’ is immediately seen to make it a topolog- 
ical group. The proof merely requires that we verify the conditions of (2.3). 

Let g* be any coset mod G’ and V an open set of G/G’. We have: 
x i(g* + V) = Ufg + r°V|geg*} = a union of open sets of G. Therefore 
g* + V is open in G/G’, or (2.3a) holds. 

We notice now that if U is open in G then rU is openinG/@’. Form ‘(xU) = 
G’+U = U{g + U|geG’} = an open set of G. 

Let g* « G/G’ and ¥ Q and let g be an element of the coset x g* of G mod G’. 
Since G’ is closed so is g + G’. Hence its complement U in G is open and it 
contains G’. Therefore 7U’ = V is a nucleus not containing g*. This proves 
(2.3b) for G/G’. 

Let V be any nucleus of G/G’. Then 7 ‘V is a nucleus of G. Hence it 
contains another U; such that U, — UiC rw V. Therefore rU; is a nucleus of 
G/G’ such that rU; — xl, C V and this is (2.3c) for G/G’. We have thus 
proved: | 

(5.1) The topology assigned to G/G’ turns it into a topological group. It 1s 
this topological group which is henceforth denoted by G/G’ and called the factor- 
group of G by G’ or mod G’. Furthermore since congruence 1s an equivalence we 
may identify elements congruent mod G’ (I, 13) and the resulting group 1s pre- 
cisely G/G". 
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We have also obtained, incidentally: 

(5.2) The natural projection +: G — G/G’ is an open homomorphism of G 
onto G/G’. 

We now prove: 

(5.3) Let » be a transformation of G into a topological space X such that ¢(g) 
depends solely upon the coset g* of g modulo a closed subgroup G’. If we set y*(g*) = 
y(g) then o* is a transformation G/G’ — X and we have: (a) uf ¢ 1s a mapping (1.e., 
continuous) so is y*; (b) if g is open so ts g*; (c) if X is a group and ¢ a homo- 
morphism G — X then o* is a homomorphism G/G’ > X. 

Let U be open in X. If ¢ is continuous then y (U) is open in G and hence 
y*"(U) = ae (U), where x is the natural projection G — G/G’, is open in 
G/G’. Therefore ¢* is continuous, which proves (a). Assume now ¢ open 
and let V be open in G/G’. Then wr ‘V is open in G and so ¢*(V) = v(x 'V) is 
open, which proves (b). Finally if g: €9: , 92 €g2 and ¢ is a homomorphism 
then ¢* is continuous by (a) and in addition: 


e*(gt + 92) = o(g: + 9) = o(g:) + ol) = 9°91) + o' G2), 


so y* is a homomorphism, and this is (c). 

(5.4) Let r be a homomorphism G — H and G', H’ closed subgroups of G, H. 
If rG’ C H’ there corresponds to r a homomorphism r': G/G’ — H/H’ given as 
follows: if m, w are the natural projections of G, H, onto G/G’, H/H' then t'x = wr. 
If 7 is open so is 7’. 

Since wr depends solely upon the coset of g mod G’, (5.4) is a consequence 
of (5.3). | 

(5.5) Let G’ be a closed subgroup of G. If any two of the groups G, G’, G/G' 
are compact so is the third. 

It is already known that when G is compact so is G’ (I, 23.1) and hence 
likewise G/G’ = 7G (I, 23.2) where x is the natural projection G > G/G’. Thus 
there remains to show that when G’ and G/G’ are compact soisG. Let § = 
{F,} be an indexed system of closed sets of G with the finite intersection prop- 
erty. We are to prove that NF. ~ 9. We can obviously augment § by the 
finite intersections of the F, without disturbing the situation, and so we assume 
them already in §. 

Now the indexed system {xi*,} of closed sets of G/G’ has also the finite inter- 
section property. Since G/G’ is compact N(rF.) ~ @ and so it contains an 
element g*. The set 7 ‘g* is a coset go + G’ of G mod G’. Since addition is a 
topological operation and G’ is closed and compact so is go + G’. 

Let U be any neighborhood of go + G’. We propose to show that F. meets 
U. If gego+G’, there isa nucleus N such that g + N C U then a symmetrical 
one N’ such that N’ — N’ = N’ + N’ CN. It follows that g + N’ is such 
that if g’e«g + N’ then g’ + N’ CU. Since {g + N’} is an open covering 
of the compact set go + G’ there is a finite subcovering {gi + NV ‘},andgeg;: +N;—> 
g+N ' CU. Therefore if ON; = Np then whatever g €go + G’ we have 
g +N) CU. Now the union of all such sets g + No is a set « V where V 
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is a neighborhood of g* in G/G’, and all sets x V are of the type in question. 
Therefore to prove that U meets F, we only need to show that V meets xF,, 
and this is a consequence of the fact that g*erfF, . 

Since F, meets every neighborhood U of go + G’ it must meet this set itself, 
otherwise the complement of F, in G would be a U which F, would fail to meet. 

We have found then that {F. n (go + G’)} is an indexed system of closed 
sets in the compact set go + G’ with the finite intersection property. Therefore 
N(F. 0 (go + G’)) ¥ @, hence NF, = @, and G is compact. 

For locally compact groups we may prove the weaker property: 

(5.6) If G zs locally compact and G’ is a closed subgroup of G then G/G’ is 
likewise locally compact. 

Let 7 still denote the natural projection G — G/G’. Under the assumption 
G has a nucleus N with N compact. Hence G/G’ has the nucleus N* = xN. 
Now: N* C x(N) C rN. Since x(N) is compact in a Hausdorff space, it is 
closed and since it is between N* and N* we must have #(W) = N*. Thus N* 
is a nucleus of G/G’ with compact closure, proving (5.6). 

6. Product. 


(6.1) Derinirion. Let {G,} be a system of groups indexed by A = {dr}. The 
topological product G = PG, is a seaarenait space (I, 30.2). If g = {gr}, g’ 
{gx} are elements of G we define g + g’ = {gx + g,} and 0 = {0y} (0, is the zero 
of G,). Under these conditions G becomes an additive group. Since gx, gx are 
continuous in (g, g’) so is gx — g, and hence also g — g’ (I, 12.2). Therefore 
under its topology G 1s a topological group. 


(6.2) Let M = {u} CAand G’ = PG,. Then the projection r: G —> G’ is 
an open homomorphism. 

For 7 is a homomorphism in the algebraic sense and an open mapping as well 
(I, 12.1). 

(6.3) Exampue. If A is any set, and § as in (1.4) then G@ = $4 is a compact 
topological group known as toroidal. The cardinal number | A | is the dimension 
of G. (See I, 25.5.) 


7. Weak product. 


(7.1) Derinition. Consider now a system {G,} of discrete groups indexed 
by A = {r}. The elements of PG, which have at most a finite number of coordinates 
different from 0 form a subgroup G which taken discrete 1s called the weak product 

of the Gy , written P’G, . 


(7.2) Remark. If A is infinite, the discrete topology is not the topology 
that G is to receive as a subgroup of the product, and so it is not to be con- 
sidered as a subgroup of PG, in the topological sense. 

(7.3) Let M = {u} CA and G’ = P"G,. To every g’ « G’ there may be 
assigned g = {g,} = n(g’) «eG defined thus: g, = g,,9. = Oford¢M. Clearly 
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7 is an isomorphism of G’ with a subgroup of G. It is called the injection of G’ 
into G. In particular we mav choose M as consisting of the single element d 
and we then obtain the injection 7) of the single group G, into G. For simplicity 
and wherever no confusion arises, we continue to denote by g, the element 
mgr) of G. Under this convention any element g « G may be written as a 
finite sum ) > g, (at most a finite number of terms different from 0). 

8. Chains. The chains may be considered as a convenient symbolism for 
dealing with certain products. This symbolism will be used extensively in 
the theory of complexes, where owing to the similarity with linear forms, it has 
become traditional. 

Let again A = {)} be anv set of indices and let ’G = G*. Introduce now a set 
of symbols X = {2} called elementary chains such that \ — 2, is one-one. 
The elements of ’G may now be represented by the symbolic sums, called in- 
finite chains: C = >> gtr, gx €G, with the convention that 


(8.1) Dat + Digan = DIG + H)a. 


'G is also referred to as the group of the infinite chains over G based on X. 

Suppose now the group G discrete. We could introduce a “weak A power” 
of G, but it is more convenient to take an indexed collection {G,} in which 
G, = G and then the weak power G* = P’G,. We introduce again X = {x} 
with } — 2 one-one. The elements of G* may now be represented by the 
finite sums C = >) gat,, gx €G, called finite chains, with the same addition 
convention (8.1). G* is then referred to as the group of the finite chains over 
G based on X. 

In both types of chains and groups the base X will often be evident from 
the context and mention of it omitted. 

If A is finite the two groups ’G, G* are in algebraic isomorphism, their chains 
being finite in both cases. They are then described more adequately as groups 
with topology (for ’G) or discrete (for G*). 

Chain-homomorphisms. Let H, K be two groups of chains over G based, 
respectively, on X = {x}, Y = {y,} whereA = {A}, M = {uw}. The elements 
of the two groups are then represented as 


(8.2) h= >) mn, k = Do ky; hy , ky € G. 


Let now A = || a, || be a matrix of integers with finite columns (for given u 
at most a finite number of a), are different from 0). We associate with A the 
transformation H — K given by 


(8.3) T >» hy Lh = De (Qu Ay Ary) Yp- 


(8.4) 71s a homomorphism H — Kk. 

It is clearly so in the algebraic sense. The continuity proof is best carried 
through by means of the powers. We have then H = G*, K = G™ and (8.3) 
states that 7 sends the element h with coordinates h, into the element k with 
the coordinates k, given by 
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(8.5) k, = » hy dru. 


Now /y is a continuous function of h (I, 12.1) and k, is a continuous function 
of the hy in (8.5) since their number is finite and group addition is continuous. 
It follows that k is also a continuous function of h (I, 12.2), and so (8.4) holds. 

Suppose now G discrete with H, K as the groups of finite chains over G based 
on X, Y. This time it will be necessary to impose finiteness of the rows upon A 
(for a given \ at most a finite number of a, are ~ 0 ) and then 7 given by (8.3) 
will still represent a homomorphism H — K. Since the groups H, K are dis- 
crete the continuity considerations do not arise. 

Homomorphisms of one of the two types just considered will be referred to 
as chain-homomorphisms. 

(8.6) We will now consider certain chain-groups required in connection 
with the so-called “dissections” of a complex (III, 23). 

Let Y, X be as before, except that now Y C X and let X’ = {r,} be the 
complement of Y in X. The chains h’ = >> h,x, , h, eG, make up a group H’. 
Corresponding to any open set U of G introduce the sets 


V, = {h|h,eU}, V, = {h'|h,eU}, 
W, = {h|k,eU}, W, = {kl ky, eV}. 


Let also ’K denote the subgroup of H consisting of the elements whose co- 
ordinates h, = 0. By (I, 12.6) ’K is closed in H. Furthermore k = >, kt 
> Ox, + >~ ky. defines a homomorphism: K — H called the injection of 
K into H. 

(8.7) The injection n ts an isomorphism of K with 'K. 

It is clearly an isomorphism in the algebraic sense. Furthermore since 
{V,; W,} is a subbase for H, {’K n W,} is onefor’K. We have then in (Wi}a 
subbase for K such that nW, = 'K n W,. Hence » maps into one another 
the elements of subbases for K, ’K and so it is topological, proving (8.7). 

(8.8) Taking advantage of (8.7) the identification k — nk induced by 7 will 
cause the topological imbedding of K as the closed subgroup ’K of H. This 
identification is assumed henceforth, so that K is now a closed subgroup of H. 

Let then H* = H/K. Ifh = Do hix, + > ky, then h’ = >> h,z, is a rep- 
resentative of the coset h* of h mod K. Clearly h* — h’ defines an isomor- 
phism @ of H* with H’ in the algebraic sense. 

(8.9) 6 is an isomorphism of H* with H’. 

If 7 is the natural projection H — H* then {7V,} is a subbase for H*. Since 
6rV, = V,, 0 maps the elements of a subbase for H* into those of a subbase 
for H’. Hence 6 is topological and (8.9) follows. 
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9. The present section is a digression from topological groups necessitated 
by the requirements of the theory of complexes. For the present the topology 
of the groups will not be utilized. 
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Let G = {g} be a group and B = {g’} a (finite or infinite) subset of G. The 
elements g’ of B are said to be lenearly independent whenever there exists no 
relation between a finite number of elements of B of the form: 


(9.1) agi +:-: tag, = 0, 


where the a, are integers not all zero. The rank of G is the maximum number 
of linearly independent elements of G. Evidently: 

(9.2) The rank of a finite product is the sum of the ranks of the factors. 

The elements of the set B are said to be generators of G if it is possible to 
express every g ¢ G in the form 


(9.3) | =agit---+ag,, g, « B, a; an integer. 


If in (9.3) the coefficients a; are always unique for a given g, or which is the 
same, if the generators are independent, then B is said to be a base of G. A 
group possessing a base is said to be free. 

10. (10.1) A subgroup H # 0 of a free group G 1s a free group. 

Let B = {b.} be a base for G and let A = {a} be well-ordered in a definite 
way. Any heH may be written uniquely in the normal form h = 
Mba, + -+> + mba, a1< +++ <a,. We call a, the index of h. Given aif 
there is an h of index a choose one, b, , such that in the normal form the co- 
efficient of b. has its least absolute value different from 0. If no such h exists 
choose b, = 0. Then B’ = {b,}, with the elements zero omitted, is a base for 
H. Consider in fact h as above and let ba, = --- + 7,be, (normal form). If » 
is the h.c.f. of m,, n, we have mm, + nn, = »v for some integers m, n and 
hence mh + nbz, = -** + vba, (normal form). Since | v| 2 | 7,|, we have 
nN, = zy, m, = un,. It follows that h, = h — u,by, € H is of index B,1 < a,. 
Repeating the reasoning we obtain h, = h — (ubg, + °°: + uD e,) of index 
Bett < Be <X +++ < a. Since A is well-ordered the process must stop for some s. 
We will then have h, = 0. Therefore B’ is a set of generators for H. Since 
its elements are obviously linearly independent, B’ is a base for H and (10.1) 
is proved. 

Remark. The preceding proof based on well-ordering is shorter and more 
intuitive than alternates resting upon Zorn’s theorem. Incidentally this is the 
only instance where well-ordering will be utilized in the present work. 

(10.2) A (discrete) group G is isomorphic with a factor-group of a free group. 

Let G = {g} and let 


h= }\ ag; = 0 (finite sums) 


be the relations between the generators. For each g; introduce a new symbol 
g; and let G’ be the free group based on the g;. Then the symbols h’ = a aig; 
generate a subgroup H’ of G’ and G = G'/H’. 

11. Digression on integral matrices. The reduction properties of integral 
matrices are very useful in the treatment of groups with a finite number of 
generators, and hence in the theory of complexes. 


[2] GENERATORS OF A GROUP bl 


Consider then the integral matrix: 
A = || as [I, t= 12, ies Pj = 1, 2, sre yd. 


We say that A is unimodular when it is square (p = q) and its determinant 
[A| = +1. : 

(11.1) The product of two unimodular matrices is a unimodular matrix. 

(11.2) The inverse A of a unimodular matrix A exists and is unimodular. 

Let again A be any integral matrix whatever. The following three types of 
operations on A are known as elementary: (a) transposition (interchange of two 
rows or columns); (b) change in sign of a row or column; (c) adding to the ele- 
ments of a row or column the corresponding elements of another row or column 
multiplied by an integer. Each corresponds to the multiplication of A on 
one or the other side by a unimodular matrix. As a consequence, the effect 
of a finite number of elementary operations on A is to replace it by a matrix 
BAC, where B, C are unimodular. 


(11.3) Derinition. Two matrices A, A: such that A, = BAC, B and C 
unimodular, are said to be equivalent. It is clear in fact that their relation to 
one another 1s a true relation of equivalence. 


Let p be the rank of A and 5,(A) a number which is zero for p > p, and equal 
to the h.c.f. of the minors of order p for p S p. If A: is equivalent to A the 
minors of order p of A; are linear integral combinations of those of A and so 
5,(A) divides 6,(A1). Since the reverse is also true 5,(A1) = 6,(A), or equivalent 
matrices have the same numbers 6,(A) and hence the same rank p. The num- 
bers dp = 5,(A)/5p_1(A), (0(A) = 1), are the tnvariant factors of A. 


(11.4) THrorem. An integral matriz A 1s equivalent to a ‘“‘diagonal” matrix 
dy 


(11.5) Tog 


such that dp, divides dp+1. 


As a consequence of (11.4) we shall have: 

(11.6) di, ---, d, as the sequence of invariant factors of A, and so each invariant 
factor 1s divisible by its predecessor. 

(11.7) A n.a.s.c. for two integral matrices with the same numbers of rows and 
columns to be equivalent 1s that they have the same sequence of invariant factors 


di, -°*,d,. 
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It is clear that (11.4) and (11.6) yield (11.7). As for (11.6), in the matrix 
(11.5) with the d, as stated, did, --- d, divides every minor of order p and is 
itself such a minor. Therefore 5,(A) = di +--+ dp, hence 6p41(A)/6,(A) = dpyz, 
and so d;, --: , d, is the sequence of invariant factors of A. Furthermore d, 
divides dp4, and so (11.6) will follow from (11.4). 

Turning then our attention to (11.4) we dismiss the trivial case where the 
terms of A are all zero. Then in each matrix equivalent to A there are terms 
different from 0 and in one of these B = || b,;|| there will occur a term d; (we 
make as yet no assertion as to d,) which is the least positive term occurring in 
all the matrices equivalent to A. By transpositions we may dispose of B so 
thatb =d,. Leth: =diqg+r,t7>1,0Sr<d,. By multiplying the first 
column by g and subtracting it from the zth we replace bi; by r < d; , hence r = 0. 
Thus we may replace B by a matrix in which the bi; , and similarly the ba, 
a > 1, are all zero, or assume: 


dy 0 
O B 


Since by adding the zth row, 7 > 1, to the first we may bring bu, h > 1, to the 
position of bi; , di must divide b,; and so all the terms of B,. Now if A has a 
single row, the reduction to (11.8) already proves (11.4). Therefore we may 
use induction on the number of columns, and so assuming (11.4) for B, prove it 
for B. Under the circumstances B, is reducible by operations on B to the form 


(11.8) B= 


(11.5) with diagonal terms did; , --- , dd, , where did, are the invariant factors 
of B, and d,d, divides did,4,. Hence B is reducible to the form (11.5) with 
diagonal terms d, , didag + * did, which proves (11.4). 


12. Groups with a finite number of generators. We shall discuss certain 
properties of these groups culminating in the basic product decomposition (12.8). 


(12.1) Derinitrion. Let B = {gi, --:, gn}, BY = {91, -°* 5 Jn} be two sets 
of elements of G containing the same number n of elements. By a unimodular 
transformation +: B — B' is meant a system of relations, 


(12.2) g: = >> aisg;, || as; || wntmodular. 
(12.3) If a group G has a finite base B = {g1, +++, gn} ws rank ts (obviously) 
n. A n.a.s.c. for a second set B’ = for, °°, g,} to be a base is that it may be 


obtained from B by a unimodular transformation. 
Whatever the set B’ of n elements there exist relations 


(12.4) g9: = doeigs, C= llesll. 


A n.a.s.c. in order that {g;} be a base is that the g; be expressible as linear 
combinations of the g; , or that there exist relations: 


(12.5) g: = d.dig;, D =| di;|l- 


From this follows 
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9: = Di dicuge, 

and so since B is a base we must have DC = 1. This matrix relation yields 
|D | -|C| = 1, and since the determinants are integers we must have | C'| = 
+1. Thus in order that B’ be a base C.must be unimodular, or the condition 
of (12.3) must be fulfilled. Conversely, if it is fulfilled, C is unimodular and 
(12.5) holds with D = C™, from which follows readily that B’ is a base. 

(12.6) Let G bea free group of rank n, and H a subgroup of G. Then bases 
{91,°°° Qn}, {h1, °°, hm} may be chosen for G, H such that 


(12.7) h; = dg: ) i= 1, 2, seem, d; divides dist é 
Furthermore the set d,, --- , dm is uniquely determined by H. 


Let {g:} be a base for G. Since H is a free group (10.1) it has also a base 
{h:} and there subsist relations 


h; = » Gigi, A= || a;; ||. 


By a change in the bases one may replace A by any other equivalent matrix 
and so (12.6) is a consequence of (11.4). 


(12.8) THrorem. Let G be a group with a finite number n of generators and 
of rank p. Then 


(12.9) G2GQXGX ++: X Ga, 


where: (a) Go is a free group of rank p when p > 0 and Gy = 0 when p = 0; (b) 
G,p is cyclic of finite order ep where e, divides €p41; (c) m + p Sn; (d) the sequence 
€1, ***, Cm iS uniquely determined by G. 


By (10.2) G = G’/H’, where G’ is a free group. We may therefore assume 
G=G'/H'. Referring to (12.6) bases {g:, --- , gn}, {hi, --- , 4+} may be chosen 
for G’, H'’ such that 

h;=dgi, «t = 1, 2, «++ ,r; dy divides dis:. 


If x is the natural projection G’ — G and we set 7g; = g:, th; = h; , the genera- 
tors gi, -** , gn are derived from the initial set by a unimodular transformation 
and we shall have 


h; = dg; = 0, a=1,2,---,r, 


There may be a certain number of the first d; equal to unity. We cast away 
the corresponding generators, denote the remaining d; by e, and so have a new 
system of generators which we denote by gi, --- , gm+, such that 


hyo = CfMJ>p = 0, p=1,2,---,m S 1; e, divides e,4,. 


In any case p is the rank of G. Since the gn+; are linearly independent if p > 0 
they generate a free group Go of rank p, while if p = 0 we set G = 0. As for 
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gp it generates a cyclic group of order e, and we have manifestly the asserted 
decomposition (12.9). 

(12.10) There remains to prove the unicity of the sequence ¢, :::, ém. 
The decomposition (12.9) depends only on the choice of G’ and the relation between 
G’ and H’ and hence upon the set of generators g,, -+- , gn and so {e,} depends 
solely upon these. If we choose {i, ++: , h,} as a base for the group H’ and 
write down the relations expressing its elements in terms of the g; : 


(12.11) “he = Dag;, A = lla, 


then {e,} is simply the set of the invariant factors of A which are greater than 1. 
Suppose now that we add a new generator gn+: to the set g:,°-:,gn- We have 
then a relation 


—9Jnt1 = On41,191 = +Gn4qi.n9n . 


There correspond new groups G; , H; based on {gi, -++ , ganas}, (hi, «°°, Aras} 
with the relations (12.11) and 


/ , / 
Aegr = Ongiagi Hott HF Anainda HF Gnsi- 


Thus A is now replaced by 


0 

A 
Ai = . 
eee 
Qn4i11, °°" 5 1 


whose invariant factors greater than 1 are the same as those of A. Thus by 
adding new generators we do not modify {e,}. Suppose then that we have two 
systems of generators {g;} and {g,;}. Together they form again a system of 
generators which is obtained from each by adding new generators. Therefore 
the three systems yield the same set {e,} and in particular this is true for {g;} 
and {g;} thus proving (12.8). 


§3. LIMIT-GROUPS 


13. Inverse systems. We now return to topological groups and investigate 
certain systems of groups {G,} indexed by a directed set A = {A; >}. 


(13.1) Derinirion. Let {G,} be an inverse mapping system (I, 38) whose 
projections «\ are homomorphisms. Then S = {G,; x} is said to be an inverse 
system of groups, or merely an inverse system. 


(13.2) The limit 'G of S is a closed subgroup of G = PG, and is known as the 
“limit-group’’ of S. 
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By (I, 38.3) ‘Gis closed in G. Then if g, g’ «’G we have: rg, = g,, mg, = 
g, , hence m(g, — 9.) = I. — g,,0rg —g’e’G. Therefore ’G is a subgroup of G. 

(13.3) Let M = {p; >} be a directed subsystem of A, S’ the corresponding 
partial system of S (1, 40), 'G’ the limit-group of S’. Then the projection r 
(I, 40.1) :’G — 'G’ 1s a homomorphism, and when 8S’ is cofinal in S then +r is an 
zsomor phism. 

If G’ = PG, then r = |G where = is the projection G — G’, and since x 
is here a homomorphism so is r. When S’ is cofinal in S the mapping r is topo- 
logical and hence it is an isomorphism. | 

(13.4) If g = {gx} €’G then: (a) g — gy defines a homomorphism m: 'G — G) ; 
(b) af the wm. (alld, nu, X > w) are isomorphisms then m, is likewise an isomor- 
phism, so that 'G = G). 

Property (a) is a special case of (13.3) obtained when M consists of the single 
element A. 

Regarding (b), let \ be kept fixed and take any g,. Whatever u choose 
y > d, w and set g, = m,(m) g,. We see immediately that: (a)g, is inde- 
pendent of v; (8) {g,.} « ’G; (vy) any element g ¢« ‘G with the coordinate g) will 
have its » coordinate determined by the same relation as g, and so it must be 
g,. Therefore m is a univalent homomorphism onto. 

To complete the proof there remains to show that mis open. Let U, be 
any open set of G, and set V, = {g|g,¢eU,}. By (I, 38.2), {V,} is a base for 
'G. Choose again v > X, uw. Since the m; are isomorphisms mV, = m (x) U, 
is open in G,. Hence m is open and (13.4) follows. 

(13.5) Let S = {Gy; wi}, 2 = {Hy; wh} be inverse systems both indexed by 
A = {d; >} and with limit-groups 'G, 'H. Suppose that for each d there is a 
homomorphism 7: Gy, — Hy such that: orm = tywt, \ > pw. There exists a 
homomorphism +:'G —'H such that if g = {gv} €’G then rg = {nga}. 

Let H = PH. Ifg «’G then g — {7g} defines a homomorphism 1: ‘G — H 
in the algebraic sense. Since every coordinate 7g) of rg is a continuous function 
of g so is rg. Hence 7 is a homomorphism. From wi(ng,) = tug. = (t.g,) 
follows that 7g « ‘H, so 7 is actually a homomorphism ’G — ‘H. 

(13.6) Under the same assumptions as in (13.5) let the G, be compact. If 
Hx = GQ) then 2’ = {H; wr} 1s an inverse system with limit-group say ’H' and 
7 is an open homomorphism of 'G onto 'H’. 

We have found that 7 is a homomorphism of 'G into ’H’. To prove that r 
is onto take h’ = {hy} €'H’ and let Fy = 7’. Since Hy is a Hausdorff space 
hy is closed, and since 7 is continuous F, is closed in G, and so like G) it is a 
compact Hausdorff space. If g, « Fy then mg, = hy, hence ford > zu: Tg, = 
wh, = hi, = 1,(wigy). Therefore mg, ¢ F, or mF, C F,. It follows that 
{F, ; mi} is an inverse mapping system of compact Hausdorff spaces. By 
(I, 39.1) its limit-space contains an element g = {g,} which is alsoin’G. Since 
gx. ¢ Fy we have mg, = hy or h’ = 7g. Therefore 7 is a mapping onto. 

Let ’G, be the kernel of +. Then 7+ defines a univalent homomorphism 7; : 
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'G/'G: —'H’. Since ’G is compact so is ’G; and hence also 'G/'G (5.5). Since 
71 1S a continuous one-one mapping of a compact space it is topological. 

Now the natural projection 1: ’G — ’G/’G, is an open homomorphism. Since 
7 = tr, and 7; is topological, 7 is also open, thus proving (13.6). 

(13.7) Generalization. An important type of group arises in the homology 
theory of nets (Cech theory, VI), which is analogous and closely related to 
the limit-group of inverse systems. As before we have a system of groups 
{G,} indexed by {A; >} and for each \ there exists a closed subgroup Gy of G, . 
Corresponding to every ordered pair \ > yu there are given one or more homo- 
morphisms or projections +. : G, — G, such that: 

I. lf >yu> » and 7. , 7% are projections so is 1% m. . 

II. TG Cc Gu 

III. if wm, a, > pn, are projections then mg, — mg, C G, gr. eG). 

Let H, = G,/G, and let 7 be the natural projection: G, — HM). By (5.4) 
there is a homomorphism | Hy, — H,, > un, such that Our = 1,2, and III 
has for consequence that ws is independent of the particular 7. in its definition: 
wr is unique. We may also say that all the ™, induce the same projection of 
the cosets of G, mod G, into those of G, mod G,. It follows then readily that 
{H ; wh} is an inverse system and its hinitatoup4 is denoted by H. 

A decidedly different type of group, which generalizes limits of inverse sys- 
tems, arises now as follows. Let G = PG, and let g = {g,} e G be such that 
h>p> wo — 9, €G,. By III this remains true if r\ is replaced by any 
other projection 7. It is clear that the set °G of all such elements is a sub- 
group of G. It is the group which we had in view. 

(a) °G is closed in G. 

The function fi,(g) = mig, — g, is a continuous function on G to G,. Hence 
Fy, = fi.G;, is closed in G and so is °G = NF, . 

(b) G’ = PG, is a closed subgroup of G (I, 12.6) and hence also of °G. 

(c) °G/G' = A. 

Let G* = °G/G’. If g = {ga} ¢ °G then {7g,} = h ¢ H and h depends solely 
upon the coset g* of g mod G’. From this we infer that g* — h defines a homo- 
morphism 6: G* — H. If ég* = 0 then g, e G,, and so g eG’, hence g* = 0, 
or 6 is univalent. Given h = {hy} take in the coset h, of G, mod G, a definite 
element g,. Evidently \ > u > mg, — g, € G, and sog = {g,} e °G is such 
that 6g* = h. Thus 6 is onto and so it is an isomorphism in the algebraic 
sense. 

Let (’, be open in G,. Since the sets {g | g, « Uy} make up a subbase for G, 
if V.; = {g|g€°G, g,¢U,} then by the principle of relativization {V,} is a 
subbase for °G. Since 7, is open the set 7,U’, is open in Hy and 6V, = {h| hy 
7™U,} is open in H. Therefore 6 is open and so it is an isomorphism. This 
proves (c). 

(d) When the G, are compact so are the groups °G, G’, H. 

For G is then compact, hence °G, G’ are compact as closed subgroups of G, 
and likewise H by (5.5). 
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14. Direct systems. | 


(14.1) Derinition. Let this time {G,} be a system of discrete groups still 
indexed by A = {r; >} ae with projections running the other way: for r > p 
there is a homomorphism a? >: G,— & such that\ > p > v= Na a 7m i : 
Then the system S* of the G, and the x," is said to form a direct system of groups or 
merely a direct system, written S* = {Gy ; m"}. 


If G = PG, (weak product), the elements g, — m"g, (A > mu) generate a 
subgroup H of G, and the factor-group G* = G/H is called the limit-group of — 
S*. Since G is discrete so are H and G*. 

Let g, « G,. Under the convention in (7.3) g, represents also an element of 
G and g* its coset mod H is an element of G*. We call g, a representative of g* 
in G,. The mapping g, — g*, which is clearly a homomorphism G, — G* is 
again called the injection of G, into G*. — 

(14.2) Every g* « G* has a representative in some G, , and t tn fact for every element 
of a set M = {y} cofinal in A. 

In g* (now a coset of G mod H) take any element g- We may write g as a 
finite sum g = 9r, +--+ + Q,. Choose any uw > 1, °°:,Ae. We have then 
9; — ™, ‘gr; e H, and fence g — =4ig,,¢H. Therefore v has the representa- 
tive =r, ‘m, €G,. It is clear that M = {yu} is cofinal in A. 

(14.3) H consists of those and only those elements g = gy, + --- + gr, of G 
such that there exists a \o > 1, °+- , Ax Such that Um*g,, = 0. 

Let (a) denote the property of the statement. 

(a) If g has the property (a) then g € H. 

For g = 2(p., — m.*9n,) € H. 

(b) A generator h = g, — mg, of H has property (a). 

We may choose \y > A > wand then m"g, — ™. (my “9,) = 0. Since "gy € Gy 
this means that h has property (a). 

(c) The elements g with property (a) form a subgroup Hy, of H. 

ser, g=%),9' = 29 be such that there are corresponding ro i; Ao such that 

= Q ford > Noy Gh = 0 for \ > Ao and that Za, mg. = 0, Zaye ‘go = 0. If 
we choose » > Xo, Ao we find at once 2, ~~, "(gx — gx) = 0 proving that g — g’ 
has property (a), and hence the asserted group property. 

By (a) we have H, C H and by (b) and (c): H C Ay hence H = Hy, which 
proves (14.3). 

(14.4) The representatives of the zero of G* in Gh make up a set Ay ainaeh consists 
of those and only those elements g) such that Tr, ‘9. = O for some-rAy > X. 

If m is the injection G, — G* then by (14.3): mHx = m(G, a AH) which 
proves (14.4). | | 

(14. ) Let M = {u; >} be a directed subsystem of A = {d; >} and let S’* = 
{Gu j T, *"! be the direct system attached to M and G’* its limit-group. There is a 
homomorphism +: G’* — G* such that of g, is a representative of g’* « G’* then it is 
also a representative of rg’*. If M ts cofinal in A (we then say: S’* ts cofinal in S*) 
then 7 1s an isomorphism. | 
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Let G’, H’ be the analogues of G, H for S’*, and 7 the injection G’ + G. Wé 
have G* = G/H, G’ = G'/H', also immediately nH’ C H. Let ¢ be the 
mapping G’ —» G* whereby ¢(g’) is the coset g* of ng’ mod H. Since ¢(g’) 
depends solely upon the coset of g’ mod H’, by (5.3) it induces a homomorphism 
7: G’* —» G* which obviously behaves as required. 

Suppose now M cofinalin A. Then: (a) 7 is univalent. For suppose rg’* = 0 
and let g, be a representative of g’*. Since it is also a representative of rg’, 
by (14.4) for some \ > yu we have rr “Oy =(Q. Since M is cofinal in A there is a 
uw’ > Nand so m mg, = 0 = mitg,. Therefore g’* = 0. (b) rG’* = G*. 
For let g* « G* have the representative g,. There exists a » > A and hence 
T, gx = g, is a representative of g* and likewise of a g’* e G’* such that rg’/* = g*. 
From (a), (b) follows now that 7 is the asserted isomorphism. 

(14.6) There is a homomorphism n, : G, — G* such that g* = ng, has g, for 
representative. If the m“ are all isomorphisms then n, is an isomorphism so that 
G* = G,. 

That 7, is a homomorphism is a consequence of (14.5) obtained when M con- 
sists of the single element u. 

Suppose now that the 7,“ are isomorphisms. If ,g, = 0 then some md, = 0, 
and since 7,“ is an isomorphism g, = 0. Therefore n, is univalent. Take now 
any g* e G* and let it have the representative g,. Choose > > u, ». Since the 

* pu ° ° Kyu\—l Ky a ° ° * ° x 
a, are all isomorphisms (7, ")” 7 "9, = g, is likewise a representative of g* and 
gu = g*. Hence n, maps G, onto G*. Since 7, is univalent ‘“‘onto” and G*, 
G, are discrete they are isomorphic under 7,. 

The indirect definition of the limit of a direct system in terms of the weak 
product is most suitable from the point of view of group theory. In the applica- 
tions (VI, VII) we shall find convenient to have the direct: 

(14.7) Alternate definition. Let St = {G\; m"} be a direct system. Let 
gu» 9» be identified whenever for some \ > yu, v we have m’g, = m"g,. A 
collection of identified elements gy , g, , °:: 1s now denoted by ’g, and g, , gu, °°> 
are called the representatives of ‘g. The set 'G = {’g} of the elements thus 
obtained is turned into a group as follows. First, the zeros of the G, are 
representatives of a single element which is taken as the zero of ’G. Second, 
if g, g’ have representatives g,, g, we choose any ’ > u, v and find that 
(mx"g, + mg.) €G) is the representative of a unique element which is by 
definition ‘g + ‘g'’. The verification of the group axioms is elementary and ’G, 
now denoting the new group taken discrete, is by definition the limit-group of S*. 

We shall now show that 'G = G*. It follows from the definition and (14.4) 
that the representatives of a given ’'g € ’G are in a coset g* of G mod H. That 
is to say, the representatives of ‘g are all representatives of the element g* of G*. 
Furthermore it is a simple matter to show that ’g — g* is a homomorphism 
6:‘G-—+G*. Suppose now that g, , g, are representatives of g*. Theng, — 9,«H 
and by (14.3) for some X: mg, = ™ gv = 9. €G,. Therefore g, , g, represent 
the same element ’g of 'G and 6’g= g*. It follows that ¢’G = G*. Let finally 
g, represent the 0 of G*. Then g, « H and so for some A > ux: 7g, = 0, and 
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hence 60 = 0. Therefore 6 is an isomorphism. If we identify the elements 
‘9 and g* = 06’g the two groups ’G, G* become identical. 

(14.8) Generalization. It is essentially parallel to (13.7) and likewise required 
later. This time we have a system of discrete groups {G,} still indexed by 
{\; >} and for each \ a subgroup G, of G.. For each pair \ > yu there exist 
one or more homomorphisms or projections 1": G, —> G such that: 

I. If\ > » > vand w,”, m“ are projections so is mame’. 

Il. m"G, CG, > op. 

III. If my", m", \ > wu, are projections then mg, — mg, CG. 

Let Hy, = G)/G) and let 7 be the natural projection G. > Hy. By (5.4) 
there is a homomorphism «,": H, — A) ,’ > nu, such that wre’, = nm" and 
it is unique, i.e., independent of the particular 2" in its definition. From 
this follows readily that {H, ; w.“} is a direct system and its limit-group is 
denoted by Z. 

A new type of group is now introduced in the following manner. The ele- 
ments g, , g, are identified whenever for some A > uy, v there exist projections 
1. “ay” such that me Ie — T) "Gv € G,. We will now turn the set °G of the 
identified elements into a group. The zeros of the G, are manifestly repre- 
sentatives of a single element which is by definition the zero of °G. If g, g’ «€°G 
have representatives g,, g, we choose a \ > u, » and find that m,“g, + m 9h 
is the representative of a unique element written g + g’ and °G is the group 
arising under these rules. 

The elements g of °G which have a representative g, such that for some 
h > uw: mg, €G form a subgroup °@’ of °G. 

(a) °G/°G' & H. 

Let G* = °G/°G’. If g«€°G has the representative g, then 7,g, is the repre- 
sentative of an h e H which depends solely upon the coset g* of g mod °G’ and 
g* — h defines a homomorphism 6: G* — H. If 6g* = O then for some 
> wi on'zg, = mr(mr"gu) = 0. Therefore "9, ¢G, and so g €°G’, g* = 0. 
Thus @ is univalent. If h, is a representative of he H and g, is in the coset 
h, of G, mod G, then g, is the representative of a g ¢ °G whose coset g* mod °G’ 
is such that 0#g* = h. Hence @ is onto and so it is an isomorphism. This 
proves (a). 


§4. GROUP MULTIPLICATION 


15. This section initiates the study of the group properties which lie at the 
root of the duality theorems of topology. It has been shown by Pontrjagin 
that these theorems consist of two parts, a group duality and what may be 
termed a geometric duality. The former is based essentially upon Pontrjagin’s 
concept of group multiplication which may be considered as obtained by abstrac- 
tion from the Kronecker index of topology. 


(15.1) Derinirions. Two groups G, H are said to be paired to a third group K, 
whenever there 1s gwen a function y(g, h), continuous and distributive in both 


60 ADDITIVE GROUPS [IT] 


variables, and whose values are in K. The operation ¢ 1s generally written as a 
product gh and called a group multiplication or merely multiplication. 


(15.2) Derinitions. Let G, H be paired to K under a multiplication gh and 
let H’ be a subgroup of H. If gh’ = 0 for every h’ « H’, g 1s said to annul H’. 
If all the elements of a subset A of G annul H’, A is said to annul H’. The totality 
of all the elements of G which annul H’ ts a subgroup of G known as the annthilator 
of H’ in G. These terms may also be applied when H’ is not a subgroup, but 
merely a subset,of H. Furthermore the same terms may be applied with the roles 
of G, H interchanged throughout. 


(15.3) Derinirions. Under the same conditions G, H are said to be orthogonal 
to K or K-orthogonal or merely orthogonal, whenever the annthilators of G in H 
and of H in G are both zero. This means that if gh = 0 for every h theng = 0, 
and conversely. 


(15.4) Let G, H be paired to K under a multiplication gh, and let G’, H’ be sub- 
groups of G, H. Then if G’ annuls H’ it also annuls H’ and the annihilators of 
G’, H' are closed subgroups. 

Let B(g’) denote the annihilator of g’«G’ in H. Since K is a Hausdorff 
space and B(g’) is the inverse image of a point of K under the mapping h — g’h, 
B(g') is closed. Since the annihilator of G’ is the subgroup B(G’) = 
N{B(g’) | 9’ «G’} it is a closed subgroup. If G’ annuls H’ then H’ C B(G’) 
and hence H’ C B(G’), or H’ annuls G’ also, and hence G’ annuls H’. Since G, 
H and their subsets may be interchanged throughout, (15.4) is proved. 


(15.5) THrorem. Let G, H be paired to K and let H’' be a closed subgroup 
of H and G' a subgroup of G which annuls H’. Then: 

(a) G’ and H/H’ are paired to K under a multiplication defined as follows: 
if g’ €G’ and h* « H/H' then g’h* is the common value of all the products g’h for 
heh*. 

(b) If G, H are orthogonal and H’ is the annthilator of G’ then G’ and H/H' 
are orthogonal under the same multiplication. 

(c) Similarly with G, H interchanged. 


The pairing described in (a) shall be referred to as induced by the patring 
of G, H. 

A generalization of (15.5) needed in the homology theory of complexes is: 

(15.6) Let G, H be paired to K and let G >G, D> G., H > Hi > Ao, where 
G2 , Hz are closed subgroups of G and H, and H, , Gz annul Gi, Hi. Then: 

(a) Gi/G, and H,/H» are paired to K under a multiplication defined as follows: 
af g* and h* are elements of the two factor-groups, then g*h* is the common value of 
all the products gh for g «g*, h € h*. 

(b) If He , G2 are the annihilators of G, , H; then Gi/G2 and H,/H: are orthogonal 
under the same multiplication. 
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If we make G; = G’, G. = 0, Hi = H,,H. = H’, (15.6) reduces to (15.5); 
hence it is sufficient to prove (15.6). 

The elements g*, h* are cosets g, + G2, + He. Ifg=qmtge,h=mt+th 
are in the cosets we have gh = g,h,. Since this product is independent of go, he 
we may take its value as the definition of g*h*, and this product is distributive 
in both factors. Since gh is a continuous function of (g, h) given go, io and 
a neighborhood W of goon = goho in K, there exist neighborhoods U of go 
in G, and V of ho in H; such that g, e U, hie V > gihie W. Since the projec- 
tions 1: G; — Gi/Ge, w: H; — H;/H2 are open, tU and wV are neighborhoods 
of g¢ in G,/G2 and ho in H,/H, such that g* « rU, h* ewV > g*h* eW. There- 
fore g*h* is continuous, and so it is a multiplication behaving as described 
under (15.6a). 

Under the assumption of (15.6b) suppose g*h* = 0 for given g* whatever h*. 
Then g,h; = 0 for a given gi e g* whatever h; and so g:eG.,g* = 0. Similarly 
with g*, h* interchanged and so (15.6b) follows. 

16. Pairing of products and limit-groups. Let {G,}, {H)} be two systems of 
groups indexed by the same set A = {A} and under the following conditions: 

(a) The HA) are discrete. 

(b) For each A the groups G, , Hy are paired to a fixed group K. 

(16.1) Let G = PG,,H” = P’A,, g = {gr} ¢G, h = {hh} eH”. Then gh = 
>> gxhy defines a multiplication pairing G and H” to K. Furthermore when G) , 
Hy are orthogonal throughout, so are G, H”. 

Since at most a finite number of the fy are different from 0, gh = >, gh has 
a meaning and gh thus defined is distributive in both g and h. Since H” is 
discrete, the continuity of gh in (g, h) reduces to that of gh as a function of g 
alone for h fixed. That gh is continuous under these conditions is obvious since 
g, is a continuous function of g and gh, a continuous function of g . 

Suppose G, , H), orthogonal throughout. Then if m is the injection H, — H” 
and if gh = 0 for every h we have in particular gm(h,) = gta = 0 for every Ay , 
hence g, = 0,g = 0. Similarly with g, h interchanged. Therefore G, H” are 
orthogonal. 


(16.2) Derinir1ion. Two inverse and direct systems S = {GQ ; e.}, St = 
{Hy ; m"} both indexed by A = {d; >} are said to be paired to a group K, if Gy, Ay 
are paired to K and there holds the permanence relation 


(16.3) gr -(ax*hy) = (agr) hy, > yp. 


(16.4) If S, S* are paired to K so are their limit-groups 'G, H* and this under 
a multiplication 'gh* such that if g, is a coordinate of 'g and h, a representative 
of h*, then ‘gh* = gyh. 

We have seen that ’G is a closed subgroup of G (13.2) and that H* = H”/L, 
where L is the subgroup of H” generated by the elements h, — wr'hy (\ > p) 
(14.1). By (16.1) we also have a pairing of G, H” to K. I say that ’G annuls L. 
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This merely requires proving that 


(16.5) 'g+(Ry — mh,) = 0. 
Now in view of the multiplication between G, H”: 
(16.6) 'g+ (Ry — wr*hy) = "Gulu — ‘Grrl, « 


Since 'g «'G we have 'g, = r’g,._ By substituting in (16.6) and in view of 
the relation of permanence (16.3) we find that (16.5) holds. 

Since ’G annuls L the asserted pairing of ‘G, H* is a consequence of (15.5). 

17. We shall require later in the theory of intersections in nets (VI, 8) gen- 
eralizations of (16.4) where the pairing of G,, Hy is to a variable group Ky. 
There are two cases which must be dealt with separately. 

First case. S, S* are as before and in addition there is a third inverse system 
So = {K,; 6} likewise indexed by A and with limit-group ‘K. We assume 
a relation of permanence 


(17.1) O(gx- x" Ty) = Tigre ; XN > pw, 


and we have this time: 

(17.2) The same as (16.4) except that 'G, H* are now patred to 'K. 

It follows readily from (13.3) that if M = {,} is cofinal in A and {k,} is such 
that p > yw’ > 6k, = k, there is a unique element ’k « ’K with the coordinates 
{k,}. Moreover if every k, = 0 then ’k = 0. 

Let now h* ¢ H* have the representative h, and let ’g = {g,} «€ ’G. For 
uw > vdefine h, = 7,"h, and set k, = gy. Ifu > pw’ >» then a,"hy = h,, 
and hence from (17.1) #-k, = k,. Since M = {u} is cofinal in A, {k,} are co- 
ordinates of a unique ‘k e’K. If h, is another representative of h* and yields 
‘ky, then for some p > », v!: 1,’h, — r, ’hy = 0, from which readily follows that 
’k — 'k, has coordinates zero for every uw’ > yw. Since {y’} is cofinal in A we 
have ‘k = ky. | 

Thus ’k depends solely upon ’g and h*. We now define g’/h* = ’k and this 
function is manifestly distributive. : | 

Regarding continuity, since H* is discrete, we must prove it only for ‘gh* 
as a function of ’g. Taking M as above we have ‘gh* = ‘'k where ’k has the 
coordinates k, = g,h, for all » « M where M is cofinal in A and depends solely 
upon h*. Let ‘go = {gor}, ko = ’goh*, Uy any open set of Ky, Vi = {'k| ky € Uy}. 
Since {V,} is a base for ’K (I, 38.2) if V is any neighborhood of ’k in ’K there 
is a V) between ‘ky and V. Since 6 is continuous and M cofinal in A, there is a 
uw > Nanda U, » ko, such that RU, C Uy and hence ‘ky C V, C Vy. Since 
g,h, for h, fixed is continuous in g, there is a neighborhood JW, of go, in G, such 
that g,¢« W,—> 9,h, « U,. Therefore W = {’9 |g, « W,} is a neighborhood of 
‘9 in ’G such that ’g e W — ‘gh* « V. This proves that ‘gh* is continuous, 
Hence ’G and H™* are paired to ’K. 

Second case. This time there are three direct systems: St = {G,; m*“}, 
ST = {Hy ;on"}, Sr = {Ky ; 6X}, all three directed by A = {; >} with limit- 
groups G*, H*, K* and with the relation of permanence 
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(17.3) Tr "Gurr "hy = Ox"(Guy) , h > p. 


We now prove: 

(17.4) G*, H* are paired to K* under a multiplication g*h* such that if gy, 
hy are representatives of g* and h* then gyhy is a representative of g*h*. 

Let g, , hy be representatives of g*, h*. Choose any up > X, A’. Both have 
representatives for the index yu, and hence for all the elements of some M = {y} 
cofinal in {A}. We may show then that g,h, = k, are the representatives of a 
k* « K* which is independent of M and distributive in g*, h*. The details 
of the proof are essentially like those of the preceding case and so they are 
omitted. 

(17.5) The systems of (13.7), (14.8) give rise to an interesting generalization 
of (17.4). We will suppose both systems indexed by {\; >}. The notations 
of (13.7) remain the same except that the letters H, h are to be replaced every- 
where by G”, g’’. Thus we will have G,’ for H,,etc. The notations of (14.8) 
are modified in that G, g, H, h, 7 are replaced by H, h, H”, h’’, +*. 

We suppose then G,’ , H;’ paired to K in a multiplication g,h, which satisfies 
the permanence relation analogous to (16.3): 


(17.6) gx: (ory) = (wrgr) Py» 


(17.7) Under the preceding circumstances the groups °G, °H are patred to K 
ina multiplication gh such that uf 9) is a coordinate of g « °G and hy a representative 
of h e °H then gh = (ngy)-(tyhy). 

In view of (17.6) gh is a function of g, h alone with values in K and is dis- 
tributive in both variables. Since g, is a continuous function of g, and the 
operations are continuous gh is continuous in g, hence in both g, h since °H 
is discrete, and this proves (17.7). 

(17.8) Similar extensions may be given for (17.2, 17.4) and they are left to 
the reader. 


§5. CHARACTERS. DUALITY 


18. (18.1) Derinirion. A character h of a group G is a homomorphism 
G — $ (= group of the reals mod 1). Instead of the functional notation h(g) 
for the value of h at g we denote zt by a product gh. 


If hi, he are two characters we define h; + hh, as the character given by 
g(hi + he) = gh, + ghz , and the character 0 as the one mapping G into 0. Under 
these definitions H = {h} is a group. Following Pontrjagin we topologize 
H thus: If E is any compact subset of G and P any nucleus of % we choose as 
nuclear base for H the family of all the sets N(E, P) = {h|gheP;g¢ E}. 

(18.2) The topology assigned to H turns it into a topological group, known as 
the character-group of G. 

We must verify (a), --:, (f) of (2.4). The verification of (a), (b) is im- 
mediate. | 
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Suppose ho e N(E, P) The image E, of H under fy is compact and hence 
closed in f. Since HZ; and the complement of P in § are disjoint closed subsets 
of % there is a real number 7 between 0 and 1 such that if p e E, then (p + 9) € P. 
Hence if P’ is the nucleus —7 < p < » mod 1 we haveh) + N(E, P’) C N(E, P), 
and this is (2.4c). | 

From N(E, u E,, Pi n Pe) C N(Ei, Pi) n N(E2, P2) follows (2.4d). If 
h = O there is a g such that gh # 0, hence a P > gh, andsoh ¢ N(g, P) which is 
(2.4e). Finally given P there is a P’ such that P’ — P’ CP and hence 
N(E, P’) — N(E, P’) C N(E, P), which is (2.4f). This proves (18.2). 

19. (19.1) If the group G is compact, discrete or more generally locally compact 
then its character-group H 1s, respectively, discrete, compact or locally compact, 
and in addition the multiplication gh defined in (18.1) pairs G and H to §&. 

Although the locally compact case offers no major difficulty it is not needed 
later and so we shall treat only the other two cases. 

(a) Gis compact. Let P be the nucleus of % defined by —1/4 < p < 1/4 
mod 1. Clearly the only closed subgroup of § in P is the element 0 (38.3). 
On the other hand if h e N(G, P) then h(G) is a closed subgroup of { in P and so 
h(G) = 0 or h = O, and finally N(G, P) = 0. Since O is an open set of H 
every h « H is an open set and so H is discrete. 

(b) Gis discrete. Let {8,} indexed by G be such that %, = and let ’H = 
P,. The group H is clearly a subgroup of ’H (in the algebraic sense, i.e., 
except for the topology). We wish to show that it has also the correct relative 
topology. Let H’ be the space with the same elements as H and the relative 
topology as a subset of ‘H. It is sufficient to show that they have a common 
nuclear subbase. Since G is discrete its compact subsets are its finite subsets. 
Hence if {P} are the nuclei of the collection {N(g, P)} is a nuclear subbase 
for H. Now it follows from the definition of N(g, P) and the known topology 
of 'H that the same collection is likewise a nuclear subbase for H’ thus proving 
our assertion. . 

Consider the function on ’H to % defined by ¢9,,'(h) = hgige — hy — hg. A 
n.a.s.c. in order that h « His ¢,,9:(h) = O for all pairs g, g’ eG. Let F(g, g’) 
be the subset of ‘H defined by ¢,,,:(h) = 0. Assuming g, g’ fixed the coordinates 
ho+o, hg, hg are continuous in h, and since the group operation in § is con- 
tinuous so iS ¢,.. It follows that F(g, g’) is closed in ‘H. Hence H = 
N{F(g, 9’) |g, g’ « G} is likewise closed in ’H, and since ‘H is compact so is H. 

(c) Continuity of gh. Let goo = po. Given a nucleus P of $ there exists 
a symmetrical one P; such that Pi; + Pi: = Pi — Pi C P. Since G is locally 
compact go has a neighborhood U’ with U compact. Since ho is continuous 
go has also a neighborhood V C U such that k(V) C p + Pi, and V CU 
implies that V iscompact. Consequently ge V,heho + N(V, Pi) > gh epo t+ P. 
Therefore gh is continuous. 

(19.2) It is clear that if we had interchanged throughout the ies of G and 
H but not their order the argument would go through as before. A similar 
observation may be made repeatedly in the sequel. 
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(19.3) If a locally compact group G has a countable base then its character- 
group H has one also. 

If E is a compact subset of G and W is an open set of $, we will write M(E, W) 
= {h|geE, ghe W} and first prove: 

(a) M(E, W) is an open set of H. — 

Let ho «e M(E, W). Since ho is continuous A = ho(E) is a compact subset 
of W. If pe A there is a nucleus P of $ such that p + P C W. Paraphrasing 
the reasoning in the proof of (5.5) (with A in place of G’, loc. cit.) we show 
that P may be chosen independent of 7, i.e., such that the inclusion holds 
for every pe A. Suppose now heN(H,P). We will have for g ¢« E: 
gh +h) ego + P CA +P CW, and hence hh + he M(E, W), or ho + 
N(E, P) C M(E, W). Since N(E, P) is a nucleus of H this proves (a). 

Let now {U,} be a base for G such that the U, are compact (I, 29.2) and 
let {W,} be a countable base for 8. By (a) Vin = M(U,, W,) is open in H. 
We prove: | 

(b) {Van} zs a subbase for H. 

Given any open set V of H and ky e V, some hy) + N(E, P) C V. Choose 
a P’ such that P’ + P’ CP. If g ¢ E there exists a W,, » ghy such that W, — 
ghy <P’, and then owing to the continuity of ho, a U,?9 such that gho — ho( U;) 
CP’. Since {U, n £} is an open covering of the compact set E there is a 
finite subcovering. Therefore there is a finite set {g;}, and for each g; sets 
Uy, , W,, such that: 

(c) UU), > &£. 

(d) W,, — gho © P for every g ¢ Uy, NE. . 

Let V, = NVa,n;. If he V,, hence h € Vi,n; , and g e E then by (c) some 
U,, 3g and gh e W,, > gh — goube P>h—heN(E, P). Hence V, Cho + 
N(E, P) CV. Since clearly ho « V,, V, is between ho and V, and since V, is 
a finite intersection of sets V,, property (b) is proved. 

If G has a countable base we may choose {U,} countable (I, 6.8). Then the 
related subbase {V),} will also be countable and this implies (19.3). 

(19.4) If G is a compactum [countably discrete] then tts character-group H is 
countably discrete [a compactum]. 

If G is a compactum it has a countable base, and so has H by (19.3). Since 
{h} is a base of which no subcollection is a base by (I, 6.8) it must be countable. 
If G is countably discrete {g} is a countable base. Hence H has a countable 
base by (19.3), and since it is compact it is a compactum (I, 46.4). For ex- 
amples see (21.2, 21.3, 21.6). 

(19.5) Let G, H be paired to % under a multiplication gh and let G*, H* be 
their character-groups. If g is kept fixed gh becomes a function yg, on H to §, 
and there is a similar function yg, on G to $B. 

(19.6) g — o, [h — ga] defines a homomorphism x, : G — H* [x, : H — G*). 

Clearly x,, x, are homomorphisms in the algebraic sense, so continuity 
alone requires proof, and it will be sufficient to give it for x,. It reduces 
at once to showing that given a nucleus N(E, P) of H* there is a nucleus N of G 
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such that x, N C N(E, P). This reduces in turn to finding N such that g e N, 
heE—gheP. Since gh is continuous, if h ¢ E there is a nucleus N, of G and 
a neighborhood CU, of h in H such thatge Ni, he U,— gheP. Since E is 
compact the open covering {U, n E} of E has a finite subcovering {Ux, a E} 
and N = f) N:, is a nucleus of G behaving as required. This proves (19.6). 

(19.7) The two homomorphisms x, , xa are said to be induced by the pairing 
gh. If both are isomorphisms then G, H are said to be dually paired and the 
pairing is called a dual pairing. 

(19.8) If H is the character-group of G then the multiplication gh giving the 
value of A at g (18.1) is known as the natural multiplication of the two groups. 
Similarly with G, H interchanged. 

(19.9) If G, H are dually paired they are orthogonal. 

20. We shall now state the fundamental results of the Pontrjagin-van Kampen 
duality theory. 


(20.1) Dua.ity THEOREM. Let G, H be locally compact, and let one of the 
two be the character-group of the other with gh as the natural multiplication. Then 
the multiplication gh 1s a dual pairing. 


An apparently more general but equivalent form of the theorem is: 

(20.2) Let G, H be locally compact and paired to % under a multiplication gh. 
If one of the induced homomorphisms x, , xx ts an tsomorphism so 1s the other, so 
that the multiplication gh is a dual pairing for the two groups. 

If x, is an isomorphism we may identify G with the character-group of H 
so that we have g = x,g and this reduces (20.2) to (20.1). Since (20.1) is a 
special case of (20.2) the two are equivalent. 

Referring to (19.1, 19.4) we may also state: 

(20.3) In the collection of all locally compact groups there may be set up @ one- 
one correspondence to within isomorphisms such that corresponding groups are 
the character-groups of one another. This correspondence establishes similar 
one-one correspondences: (a) between the collections of all compact and all discrete 
groups; (b) between the collections of all the groups which are compacta and all 
the countably discrete groups. 

The full proof of these theorems in their general form will be found in van 
Kampen [a] and A. Weil [W, VI]. The initial case treated by Pontrjagin — 
[P, V] corresponds to G a compactum and H countably discrete. The only 
case required in the sequel is that of G compact and H discrete and will be 
dealt with in (21). Explicitly stated it 1s: 

(20.4) If G is compact, H discrete and one of them is the character-group of the 
other with gh as the natural multiplication, then each 1s the character-group of 
the other and gh 1s a dual pairing. 

Before considering (20.4) we shall discuss certain consequences of (20.1). 

(20.5) If G, H are locally compact and dually paired, G’ 1s a closed subgroup 
of G, H' its annihilator in H, then G’ is the annihilator of H' in G. 
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We will require the following property, deduced here from (20.2), but actually 
a step in its derivation. The part required in (21) will be discussed there (21.7). 

(20.5a) If G ts locally compact and g « G, g * 0, there ts a character h of G 
which does not annul g. 

Let H be the character-group of G and gh their natural multiplication. Since 
we may replace G by an isomorph, by (20.1) we may assume that it is the 
character-group of H. Since g = 0 there is an h such that gh ~ 0, and h answers 
the question. 

Proor oF (20.5). Let G/G’ = G* = {g*} and let z be the projection G — G*. 
Under the hypothesis the annihilator G”’ of H’ in G contains G’. Take now go 
in G but not in G’ and let gy = go. Thengs ~ 0. Since G* is locally compact 
(5.6) by (20.5a) there is a character h* of G* such that ggh* ~ 0. Hence the 
function h(g), whose values gh are given by gh = (xg)h*, is a character of G. 
It is clear that h annuls G’ and so h e H’. On the other hand gh = goh* ¥ 0, 
and so g ¢G@”. Thus G’ > G” and hence G’ = G"’, which is (20.5). | 

(20.6) A n.a.s.c. for a compact and a discrete group to be orthogonal in a pairing 
to 3 is that the pairing be dual. 

Sufficiency is a consequence of (19.9). Regarding necessity, let G be the 
compact group and H the discrete group and let H* be the character-group of 
G. Then yx,, as defined in (19.6), is a homomorphism § — H* and since H* 
is discrete H; = x.H is closed in H*. Furthermore since G and H are orthog- 
onal x, is univalent. Therefore x, is an isomorphism H — A, and G, A; 
are orthogonal under the natural multiplication of G and H*. Since G, H; are 
orthogonal, the annihilator of H, in G is 0, and so H; is H* itself, hence H + H, = 
H*. This together with (20.2) yields (20.6). 

(20.7) Let {Gy}, {Hy} be two systems of groups both indexed by {dr}, and such 
that: (a) the G) are compact and the H) discrete; (b) G) , Hy are dually patred under 
a multiplication gh,. Then G = PG,, H” = P”’A, are dually paired under 
the multiplication gh = »> grhy . 

This is an immediate consequence of (16.1) and (20.6). 

(20.8) Let S = {G,; wi}, S* = {Hy 3 mx") be an inverse and a direct system 
paired to Y (see 16.2) and such that the G) and Hy are dually paired throughout. 
(We will call S, S* “dual systems.) Then the limit-groups 'G, H* are also 
dually paired and this under the multiplication of (16.4). 

Let G, H” be the same as in (16.1). We have ’G C G and H* = H”"/L, 
where L annuls ’G (see the proof of 16.4). We shall show that ’G is the an- 
nihilator of L. In fact let geG annul L. If \ > pw and h,eH, we have 
g(My — m"hy) = 0 = guhy — gr(mn"hy) = (gn — migr)hy by (16.3). Since G, , 
H, are orthogonal we must have g, = mig, and so g e’G. 

We conclude now from (20.5) that L is likewise the annihilator of ’G and by 
(15.5) that ’G, H* are orthogonal. Since they are also paired to $ (20.8) 
follows from (20.6). 

(20.9) As an application of the duality theorems we discuss certain groups 
needed in the following chapters. Given any group G and an integer m we set: 
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G[m] = the subgroup consisting of the elements whose order divides m; 

G(m) = the subgroup of the elements mg; 

G*(m) = G/G(m). 

The group G[m] is always closed in G. For if we define f(g) = mg, f is a 
homomorphism G — G and G[m] is its kernel and hence closed. Not so, how- 
ever, regarding G(m) and we lay down with Steenrod the 


(20.10) Derinirion. A division-closure group is a group G such that all the 
subgroups G(m) are closed. 


(20.11) Compact groups, discrete groups and fields are division-closure groups 
(Steenrod [aJ). | 

This is trivial when G is discrete or a field. When G is compact then G(m) 
as the continuous image of a compact group must also be compact and there- 
fore closed. 

(20.12) If G and H are the one compact, the other discrete and they are dually 
paired then G[m] and H*(m) are likewise dually paired. 

Let g annul H(m). Then g(mh) = (mg)h = 0 whatever h and so mg = 0, 
org ¢G[m]. Conversely, if g e« G[m] then g(mh) = 0 whatever h and so G[m] 
is the annihilator of H(m). By (20.11) H(m) is closed. By (20.5) H(m) is 
then also the annihilator of G[m], and so by (15.5) G[m] and H*(m) are orthog- 
onal to . Suppose first G compact and H discrete. Since G[m] is closed 
in G it is compact and since H is discrete so is H*(m) (since the natural projection 
H — H*(m) is open). Therefore G[m] and H*(m) are dually paired by (20.6). 
. Suppose now G discrete and H compact. Then G[m] is also discrete. Since 
H(m) is closed (20.11) we are justified in considering H*(m) as a topological 
group and it is compact (5.5). Therefore by (20.6) G[m] and H*(m) are dually 
paired here also. 


(20.13) RemarK. One might expect that all groups are of the division-closure type. 
The following example due to Steenrod shows that this is not the case. G is the subgroup 
of the additive group of the real numbers consisting of the rational numbers {2-*-m | n, m 
any integers}. Then G(3) is dense in G and different from G since it does not contain 1/2. 
We have then: G(3) = G # G(3) and so G(8) is not closed. Therefore G is not a division- 
closure group. 

Another example pointed out to the author by L. J. Savage and with well known his- - 
torical significance is the following: G is the multiplicative group of all real positive rational 
numbers, with the topology of the straight line; G(2) is the subgroup consisting of all the 
rational squares. Since 2 is not a perfect square 24¢G(2) and yet 2€G(2) since it is 
the limit of an increasing sequence of rational squares. 


Let $ be the group of the integers. [m] is the group of fractions n/m mod 
1, $*(m) the group of residues mod m, both cyclic of order m. Hence 


(20.14) Blm] = B*(m). 


21. We will now take up the proof of the duality theorem (20.4). The general 
argument runs thus: Following Pontrjagin [P, V] we first dispose of the so-called 
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elementary groups and of certain preliminary results (21.1, :--, 21.11), after 
which the proof is brought to a rapid conclusion (21.12, 21.14) by means of 
a device communicated to the author by van Kampen and Whitney. 
Notations. Generally G denotes a compact group, H a discrete group, G*, 
, the character-groups. We write 


={p}, Y= {i}, P= {p*}, B= {ce}. 


(21.1) We begin with an important preliminary observation. Supposing 
G, H orthogonal in a multiplication gh to $ we have the homomorphism x, [xa] : 
G — H*[H — G*] whereby g [h] is sent into the character of H [G] whose value 
at h[g] is gh. In view of orthogonality x,, x, are univalent. Since G and H 
are compact and discrete, x,G = G, x,xH = H. Thus we may identify G with 
x,@ and H with x,H, so that G, H will be subgroups of H*, G*. This procedure 
will be followed wherever possible. Under the circumstances to prove that 
G = H*(H = G*] it will be sufficient to show that G [H] contains all the char- 
acters of H [G]. 

(21.2) B and & are isomorphic with one another’s character-groups and dually 
paired by the numerical product pit mod 1. 

At all events % and § are orthogonal in the multiplication in question, and 
so by (21.1) it is only necessary to show that each contains all the characters 
of the other. Now if 7* e $* sends 1 into p= it sends 7 into Pr, and the values of 7* 
on & are those of pi. Thus 7* e %. Passing to $* if p* « P* then p** (0) 
is a closed subgroup of 8, and is by (3.3) § itself or a finite cyclic subgroup of 
. In the former case p* = 0; in the latter case on the circumference the points 
of the subgroup are the vertices of a regular i-sided polygon, one of which is 
the zero of 2. As a consequence p* maps the arc 0 < p < 1/1 topologically 
on the arc 0 < p <1. The mapping may be sense-preserving or sense-reversing. 
According as one or the other alternative occurs we will have p*(m/nt) = 
em/n, e'= +1, m/n a proper positive fraction. Since {m/n} is dense on $ 
by a standard argument p*(p) = epi for all p « B, and hence p* « J. This 
completes the proof of (21.2). 

(21.3) If G is cyclic of (finite) order n then G = G*. More precisely let G, =G@ 
be the subgroup {m/n} of B and G, & G the additive group of the integral residues 
mod n. Then G,, G2 are dually paired under the ordinary product gig2 taken mod 
1 (proof similar to that of 21.2). 

(21.4) If G;, H; (i = 1, 2) are dually paired in a multiplication g:h; then G = 
G, X G.and H = H, X Hz are dually paired in the multiplication gh = gihi + gzhe, 
where g = (91, gz) and h = (h, he). 

By (16.1) G, H are orthogonal and so applying (21.1) we merely have to show 
that, say, G contains all the characters of H. Identify G; with G; X 0 so that 
g: = (g:, 0) and similarly H; with H; X 0. Since every h may be written 

= hy + ho, we may write h* = gi + go, g(a + he) = A*(hi). Therefore H* 
= G, and similarly G* = H, proving (21.4). 
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(21.5) Derinitions. A compact group 1s said to be elementary if tt 18 the 
product of a finite-dimensional toroidal group (6.3) by a finite group. A discrete 
group is said to be elementary if it has a finite number of generators. 


(21.6) LetG = Gi X G, H = Hi X G where G; ts an n-dimensional toroidal 
group, H, a discrete free group of rank n and Gy a finite group. Then each is iso- 
morphic with the character-group of the other. 

Since we may replace G, H by isomorphs we may suppose that 
G=GxX%-:'XGnz,H=MhxXx: "X Hm, where H; = ¥ and then G; = §, 
or else H; is sueeelie of finite order i then G; = Hi & H;. If gshi = gi(hi) 
is the natural multiplication of G; with H; corresponding to G; = H;, then 
gih; is a dual pairing. Hence by repeated application of (21.4) the multiplica- 
tion gh = > gi, g = (91, °°* 59m), h = (hy, +++, hm) is a dual pairing for 
G, H and this proves (21.6). 

Rather than (21.6) we shall need later the following closely related property 
which is a special case of (20.4): 

(21.6a) If H is elementary and discrete then H and H* are dually paired 
in their natural multrplication. 

We may assume H = H; X --- X H,, where the notations are as before. 
Furthermore in accordance with (7.3) we identify H; with the subgroup 
Ox---x0O0xXH;xX0X--- X O0of H. We have just shown that G, H 
are dually paired by gh. As a consequence they are orthogonal and so by (21.1) 
we may assume G C H*, the multiplication gh being then the value of the 
natural multiplication h*h when h*eG. Take now any h* whatever. We 
have h*|H; = gieG; and g = (91, -°-- , 9m) €G is a character of H such that 
gh = h*(h) = h*h. Hence h* = g, and so H* = G, showing that H, H™ are 
paired in the asserted way. 

(21.7) If G is any group, G’ a closed supe ony of G, or a character of G, = 
G/G', + the natural projection G — G,, then g* = gin is a character of G. 
We call gi the projection of g*. 

(21.8) Conversely, in the same notations, if g* is a character of G which takes 
the value zero on G’ then g*(g) depends solely upon the coset of g mod G’, 
and by (5.3c) there is a character gi of G, which is the projection of g*. 

(21.9) If H’ is a subgroup of the discrete group H then every character g’ of H’ 
may be extended to u character g of H, 1.e., g exists such that g | H’ = g’. 

Let y. = (g,, Hx) where Ay is a siberoue of H containing H’ and g, is a 
character of H) such that g, | H’ = g’. Order the collection T = {y,} by nn > vu 
whenever H, > H, and g,|H, = g,. If {y,} is a simply ordered subsystem set 

= )>H,, and define the character g, of H, by the condition that if he H, 
then g,(h) = g,(h). It is clear that y, = (g,, H,) ¢ l and y, < , for every uy. 
We may thus apply Zorn’s lemma, and it asserts the existence of a maximal 
vy = (g, Ho). Since g| H’ = g’, to prove (21.9) we merely need to show that 
H,) = H. Suppose this false and let h; « H, hi ¢ Ho. If Hy is the subgroup 
of H generated by the elements ho + mh, ho ¢ Ho, then HM, # Hy. 

Let g denote the least positive integer if any exists, such that gh: e Ho ; other- 
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wise set g = ©. Define a character g, of Hi as follows: On Hp the values of 
gi are those of g; if g = © take gi(hi) = 0, if g ¥ © take for gi(M) one of the 
q determinations of g:(ghi)/g. Clearly y: = (g:, Hi) ¢ T and y > 7, 71 ¥ 7, 
a contradiction. Therefore Hy) = H and (21.9) is proved. 

(21.10) If G is compact or discrete and go ¢ G, go ¥ 0, then there is a character 
g* of G such that g*(go) ¥ 0. 

The proof for G compact requires an extensive appeal to integration in groups 
and to the theory of representations and so it is omitted. The proof given 
by Pontrjagin [P, 146C] for G a compactum is valid for any compact G. See 
also van Kampen [a, proof of Lemma 3] and Gelfond-Raikov [a]. 

Suppose now G discrete. The multiples of go generate a cyclic subgroup G; 
of G and by (21.2, 21.3) G, has a character gi such that gi (go) ¥ 0. By (21.9) 
there is a character g* of G such that g* | G, = gi and so g*(go) # 0. This proves 
(21.10) for a discrete G. 

(21.11) Let G = H* (G compact, H discrete) and let H' be a subgroup of H and 
G’ its annihilator in G. Then G’ 1s closed in G (15.4) and G, = G/G’ = H". 
More precisely x,,Gi = H'*. 

Let gh be the natural multiplication of G, H. Since G = H* the only g 
annulling H isg = 0. Given h e H by (21.10) there is a g such that gh ¥ 0 
and hence the only hf annulling G is h = 0. Thus G, 7 are orthogonal, and 
so (15.5b) the compact group G, and discrete group H’ are orthogonal in the 
multiplication g,h’ induced by gh in accordance with (15.5a). Thus again by 
(21.1) we merely need to show that G, contains every character h’* of H’. 

Since H is discrete by (21.9) there is a character g of H such that g | H’ = h’*. 
If g: is the coset of g mod G’ then gih’ = h’*(h’), hence h’* = g; and (21.11) 
follows. 

(21.12) Let G be compact or discrete and G*, G** = (G*)*, G*** = (G**)* 
the successive character-groups. If G** ts not x,G, then G*** ts not x,°G*. 

Using orthogonality in the appropriate natural multiplications and by refer- 
ence to (21.1) we may suppose G C G** and G* C G***. Suppose then G** # G. 
Since G**/G is compact or discrete and different from 0, by (21.7) it has a 
character different from 0 with an extension h to G** which is zero on G but 
not everywhere. Hence h is an element of G*** but not of G*. This proves 
(21.12). | 

(21.13) As a consequence of the preceding result if G is compact [discrete] 
and different from G** then G* is discrete [compact] and different from (G*)**. 
Therefore in proving (20.4) it is sufficient to consider G = H*, G compact. 

(21.14) Supposing then G compact, and G = H* we will prove that G* = y,H. 
Once more by (21.1) we may suppose H C G* and show that there is no g* ¢ H. 
Suppose such a g* exists. Take in f the nucleus P = {p||p|< 1/4 mod 1}. 
Thus P contains no closed subgroup different from 0. Since g* is a continuous 
function on G to $, there must exist a nucleus N of G such that g*N C P. 
Since G = H* we may choose N of form N({h,, --- ,h-}, P’). Let H’ be the 
subgroup of H generated by {hi, --- ,.h-} and G’ its annihilator in G. By 
(21.11) if G, = G/G’ then x,,G, = H’*. Identifying now g; with x,,9: , hence 
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G, with H’*, makes the multiplication g,h’ of (21.11) the natural multiplication. 
Since H’ is elementary, by (21.6a) G; , H’ are dually paired by gih’. 

Now if g* annuls G’, g* has for projection a character gi of G, (21.8). Since 
H', G, are dually paired by g:h’ there exists an h’ such that g:h’ = gi (g:) for every 
gi: €G,.. Hence whatever g ¢ G if g: is the coset of g mod G’ we will have gh’ = 
gh’ = gi (gi) = g*(g). It follows that h’ is the character g* of G and so g* eH 
contrary to assumption. Thus g* cannot annul G’. As a consequence g*(G’) 
is a closed subgroup of 8 which is different from 0 and hence € P. Since G’ CN, 
this is a contradiction and the proof of (20.4) is completed. 


§6. VECTOR SPACES 


22. While the earlier group-duality theorems utilized in topology (and ex- 
plicitly contained in the duality theorems for infinite manifolds of [L, VIT, §3]) 
have been eclipsed by the brilliant results of Pontrjagin, they have not been 
reduced to mere corollaries. They refer essentially to groups with a field as 
domain of operators, i.e., to vector spaces. We propose to consider these 
spaces with particular emphasis on duality. 

Henceforth we utilize a fixed field 2 which is taken with discrete topology (discrete 
field). The elements of Q are usually denoted by a, 8, y, ::: 


(22.1) Derinition. A vector space over 2 is an additive group G = {g} for 
which there is defined an operation assigning to every pair (a, g) an element of G 
written ag which is continuous and distributive in both variables and such that 
l-g = g, a(a’g) = (aa’)g for every a, a’ eQandgeG. Notice that since Q is 
discrete, ag 1s continuous in (a, g) when it 1s continuous in g alone. 


Let G, H be vector spaces over Q and let +r be a homomorphism G— H. We 
say that 7 is linear whenever r(ag) = a(7g), a € 2, g € G. Suppose that 7 is 
an isomorphism and linear in the sense just stated. It means that rg = g’ => 
t(ag) = ag’, and hence that g = tr g' ~>ag = 7 (ag’), or r is likewise linear, 
Therefore if an isomorphism 7 is linear so is r. This makes it unnecessary 
to introduce the concept of “bilinear” isomorphism. 

Let now G, H, K be vector spaces over 2 such that G, H are paired to K under 
a multiplication gh. This multiplication is said to be linear whenever a(gh) = 
(ag)h = g(ah), a € Q. 

(22.2) Fundamental conventions for vector spaces. Hereafter unless otherwise 
stated a homomorphism of one vector space into another, or a multiplication 
pairing two vector spaces to a third will always be understood to be linear. 
Furthermore throughout the present chapter (and later also with chain- and 
related groups) vector spaces will be taken with a topology, likewise called 
linear, and fully described in (25). Until then the questions dealt with are 
really non-topological or rather independent: of the topology. 

23. If A = {g,} is a subset of the vector space G so is the set {aga} and it 
is denoted by aA. <A subspace of Gis a subgroup H such that hh e H > ahe H 
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for every ae. It is easily seen that this property is equivalent to: aH = H 
for every a e 2 and =~ QO. 

A finite set of vectors g:, --- , gn is linearly independent whenever >. aig; = 
0 — every a; = 0. More generally a subset A of G is linearly independent if 
every finite subset of A has that property. 

The intersection of any number of subspaces is clearly a subspace. There- 
fore all those containing a given set B intersect in a subspace H, the ‘“‘smallest”’ 
subspace containing B, and said to be spanned by B. If B is linearly indepen- 
dent it is said to be a base for H. | 

Notice the mild deviations from the meaning previously attached to “linear 
independence” and “base” in (9). A supplementary mention “relative to 2” 
will be used wherever needed to avoid misunderstanding, but this will rarely 
be necessary. 

(23.1) Let G be a vector space and H a subspace of G. Then: 

(a) If C 1s a base for H there exists a base B of G containing C. So 

(b) There is a subspace H’ of G such thatG = H + H’,Hn H’ = 0. Con- 
sequently every g may be written uniquely in the formg = h+h’,heH,h’ ¢ H’. 

If H = 0 we have C = @ and hence a special case of (23.1a) is: 

(23.2) Every vector space G has a base. 

Proor oF (23.1a). Consider all the linearly independent sets A containing 
C. By Zorn’s theorem there is a maximal set B. If g ¢ B then B u g is not 
an A and so there must exist a non-trivial relation ag = agi + --+ + OnQn, 
g: « B, and we must have a ¥ 0 since the g; are linearly independent. Therefore 
g = >a ag; and B is a base. 

Proor oF (23.1b). In the same notations the complement C’ of C in B 
spans an H’ behaving as stated. 

24. (24.1) Any two bases of the same vector space have the same cardinal number 
(proof by Chevalley). 

Let B be a base, A any linearly independent set; | A | and | B| the cardinal 
numbers of A and B. It is sufficient to prove 


(24.2) [Al S {Bh 


Let ¢ denote a one-one transformation of a subset B, of B into a subset A, 
of A such that if A, is the complement of Ay in A then B, u A, is linearly in- 
dependent. The set ’ = {vy} = @; for if go sends the empty subset of B into 
A then B,, = Ay, = 9, Ay, = A and B,, uv A,, = A is linearly independent. 
Therefore gm « ® ¥ @. 

Order ® as follows: ¢ < gy’ whenever B, C B, and ¢ = gy’ | B,. Let ¥ be 
a simply ordered subset of and set B* = U{B,|geW}. We may define 
a one-one mapping y of B* onto a subset A* of A such that y | B, = ¢ for every 
y « W and moreover A* = U{A,|y ¢« YW}. Let A* be the complement of A* 


in A and let gi, --:,9p,M1,°°° , Aq be a finite set of vectors of B* u A*’ where 
the g; include all the vectors of the set in B*, and hence the h; are in A*’. Then 
{g:} © B, for some y e V, and {h;} C A*’ C A,. Therefore g:, --- , hq are 


linearly independent. Thusy «@andge VW > oy < y. 
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It follows from Zorn’s theorem that ® contains a maximal element g. I say 
that A,, = A. If this does not hold then A,, ¥ @ and so it contains an ele- 
ment h. Let A,, be the set of elements different from h in A,,. Since the 
vectors of B,, u A,, are linearly independent h is not in the space H spanned by 
B,, v Avo . On the other hand since B is a base we have h = aygi + +--+ + QnQn, 
n finite, g; « B, and at least one of the g; say g:¢H. Therefore B,, u Ai. U1 
is linearly independent. Extend now go to yg: defined by ¢:|B,, = 9, 
oily) = h. Clearly 91 e@ and g: > go yet v1 ¥ go, hence g is not maximal. 
This contradiction proves that A = Ag, . 

Now B,, © B=>|B,,| $|B|. On the other hand since go'A = By, and go 
is one-one we have |A| = |B,,| S$ |B| which proves (24.2) and hence 
also (24.1). 


(24.3) Derinition. The common value of | B | for all the bases of G is called 
the dimension of G. 


(24.4) If H ts a subspace of G then dim H S dim G. Hence: (a) if G has a 
countable base so has H; (b) if dim H = dim G 1s finite then H = G. 

In view of (23.1a) we may take a base B for G with a subset C which is a 
base for H andsodim H = |C| S$ dimG=|B|. Property (a) is then obvious, 
and as for (b) if both dimensions are finite and equal, C = B and hence G = H. 

(24.5) If dim G = nis finite then n is the maximum number of linearly inde- 
pendent vectors in G. Moreover any n linearly independent vectors form a base. 


If {g1, -°+ , Qn} 18 @ base the g; are linearly ‘independent. On the other hand 
if 91 ,***,9nq1 are any n + 1 vectors we have relations 
9: a 2 599 5 


from which follows at once that there is at least one non-trivial relation 
» 8.9; = 0. Hence the g; are not linearly independent and n is maximal. 

Suppose now gi, ‘°° ,9n merely linearly independent. Since n is maximal 
if g €G there is a relation ag = D,ag:,a #0. Henceg = ) a ‘ag;, and 
so {gi} is a base. 

(24.6) If H is a subspace of G and G/H = K (discrete topology) then dim G 
= dim H + dim K. 

Select a base B for G with a subset Casa basefor H. If Dis the complement 
of C in B then K is isomorphic with the subspace spanned by D, from which 
to (24.6) is but a step. 

25. Linear topology. We have already made it a part of our conventions 
that vector spaces are topological groups with a specialized topology. This 
topology is described in the 


(25.1) Derrnirions. A vector space G 1s said to be linearly topologized or to 
have a linear topology if it is a topological group with a nuclear base composed of 
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subspaces. A subspace which 7s also a nucleus will be called a nuclear subspace. 
Since an isomorphism transforms a nuclear base into a nuclear base and a sub- 
space into a subspace, it preserves the linearity of the topology. That 1s to say af r 
18 an isomorphism G — H and G has a linear topology the same holds for H. With- 
out this properly the linear topology would ‘have of course but little value. 


We recall then that under the fundamental convention (22.2) throughout the 
rest of the chapter all vector spaces are assumed linearly topologized. 

Since the intersection of two subspaces is a subspace we have at once: 

(25.2) If G is linearly topologized so are its subspaces. 

By means of this property and the definition we may now prove: 

(25.3) Under our fundamental convention (22.2) when the operations: closure, 
taking a factor-group, product, weak product, are applied to vector spaces alone, 
they yield only vector spaces (understood with a linear topology). Furthermore even 
with these added restrictions all the results of (§§1, 3, 4) continue to hold. 

Closure. Let H be a subspace of G and {N} a nuclear base of G composed 
of subspaces. Then # consists of the elements h such that every h + N meets H. 
As a consequence ah + aN = ah + N meets aH = H, hence ahe H and H 
is a subspace. 

Factor-group. The notations remaining the same, suppose H closed in G and 
let G* = G/H. If g* is the coset of g mod H denote by ag* the coset of ag mod #7. 
This multiplication obeys the algebraic rules required for vector spaces. Let x 
denote the natural projection G — G*. If N* is a nucleus of G* then x N* 
is a nucleus of G. Since w is continuous there is an N C wr N*. Since x is 
open wN is a nucleus of G* and since rN C N*, {xN} is a nuclear base for G™. 
Evidently g*eaN — ag*eaN, and so ag* is a continuous multiplication. 
Therefore G* is a vector space. Since r(ag) = a(mg) the wN are subspaces. 
Therefore {7N} is a nuclear base of G* composed of subspaces, and the topology 
of G* is linear. Thus G* is a vector space. 

Products. Let {G,} be an indexed system of vector spaces and let G = PG. 
If g = {gx} «G then {ag,} is also an element of G and if we denote it by ag, 
then geG—ageG. This multiplication obeys the algebraic rules required for 
a vector space (22.1). Since the coordinates ag, are continuous in 9), hence 
in g, ag is also continuous ing. Let {N,} be a nuclear base of G) composed of 
subspaces. Then if {A1, --- , Ax} is any finite subset of {\} and yw ranges over 
the \ * \1, °°: , Ax, the products Ny, X --: X Ny, X PG, are subspaces and 
make up a nuclear base. Therefore G has a linear topology. Thus G is a 
vector space. Notice also that if {u} is any subset of {A} then the projection 
G — PG, is a linear homomorphism. 

The weak product is treated in the same way. 

If G is a group of chains over 2 based on X = {x} andg = >> ax then ag 
is the element >> (aa,)z, . 


(25.4) Derinition. By an inverse or direct system of vector spaces 1s meant, 
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respectively, inverse or direct systems whose groups are vector spaces over Q and 
whose projections are linear. 


Since the limit-groups of inverse and direct systems are defined in terms of 
products, weak products, subspaces and factor-groups, they are vector spaces 
and the appropriate results in (§§1, 3, 4) hold. 

From the definitions of the operations involved and the preceding considera- 
tions there follows immediately: 

(25.5) The natural projection G — G/H, H a closed subspace of G, 18 a linear 
open homomorphism. Similarly if {u} 1s a subset of {r} as regards the natural 
projection PG, — PG, . 

(25.6) A finite-dimensional vector space G with linear topology 1s discrete. 

Since G is a Hausdorff space, 0 is the intersection of all the nuclei. Let {N} 
be a nuclear base composed of subspaces and suppose N ~ 0. IfgeN,g € 0, 
then some N’ » g. Hence N” = Nn N’ C WN and N” # N. Therefore 
dim N” < dim N. Since dim N is finite after repeating the process a finite 
number of times we arrive at a nucleus reduced to 0. Therefore G is discrete. 

(25.7) A discrete vector space has a linear topology (obvious). 

(25.8) Let N be a nuclear subspace of G. Then. 

(a) N 1s both open and closed; 

(b) H = G/N 1s discrete; 

(c) G=N+ H,N od = 0; 

(d) every element g may be written uniquely g = n + h, we N, heH, and 
more generally if G’ is any subspace of G then 


G’ = N’ + HT’, N’ eas N n G’, N’ n H’ — 0, H!' = G'/N'; 


(e) the transformation r: (n + h) —> (n, h) ts an tsomorphism G— N X HH. 

Since geN +g +NCN,Nis open. SineegeN>(g+N) aN =, 
the complement of N is open, hence N is closed and (a) holds. 

Let w be the natural projection G — G/N. Since z-is open tN = 0 is a 
nucleus of G/N, and so the latter is discrete, which is (b). 

By (23.1b): G = N+H,NnaH =0. Therefore 0 is a nucleus of H and so 
it is discrete. It is obviously & G/N in the algebraic sense, and hence topo- 
logically also, since both are discrete. This proves (c). As for (d) it is an 
_ obvious consequence of (c). 

That 7 under (e) is an isomorphism in the algebraic sense is immediate. If 
{Ni} is a nuclear base for N it is also one for G. Since H is discrete {Ni X 0} 
is a nuclear base for N X H. Since rN; = N; X 0, 7 establishes a one-one 
correspondence between the elements of two nuclear bases, and so it is topo- 
logical, proving (e). 

While the pairing of vector spaces will be taken up later we may prove at the 
present time a simple property which has often been used in topology in con- 
nection with duality. 

(25.9) Let the vector spaces G, H be orthogonal under a multiplication gh pairing 
them to Q. Then: 
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(a) If 9.1, -°°* Qn are linearly independent vectors of G, then dim H 2 n and 
there may be selected in H linearly independent vectors hi, --+ , hn such that the 
determinant | gih;| ¥ 0. | 
_ (b) More precisely hi, --:,hn may be chosen such that || gih; || is the unit 
matrix of order n, or in another form such that gih; = 8; (Kronecker deltas). 

(c) The two preceding properties hold with G, H interchanged. 

(d) Both dim G, dim H are finite and equal, or else both are infinite. 

With the situation as in (a) suppose dim H = m < n and let {h,--- , hm} 
be a base for H. The system 

an(gih;) + +++ + an(gnh;) = 0 

in the a; has a solution in elements of Q not all zero. Therefore g = 
a9: +--+: + GaGa is an element of G which is different from 0 and such that 
gh; = 0, (j = 1, 2,---,m). Since {h;} is a base this implies gh = 0 for every 
hed and since orthogonality rules this out we have m 2 n._ In particular then 
if dim G is infinite: dim H 2 n whatever n hence dim A is infinite also, and 
conversely. Since Gand H may manifestly be interchanged necessarily dim H = 
dim G when one of them is finite and this is (d). 

Returning to (a) let G: be the subspace of G spanned by {g1, --- ,gn} and 
let H, be its annihilator in H. If H* = H/H, then G; and H* are orthogonal 
under a multiplication gih* such that if h ¢ h* then gh* = gih (15.5b). Further- 
more referring to (25.3) H* is a vector space and g,h* a correct multiplication 
for G, , H*. By the above argument dim H* 2 n. If { hi ,---, he} are inde- 
pendent then | g:h} | ~ 0, since otherwise we could obtain the same violation of 
orthogonality as before. Select now for each j anh; hs; Wehave g:h; = gsh; 
and hence | g:h;| # 0. This relation, or the linear independence of {h; } implies 
the same for {h;}. This proves (a). Property (b) is then an elementary conse- 
quence of (a) and (c) is obvious. 

26. Linear varieties. 


(26.1) Derinrrions. A linear variety V in G is a coset mod H, H a subspace 
of G. The dimension of V, written dim V, is the dimension of H. If H = 0 
the coset of g is merely the element g itself and dim V = 0. Thus the elements 
may be viewed as the zero-dimensional linear varieties. G and its subspaces are all 
linear varieties. In fact if dim G = n is finite, G itself is the only n-dimensional 
linear variety which it contarns. 


(26.2) If G’ is a closed subspace of G, x the natural projection G — G/G’, Va 
linear variety in G, then rV is a linear variety in G/G’. 

For z is a linear homomorphism. 

(26.3) If V is a linear variety so is V. 

For if V = g + H then V = g + H, and this is a linear variety since Hisa 
subspace (25.3). 

(26.4) If V’ Cc V both are linear varieties and dim V is finite then dim V’ < 
dim V or else V’ = VY. 


78 ADDITIVE GROUPS (IT) 


For if g ¢ V’ then V, V’ are cosetsg + H,g + H’, and V’ CV-H CH 
from which to (26.4) is but a step. 

27. Linear compactness. Various considerations, notably the applications to 
homology suggest a weakening of the concept of compactness as applied to 
vector spaces in accordance with the 


(27.1) Derinition. A linearly topologized vector space G, and more generally 
a linear variety V in G, is said to be linearly compact whenever given any family 
{Va} of linear varieties which are closed in G or V as the case may be and have 
the finite intersection property then NV, x @. It is hardly necessary to observe 
that linear compactness is preserved under an isomorphism: if V is linearly compact 
an G and 7 1s an isomorphism G — H then rV is linearly compact in H. 


Many of the important properties of compactness carry over to linear compact- 
ness as we shall now show. 

(27.2) A product of linearly compact vector spaces is linearly compact. 

For the results of (26) make it possible to carry over the proof of (I, 24.1). 

(27.3) If G is linearly compact so is every closed linear variety in G (obvious). 

(27.4) If G is linearly compact then: (a) its image under a homomornh‘sm is also 
linearly compact; (b) if H ts a closed subspace of G then G/H is linearly compact. 

The proof of (a) is the same as for (I, 23.2) with closed linear varieties re- 
placing closed sets. As for (b) it is a consequence of (a) plus the faci that the 
natural projection G — G/H is a homomorphism. 

(27.5) If the linear variety V is linearly compact in G it ts closed in G. 

Let {N} be the nuclear subspaces andge V. Since g + N is a neighborhood 
ofg,(g+N)nV =W#@. Since a finite intersection of sets g + N is a set 
g + N, {W} has the finite intersection property. Moreover since N is closed 
(25.8a) so is g + N, and hence W is closed in V. By the compactness condition 
AW # 9G. From NN = 0 follows N((g + N) 1 V) = NW = g, hence ge V, 
or V = Y, proving (27.5). | 

Referring to (I, 38, 39) we find that the results just obtained enable us to 
prove: 

(27.6) Let S = {G,; wt} be an inverse system of vector spaces and let V be a 
linearly compact variety in G, such that) > p> eV, C V,. Then the results 
of (I, 38, 39) are valid for the inverse mapping system = = {V); xt}, with com- 
pactness replaced by linear compactness. 

(27.7) A n.a.s.c. for a discrete G to be linearly compact is that its dimension 
be finite. Hence every finite-dimensional G is linearly compact (25.6). 

Suppose dim G = 1, so that G is discrete. A linear variety V in G is G itself 
or else an element, so G is linearly compact. If dim G = n is finite and G is 
discrete then G is the product of n one-dimensional vector spaces and so by 
(27.2) it is linearly compact. Thus the condition is sufficient. 

Suppose now G discrete and linearly compact. The case G = 0 is trivial; so 
we assume G + 0. The space has then a base B = {b} and we haveg = )> ab 
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(finite sum). Now V, = {g|a, = 1} is a linear variety and is closed since G 
is discrete. Furthermore {V3} has the finite intersection property. Hence if G 
is linearly compact NV, # @, which is impossible if B is not finite. Since B is 
finite so is dim G. This proves necessity and hence (27.7). 

(27.8) If + is a univalent homomorphism of G onto H and G ts linearly compact 
then + is an isomorphism. 

Since 7 is already one-one, all that needs to be proved is that it is open. If 
N is a nuclear subspace of G we must show then that N, = +N is one for H. 
By (25.8) N is closed and G/N discrete. Since G/N is the natural projection 
of G it is also linearly compact (27.4) and hence finite-dimensional (27.7). 
Since NW is closed in G it is linearly compact and so is N,. Therefore N; is 
closed in H. Now to 7 there corresponds a homomorphism of G/N onto H/N,; . 
Hence H/N; is finite-dimensional and therefore discrete. Since N; is the inverse 
image in H of the nucleus 0 of H/N, under the natural projection H — H/N,, 
N, is a nuclear subspace for H and (27.8) follows. 

The natural extension of the notion of local compactness in the direction of 
linear compactness is manifestly given by the 


(27.9) Derinirion. The vector space G is said to be locally linearly compact 
whenever it has a linearly compact nuclear subspace. 


Evidently this property is preserved under an isomorphism. Moreover com- 
pact and discrete vector spaces are locally linearly compact. 

(27.10) A n.a.s.c. for G to be locally linearly compact is that G = Gi X G:, 
where G, is discrete and Gz linearly compact. 

Necessity is a consequence of (25.8). Conversely, suppose G behaves as 
stated. We may as well assume G = G, X G, and then 0 X Gz is a linearly 
compact nuclear subspace of G, hence G is locally linearly compact. 

(27.11) Essential elements. This concept of importance in the homology 
theory of nets is due to Cech [a]. Generally speaking, if S = {G, ; w.} is for 
the present any inverse system of groups then an essential element of G, is an 
element x, such that \ > u — (m})"'x, ¥ @, or which is the same such that 
t,€™.G,. We have from (27.6) and (I, 39.3): 

(27.12) When S is an inverse system of compact groups or an inverse system of 
linearly compact vector spaces then a n.a.s.c. for x, to be essential 1s that wt be a 
coordinate of an element of the limit-group or limit-space as the case may be. 

A noteworthy property is the following: 

(27.13) Let S be an inverse system of fnite-dimenstonal vector spaces. Then 
for every p there is a Xo > mw such that all the x, X,, > Ao, are essential (Cech). 

The essential elements of G, are those of the subspace H, = N{wiG, | A > wu}. 
Since dim G, = n is finite there exists a finite set 1, --°,A,, = that H, = 
Norn'Gas) Choose any Ao > Ai, °**, Ar. Then r\G) cr ‘Gui hence for A > Xo: 
TG, cH. Since the inclusion may also be reversed H, = mG). 

28. Field characters. Duality. The preceding developments will enable us 
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to extend in a significant way the duality theory of Pontrjagin-van Kampen. 
The basic definitions are: 


(28.1) Derinitions. A field character h of a vector space G over a field Q i8 a 
homomorphism G — Q. As in (18.1) we denote by gh the value of h at g. If 
h, , he are field characters and a , a2 €Q then the relation gh = awh, + awh, defines 
a character which is written ahi + ashe. Except for continuity conditions H = {h} 
1s thus turned into a vector space. To topologize H if E is any linearly compact 
subspace of Gand N(E) = {h| gh = 0,g € E}, then we choose {N(E)} as a nuclear 
base for H. Since he N(E) > ahe N(E), ah is continuous under this topology. 
Since N(E) is a subspace of H, the topology is linear and so H is a vector space 
behaving in accordance with (22.2). This vector space is known as the field character- 
group of G, or else also as the character-space of G. | 


We shall now prove the analogue of (19.1): 

(28.2) If G is linearly compact, discrete, locally linearly compact then its field 
character-space H 1s respectively discrete, linearly compact, locally linearly compact 
and gh pairs G and H to Q. 

(a) G is linearly compact. Then N(G) = 0 is a nucleus of H, and so Z is 
discrete. 

(b) G ts discrete. Let B = {b} be a base for G, {hs} a set of symbols such 
that b — hy is one-one, 2 a copy of Q corresponding to b, H’ = Po. Any 
element h’ of H’ may be represented as an infinite chain over {hj} 


h' = >) Bh . 
On the other hand if g e G we have 
g = >> mb (finite sum) © 


so that G may be identified with the weak product P”’Q, , the chains of G being 
thus considered as representations of the weak product by finite chains over {b}. 
If we assign to g the element of Q: 


(b’) gh’ = > css (finite sum) 


the assignment g — gh’ makes h’ a field character of G. The h, are the particular 
field characters such that bh, = 1, b’h, = 0, b ¥ 0b’, or in terms of Kronecker 
deltas: 


b’hy = 82. 


Now if h e H sends b into 6, then h > h’ = >> 6,h, defines an isomorphism 7: 
H — H’ in the algebraic sense. Let N(E) be a nuclear subspace of H. Since G 
is discrete so is Z, and since E is linearly compact it is finite-dimensional and 
therefore a subspace of the space spanned by a finite subset {b,, ---, bn} of B. 
Now Ni = {h|heH’, &, = -:: = Bo, = O} is a nucleus of H’ and since 
tN(E) > Ni, 7 is open. Therefore r is a univalent homomorphism H’ + H 
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and since H’ is linearly compact 7~ is an isomorphism. Since H’ is linearly 
compact so is H = rH’. 

(c) G ts locally linearly compact. We have then G = G; X Gz, Gi discrete 
and G, linearly compact. For our purposes we may assume G = G, X Gy 
and then | 


G=GX0+0xXG, (Gi X 0) n (0 X G,) = 0. 


Let now H, H; denote the character-spaces of G, G;. We have g = (g1, 92), 
g9:¢€G,;. Hence if h,; is a field character of G; the relation gh = gihi + gohe 
defines a univalent homomorphism 7: H; X Hz — H, in the algebraic sense, 
whereby (hi, 2) — h. Conversely, let he H. Since g = (g:,0) + (0, gz) the 
relations git: = (g:, O)h, gehe = (0, ge)h define elements h; « H; such that 
r(hi , he) = h. Hence 7 is an isomorphism in the algebraic sense. 

In order to show that 7 is topological we prove that 7 establishes a one-one 
correspondence between the elements of nuclear bases for Hi X Hz and H. 
Let N(E) be as before and N,(E£;) the analogue of N(E) for H,. The set 
{N(E)} is a nuclear base for H. If we write E = Ei X E2(E: C Gi, Es C G2) 
F, and E, must be linearly compact since the projection gi X gz — gi X 0 
[9.1 X go — 0 X ge] is continuous. On the other hand every E = KE, X Ez is 
linearly compact, if H, and E, are linearly compact. Furthermore every 
N(E; > 4 Es) contains N(Ei xX G2). It follows that {N(Ey x G2) } (Ei any 
linearly compact subspace of Gi) is a nuclear base for H. But clearly 
7(N(E:) X 0) = N(EL X G2) and any N(E, X G2) can be obtained in that way, 
proving 7 topological. 

Since H = 7(Hi X H2), and H; X Hz is locally linearly compact so is H. 

(d) gh is a multiplication pairing G, H toQ. The algebraic properties (22.2) 
are easily verified. We take G locally linearly compact and as in (c) sincé this is 
the general case. If EH = 0 X G, then EZ is both linearly compact and open. 
Hence E X N(E) is a nucleus of G X H mapped by gh into zero. Therefore 
gh is continuous. This proves (d), and also (28.2). 

29. Suppose now G, H paired to Q with a multiplication gh. As in (19.5, 
19.6) we introduce the associated field characters 9,(h) = gh, or(g) = gh of H 
and G, and then likewise the induced homomorphisms x, defined by g — ¢, 
of G into the character-space of H, and x, defined by h — g» into the character- 
space of G. If both x,, x, are isomorphisms G and H are said to be dually 
paired. We now prove the analogue of the Pontrjagin-van Kampen duality 
theorem (20.2): 


(29.1) DUALITY THEOREM FoR vecToR spaces. Let G, H be locally linearly 
compact vector spaces paired to 2 under a multiplication gh. Then wf one of the 
induced homomorphisms x, , x, 18 an isomorphism so ts the other. Thus G, H are 
dually paired. 


Let us assume that x, is an isomorphism. If G* is the character-space of 
we must show that x,: G — G* is an isomorphism. 
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30. Suppose first G linearly compact. Then H is discrete. Take a base 
B = {b} of H, choose a copy 9 of 2 for each b and set 'G = PQ. Corre- 
sponding to ¢, we have then {¢,(b)} = jgb} « ’G and the result of (28.2b) may 
be interpreted as showing that y, — {y,(b)} defines an isomorphism G* — ’G. 
Therefore to prove that x, is an isomorphism it is sufficient in the present in- 
stance to prove that the homomorphism 7: G — ’G defined by g — {gb} is an 
isomorphism. 

(a) 7 ts univalent. We must prove g ~*~ 0 — rg ¥ 0, or that gob ¥ 0 for 
some b. There exists a nuclear subspace N of G such that go¢N. By (25.8) 
we have G = N + G’,NnG = 0. Let {b’} be a base for G’. By (25.8d) 
every g eG has a unique representation 


g = gn + Dd, av(g)b’, 


where gy e N and the sum is finite. Since go ¢N, some ay(go) ¥* 0. Hence 
ay(g) is a character of G mapping the nucleus N into zero and different from 0 
at go. Hence some b must exist such that gob < 0, as asserted. 

(b) 7G = 'G. Let {bi,--+,b,} and {g1,---,gm} be finite subsets of B 
and G. Consider now the matrix || (g:b;) || and suppose that whatever {g;} its 
rank is at most r <n. As a consequence we may choose n linearly independent 
combinations b; of the b; and m vectors g; such that in || (g.b;) || the last column 
consists of zeros. Since the b; may replace the b; in B, we may assume that 
\| (gib;) || already behaves in this manner. Since the matrix 


| (9sb;) | 
(gb,) | 
is of rank not exceeding r, whatever g, we must have gb, = 0 and hence b, = 0’ 
which is ruled out. 

We conclude then that we may choose gi, --- , gn such that || (g:ds) || is of 
rank n. Therefore we may choose g = >, a,(g)gi such that {(gb;)} are n pre- 
assigned elements of 0. 

Let now 'g = {ab} «’G and let U be any neighborhood of ’g. The sets in 
’G for which a finite number of the coordinates are zero and the rest arbitrary, 
form a nuclear base. Therefore there exists a set {bi, --- ,6,} such that the 
points ‘g whose b; coordinate is a; (2 = 1, 2,---,7) are all in U. We have 
seen that among these there is a point 7g. Therefore rG = 'G. However G 
being linearly compact 7G is closed in ’G (27.5), and so rG = 7G = /G. 

If we combine (a), (b) with (27.8) we find that 7 is an isomorphism. This 
proves (29.1) for the present case. 

31. Suppose now G discrete. The notations being those of (28.2b), and since 
in proving (29.1) we may replace H by any isomorph, we may assume H = P9,, 
the pairing being given by (28.2b’). Let g* «G*. Since g* is continuous and 0 
is a nucleus of Q, the subset of H mapped by g* into 0 will contain an element 
of a nuclear base. Now the sets N of H consisting of the elements having all 
but a finite number of coordinates zero, and the rest arbitrary form a nuclear 
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base for H. Hence g* will take the value zero on a certain set N, say the set 
for which the coordinates b;,--- ,b, are zero. That is to say if g*h, = a, 
then a = 0 forb # bi,---,b,. Ifg = >, ab then g — g* defines x, and it is 
a homomorphism of G onto G*. Since G, G* are both discrete, (29.1) merely 
requires here to show that x, is univalent. Suppose g ~ 0. By (23.1a) we 
may assume go = b « B and since gh, = 1 ¥ 0, we have x90 ~ 0. Therefore 
xX, is univalent and (29.1) holds in the case under consideration. __ 

Suppose finally G locally linearly compact, and let the notations be those of 
(28.2c). Thus H = M, X Hz and we may identify the two vector spaces, so 
that H = H, X H,. For similar reasons if Gj is the character-space of H; 
we may assume G* = G, X G.. If 9, xig have their obvious meaning, and if 
h = (hy, he) then ¢,(h) = ¢ig(hi) + o2g(he) and therefore x, is defined by g — 
(ig(hi), Gog(he)). Coupling this with the fact already proved that the x, are 
isomorphisms we find that the same holds for x,. This completes the proof of 
the duality theorem (29.1). | 

32. Two results obtained incidentally deserve mention. It is a consequence 
of the argument of (30) that: 


(32.1) TuzorEM. Every linearly compact vector space is a product of one- 
dimensional spaces. 


As a consequence of (30) we also have: 

(32.2) Let B = {b} be any set and for each b select a copy % of 2. Then 
G = Poa, and H = P’Q are dually paired under a multiplication which may be 
described as follows. Let 


(32.3) g = >, age, h = D> Boho 


be respective representations of the elements of G, H by infinite and finite chains. 
Then 


(32.4) gh = >> afr. 


(32.5) Noteworthy special case: G, H are both one-dimensional. Then each may 
be identified with Q and the dual patring is under a multiplication which is merely 
the multiplication in YQ. 

33. Once we are in possession of the analogue (29.1) of (20.2) the remaining 
results: (20.5, --- , 20.8), of (20) are derived as loc. cit. ‘Dual systems” in 
the sense of (20.8) will refer of course to pairing to®. There are other minor 
deviations which the reader will readily supply. 

34. Weak duality. We shall have occasion in homology theory to consider a 
couple S, S* as in (20.8) save that G, , Hy will both be discrete spaces orthogonal 
in a pairing to®. We shall then say that we have weak duality. If the dimen- 
sion of one of the groups G, , H) is finite whatever \ then the same holds for the 
other and they are in fact equal (25.9). In that case the G, are again linearly 
compact (27.7) and we are back to ordinary vector space duality. 
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35. Dimensional complements. Certain questions which are important in 

connection with homology will be treated here. 
Pe 1) The dimension of the limit-space of a direct system of vector spaces. Let 
= {H\; 7 ,"} bea haha system with limit-space H. Consider any finite 


a hal, ¢= 1; 2, ,t, of elements of H, such that {m"h,:} is a linearly 
independent set for Hy. Let p(A, #) = sup ¢ and set 
(35.2) p = sup {inf p(r, us) }. 

Mm 


In connection with Betti numbers and certain other characters Alexandroff 
has repeatedly considered numbers analogous to p. For this reason we will 
call p the Alexandroff number of S*. 

Let us set p(u) = inf, p(A, vw), 4. = dim H,,r = dim H, Hy = the subspace of 
the representatives of the Zero of Hin H,. By (14.4) H, is a subgroup, and 
since h,’ « H, , ae Q—> ah, ¢H,, , it is also a subspace. By (23.1b) there is a 
second -aabandes H,, of H, such that 


(35.3) H,=H,+H,, H,0.H, =0. 
From the definition of these subspaces follow also if dim H, = 
(35.4) 7 r, 7; 

(35.5) Th S p(y). 


We will now prove: 

(35.6) If p(u) ts finite then r, = p(n). 

Choose \ > » such that A #) =p(u) and let H), be the subspace of the 
elements h,, of H, such that m hn = 0. We have again a decomposition 


H,=Ha+Ha, Hany = 0. 


Suppose that there exists an h, yo eH,» a H,, ye» where also v > w and hy ¥ 0. 
Take a vy’ > v, dA. Then hyn e H', pe’ , and ,"h,, = 0. Since every element of Hy 
is in H,, mod H,,, and H,, C Hy, we will have dim Hy < dim Ay = p(p) 
which is ruled out, since p(u) = inf, dim An. Therefore H, wn 0 Hy, = 0. In 
other words whatever v > » we have, 7,"ha ~ 0. Thus Han H, = 0. It 
follows that Hi’ = Hj), and since each element of each of H,, H,, is equal to 
an element of the other mod H, , their dimensions are the same. This is 
precisely (35.6). 

It is a consequence of (35.4), (35.6) that if p(u) is finite then r 2 p(u), and 
hence also r 2 p. Thus if the p(u) are all finite and p is infinite so is r. 

Suppose now that H contains s linearly independent elements. Then for 
some » the space H,, will also contain s linearly independent elements and so 
ss r < p(u) S p. Therefore if r = sup s = © likewise p = ~, and if ris 
finite then p 2 r. Consequently if all the p(u) are finite then r and p are both 
finite and equal or else both are infinite. 
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Suppose some p(u) = «©. Then p = o and no comparison is possible. 
Since p(u) S p(A, uw) S 7 for every A > yu, this circumstance will certainly fail 
to occur if the r) are all finite or else all the p(A, ») are finite. Therefore 

(35.7) If p is finite then p = r. More precisely if the p(d, u) or else the r) are 
all finite then p and r are both finite and equal or else both are infinite. 

(35.8) The following example shows that when the 7) are all infinite (35.7) 
need not hold. Take a countable set of symbols {b,} as a base for finite chains 
over Q and let H, be the group of the finite chains based on {bn , bay, --- }, 
and {A; >} = {n} with > «# =. Define +.", m S n as follows: if h = 
mbm + +++ + ab, then r2"h = anba +--+ + ab,. It is readily seen that 
Ym, p(n, m) are all infinite. Nevertheless the limit-group H reduces to the zero 
and sor = 0. Thus when the 7, are infinite we may have r = 0, p = o~. 

(35.9) Consider now an inverse system of vector spaces S = {G,; mi} and 
let p’(\, ») be the maximum number of elements of G, whose projections by x, 
> nu, form a linearly independent set. The number 


p’ = sup {inf p’(A, #)} 
u r 


is called the Alerandroff number of S. We prove: 

(35.10) If S, S* form a dual system (20.8, 33) then their Alexandroff numbers 
are equal. 

Let {hy}, 2 = 1, 2, --- ,s8, be such that {ay"hyi}, X > w, is a linearly inde- 
pendent subset of H,. Since G, and A) are dually paired under the multi- 
plication gyhy , by Ae2) and (25.9b) Gy contains a linearly independent subset 
{gx}, (@ = 1, 2,---, 8) such that 


gai(ax"h, ;) = 6? (Kronecker delta). 
Hence by (16.3) 
(angi) Mu j oF 6 . 


Therefore {7g}} is a linearly independent subset of G, and so p’(A, u) 2 s, and 
hence p’(A, uw) 2 p(A, w). By interchanging the roles of G, H we find similarly 
p(A, w) 2 p’(A, w). Therefore p(A, u) = p’(A, #) are both finite and equal, or 
else both infinite. If p(A, u) and p’(A, uw) are always finite then (35.10) holds, 
while if they are infinite for some pair (A, ») then p, p’ are both infinite and so 
(35.10) holds again. 

36. Field extension. Let G be a vector space over Q and 2, a field which is 
an extension of 2. We propose to examine certain consequences for G and 
certain related spaces, having in mind chiefly an important application to 
homology. Since we shall only be concerned with questions of dimension we 
may as well assume all the vector spaces discrete. 

(36.1) Let B = {b} be a base for G and correspondingly introduce X = {25} 
such that b <> 2x is one-one. Thus G is isomorphic with the space of the finite 
chains over 2 based on X. Let G; be the similar space for 2; and the same X. 
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Suppose now that C = {c} is a second base for G, and let Y = {y.}, G, be the 
analogues of X, Gi for C. We first prove 


(36.2) G, = G,. 
Since B, C are both bases for G we have relations 
(36.3) b= Di r(b, cle, c= Dd ulc, b)b, 


where the sums are finite. Since 
b= 2, (0, c)p(c, b’)b’, c= Du, wile, b)A(b, c’)e’, 


and B, C are bases we must have 
D2 A(b, c)ul(c, b’) = ay, 


(36.4) 
2 u(c, b)A(b, c’) = 5: ) 
where 83, , 5°, are the Kronecker deltas. 

Now by linear extension 


a —> S2(b, c)ye, Ye > Do ule, b)x, 


define in the obvious way homomorphisms 7; :G, > Gi, 72:4: Gi. Using 
(36.4) we find at once m72 = 1, 727: = 1. Hence 7; is an isomorphism and 
(36.2) follows. 

(36.5) In view of (36.2) we may as well denote G, by %G without reference 
to the special base used in its construction. It is clear that G, may be identified 
with the additive group of the finite linear combinations of the elements 6 of B 
with coefficients in Q,. Thus every linear function on G (= homomorphism 
into another vector space over Q) has a unique extension to G, . 

(36.6) Let now G’ be a subspace of G, and let there be given a set of linear 
functions {f.(g)} on G to Q. The system 


(36.7) falg) = 0 


determines a subspace G” of G. It is assumed that G’ C G” and so we form 
G* = G’/G’ which is again a vector space over Q. Let now AG = Gj, 
2G’ = G,. By linear extension f,(g) becomes a linear function on G, to XY 
and so (35.7) determines a vector space G; over 2. Clearly Gi CG C Gh, 
so that we may again introduce Gr = Gi/Gi. We prove: 


(36.8) GY & 0,G* and in particular dim GT = dim G*. 


We first prove that G; = 0,G’. Since 0, may be considered as a vector 
space over 9, as such it has a base {w,}. Hence any geG; is of the form 
wg, where the sum is finite and g,¢G. We have then f.(g) = 0 = 
wrfa(gr.) = 0 — fa(g,.) = O since {w} is a base over Q and f.(g,) «2. Thus 
g. eG” and so G; © 4G”. Since the converse is obvious our assertion follows. 
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Let now C be a base for G’ and extend it to a base Cu D, Cn D = Q, for G”. 
Define 2G’ and 0,G” using this base. Then it is clear that G*, Gi are, respec- 
tively, isomorphic with the vector spaces over 2, 0; spanned by D and this 
means precisely that (36.8) holds. | 

37. Kronecker products. 

(37.1) Let G = {g}, H = {h} be two discrete vector spaces over 2. Choose 
two bases B = {b}, C = {c} for G, H and introduce new symbols {b ® c}. 
The finite linear forms 22,0 ® c (finite chains) give rise by addition and multi- 
plication by elements of 2 to a new vector space K over ©. If we have 


g = >) Bb, h = >> yc (finite sums) 


then >> Bry.b @ c is a definite element of K written g ® h. The operation ® 
thus defined between the elements of G and H is distributive and we have 
(ag) @h = g @ (ah) = alg @ hi), 

(37.2) If we replace B or C, and hence both, by new bases B’, C’ and form the 
analogue K’ of K we show as in (36) that there are two homomorphisms 
1:K — K’, 72: K’ — K such that m7. = 1, 727, = 1. Hence 7; is an iso- 
morphism. If @’ is the analogue of @ relative to K’, we readily verify that the 
identification of g ® h with g @’ h turns 7; into the identity; this identification 
is assumed henceforth and so we will have K = K’. We have thus arrived at a 
unique new discrete vector space K depending solely upon G and H. It is 
known as the Kronecker product of G, H and denoted by G @ dH. 

(37.3) When G, H are both finite-dimensional so is G @ H and dim G ® H = 
dim G dim H. When one of G, H is infinite-dimensional and the other is not 
zero then G ® H is likewise infinite-dimensional. 

(37.4) If G admits the decomposition in subspaces: 


G=@4 +64", G@aG"” =0, 
then G ® H admits the analogous decomposition 
(37.42) G@H=G@QH+G' Od, 
(37 .4b) G’® HaG” @®H = 0. 


Similarly with G, H interchanged. 

All but (37.4b) are obvious, and (37.4b) is a consequence of the fact that if 
B', B” are bases for G’, G” then B’ u B” is one for G. 

(37.5) Under the same circumstances as for (37.4) ifg ® heG’ @ Handh #0 
then g €G’. 

For if g @ h # 0 then it is of the form g’ @ h, g' eG’, andifg @h = 0, 
h = 0, then g = 0 and again g « G’. 

(37.6) Extensive generalizations and indeed a full treatment of the Kronecker 
product, under the name “tensor product’’ will be found in Whitney [f], to 
which the reader is referred for further details on this topic. 


CHAPTER III 
COMPLEXES 


A complex is a particular type of partially ordered set with complementary 
properties designed to carry an algebraic superstructure, its homology theory. 
Complexes thus appear as the tool par excellence for the application of algebraic 
methods to topology. 

For the present we shall deal chiefly with finite complexes and give a complete 
treatment of their homology and cohomology groups and duality theory. Poly- 
hedral and Euclidean complexes are discussed as special examples. Infinite 
complexes are likewise considered as well as a special class, the simple complexes, 
introduced by A. W. Tucker, and may be said to have all the main alge- 
braic attributes of the polyhedral type. It is for simple complexes that an 
intersection theory is developed in (V), and the combinatorial manifolds of (V) 
are also simple complexes. | 

Summation notation. It is the same as in tensor calculus: non-dimensional 
indices (usually clear from the context) repeated up and down are to be summed 
unless an explicit statement is made to the contrary. Thus g'z,; stands for 

ig Zs. 

Kronecker deltas. They are the well known numbers defined by 6; = 0 for 
ij, 6; = lford = j. | 

Designations for some special groups. We will write as in (II): ¥ = the group 
of the integers, ¥,. = the group of the residues mod m, { = the group of the 
reals mod 1, ® = the additive group of the rational numbers (rational group). 

If G = {g} is any group then {ga} is a group under the composition law 
ga — g'a = (g — g’)a, and this group is written Ga. The designations G(m), 
G*(m), G[m] are as in (If, 20.9). 

The function B(p). Convenient in many calculations it is defined by 


p(p—l) 


eee 


Bip) = (-1) * , 


and we notice the useful relations: 
p (p+) 


B(—p) = (—1) : ) 
B(p)B(q) = (—1)"*B(p + 4g). 


General references: Alexander [b, c], Alexandroff [f], Alexandroff-Hopf [A-H, 
Part 2], Hopf [a], Lefschetz [L, I, VII; Li], Mayer [a, c], Poincaré [b], Seifert- 
Threlfall [S-T], Steenrod [a], Tucker [a], Veblen [V], Whitney [d]. 
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§1. COMPLEXES. DEFINITIONS AND EXAMPLES 


1. (1.1) Derinitions. A complex X is a set {x} of elements ordered by a 
proper reflexive ordering relation < (I, 4) together with two associated functions of 
the elements and element pairs whose values are integers: one, dim x, the dimension 
of x, also denoted by means of an index as x”, the element then being called p-dimen- 
stonal or a p-element, and the other, [x:2'], the incidence number of x and x’, subject 
to the following conditions: 

Kl. «! < x~dimvz’ S dimz; 

K2. [x:2'] = [x':2]; 

K8. [z:2'] ¥ 0 2 < 2’ orz’ < 2, and|dimz — dimz’| = 1. 

K4. For every pair of elements x, x'’ whose dimensions differ by two there is at 
most a finite number of x’ such that [x:2'][x':x’’] ¥ 0 and then 


(1.2) pe [x:2'l[z’:2”’] = 0. 


When the complex is finite K4 may be replaced by the simpler condition: 
K4’. For every pair of elements x, x!’ whose dimensions differ by two, the rela- 
tion (1.2) holds. 


The dimension of X, written dim X issup dim zx. When its value n is finite X 
is sometimes called an n-complez. 

(1.38) Let a(x) be a function of x whose values are +1. If [x:2’] is replaced 
by a(x)a(x’)[x:2’] conditions K1234 are fulfilled and so we still have a complex, 
say X’. In conformity with the usual conventions we agree to consider X’ as 
identical with X. Thus the function [ : ] for a given X is to be considered as 
not unique but only given to within a factor a(xz)a(z’). The different sets of 
incidence numbers thus arising are said to be admissible, the passage from one 
to the other is described as reorienting X. The function a(z) is known as an 
orientation function and we say that x has been reoriented if a(x) = —1, and 
that it has preserved its orientation otherwise. 


(1.4) Remark. The definition of complexes adopted here is essentially Tucker’s [a] 
and differs from his only in that: (a) the dimensions are not restricted to being greater than 
or equal to 0 which will be of importance in dealing with duality; (b) the complexes need 
not be finite. Indeed persistent attention to infinite complexes will characterize our 
treatment. 

The complexes which we have just introduced are often called ‘‘abstract complexes.”’ 
Other general types have been considered in the literature notably by M. H. A. Newman 
[a] and W. Mayer [a]. Newman’s type is designed chiefly to preserve as many as possible 
of the properties of polyhedra and for many purposes it is decidedly too “geometric.” 
In Mayer’s type on the other hand only the properties which flow from the incidence 
numbers are preserved and the type is thus too “algebraic.’’ Tucker’s type may be said 
to occupy a reasonable intermediate position. 


2. There are three important sets associated with any element x « X: the star 
of x, written St x, the closure of x, written Cl x and the boundary of x, written 
Bx. Their defining relations are 
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Stz = {z’/|x4<2'}, Cla= {x'|2’ < x}, 
Sx = Cla —2 = {z'|a' < 2,2’ ¥ x}. 


An analogue St x — x of @z may be formally introduced but will not be needed 
in the sequel. 

We say that 2x’ is a face of x when x’ < z (a proper face when x’ ¥ 2), also 
that x and 2’ are incident when x’ > or < xz. By the incidence relations in x 
we shall mean the incidences < together with all the incidence numbers. 

The notions of star, closure and boundary of a single element may be gen- 
eralized as follows: if Y is any subaggregate of X the star of Y, written St Y, 
is the union of the stars of all the elements of Y. Similarly the closure of Y, 
written Cl Y, is the union of the closures of all the elements of Y. St Y is the 
union of all the elements > some element of Y, while Cl Y is the union of all 
the elements < some element of Y. The boundary of an open subcomplex 
Yis BY = CIY-—Y. | 

A subcomplex of X is a subaggregate Y = {x’} of X such that with the same 
dimensions and incidence relations as in X, conditions K1234 hold in Y alone. 
It is clear that the verification of the complex eonatuons for Y merely requires 
the verification of K4 alone. 

We say that the subcomplex Y of X is 

open whenever St Y = Y,orzve Y~StxcY; 

closed whenever Cl Y = Y,orxe Y—~Cl2cC Y. 

Immediate consequences are: 

(2.1) If one of the sets Y, X — Y is an open subcomplex the other is a closed 
subcomplex, and conversely. 

(2.2) Any union or intersection of open or closed subcomplezes 1s, respectively, 
an open or a closed subcomplex. 

The aggregates St Y, Cl Y, Ox, are subcomplexes of X. The proof merely 
requires that we verify K4. Let us do so for the first. Ifz, 2’ e St Y, the only 
significant contribution to )> [x:2'][z’:2”] occurs say when x < 2” and from 
elements x’ between both. But in that case x’ «St Y also, so that the relation 
in question holds in St Y alone. Evidently St x is an open subcomplex, and 
Cl x a closed subcomplex; since Cl x is closed so is Bz. 

The p-section X° of X is the set of all the elements of X whose dimension 
does not exceed p. X°” is likewise a closed subcomplex of X. For the union 
of all St x, dim x > p=, is an open subcomplex and X” is its complement. 

When the dimensions of the elements of X are greater than or equal to 0, the 
zero-dimensional elements are frequently called the vertices of X. 

(2.3) Connectedness and components. The component of any element z is the 
set of all x’ such that there exists a finite collection s = 1,---,2, = 2’ in 
which any two consecutive elements are incident. We will then say briefly 
that x, x’ are in the relation R. It is not difficult to see that: 

(2.4) Properties (I, 17.1, --- , 17.4) hold for X and the present definition of 
componenis. 
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Furthermore we also prove readily: 

(2.5) The relation R 1s equivalent to each of the following: 

(a) St 2, St x’ are in the same component of {St x} in the sense of (I, 17); 

(b) Cl x, Cl x’ are in the same component of {Cl x} in the same sense. 

It is also a consequence of the definition that 

(2.6) The component X’ of x contains both Cl x and St x. Hence X’ is both an 
open and a closed subcomplex of X. 

The complex X is said to be connected whenever it consists of a single com- 
ponent, i.e., when any two elements are in the relation R. 

3. The complex X is said to be siar-finite, or closure-finite whenever every 
St x or Cl z is finite, and to be locally finite when it has both properties. Notice 
these properties: 

(3.1) Finiteness — local finiteness. 

(3.2) When X 1s star- or closure-finite there is at most a finite number of elements 
between x and x"’ and hence K4 may then be replaced by the simpler condition K4’. 

(3.3) Every component of a locally finite complex X is countable. 

Let Y be a component of X and x any element of Y. Consider the sequence 
Y, = 2, Y2,---, where Yn41 = StClY,. Every Y, is finite and since UY, = 
Y, Y is countable. 

4. Let X; = {2:1}, X2 = {2x2} be two complexes and suppose that there exists 
a one-one, order-preserving transformation JT: {x,} — {ze} such that: (a) dim 
Tx, = dim x, + k where k is a fixed integer; (b) the numbers [x; : 21] are appropri- 
ate incidence numbers for Tx; , Tz; .. Whenever k = 0 we call T an isomorphic 
transformation or 1somorphism X, <> X2 and say that X, and X2 are tsomorphic. 
When k ~ 0 we say that we have a weak isomorphism and refer to X1, X2 
as weakly isomorphic. 

It is clear that these two types of isomorphisms give rise to equivalence 
classes but we will not refer to them particularly in the sequel as they are not 
sufficiently broad for the applications. 

Dual complex. Given the complex X = {zx}, let us introduce a new set of 
elements X* = {zx*} such that x <— z* is a one-one correspondence with the 
following properties: (a) « < a’ — 2/* < 2x*; (b) dim z* = — dim z; (c) 
[x* : 2’*] = [x:2’']. We verify immediately that conditions K1234 continue 
to be fulfilled, so that X* is also a complex. It is known as the dual of X. 
Clearly X** = (X*)* = X. If we agree to choose as the elements z** the 

elements x themselves: <** = zx, then we will have X** = X. Thus X, X* 
will be dual to one another. 

By way of notation if 2? is any element of X its image x?* in X* is conveni- 
ently denoted by z5,. Thus when the dimensional index of an element is a 
subscript it denotes the negative of the true dimension of the element. 


The reader will not have missed the fact that our definitions have been so couched as 
to continue to give free play to the dualism which permeates the general theory of ordered 
sets. This is the chief justification for imposing symmetry in the incidence numbers and 
for introducing negative dimensions. The so-called dual complexes hitherto considered in 
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topology had of course only positive dimensions, and also in fact nonsymmetrical inci- 
dence numbers. Wherever they occurred these complexes were weak isomorphs of X* 
with dimensions raised to make them greater than or equal to 0, and with a certain reorienta- 
tion that need not be described at the present time. 


5. Simplicial complexes. As we shall see later (VII, VIII) this is the domi- 
nant type wherever complexes occur in topology. 

(5.1) We must first define the s¢mplex. A p-simplex o” is merely any set 
of p + 1 objects {Ao, --- , Ap}, known as the vertices of o”. It will generally be 
assumed that they are assigned a definite order modulo an even permutation 
and we will write accordingly 0” = Ay --- A,, the specified order being the 
one in which the A; are named. The simplex o with its vertices ordered as 
just stated is said to be oriented. The number p is the dimension of 0”. The 
simplexes whose vertices are among those of o” are known as the faces of o’, 
more precisely its q-faces for those of dimension g. In particular o” has p + 1 
zero-faces, the vertices A;, and a single p-face, namely itself. 

Tf o, = Ao +--+ Ag, o2 = Agauit -** Ap, where Ao, ---, Ap are all distinct, 
we write o” = 0102, call o” the join of o1, o2 and also o;, o2 opposite faces of 
o”. The symbol a: --- oc, is defined by recurrence. 

(5.2) We come now to the simplicial complex.. The elements of a simplicial 
complex K are simplexes. They make up a set {o} such that if o is in the 
set then every face of a is likewise in the set. The dimension of o is as defined in 
(5.1). The relation o’ < o means that o’ is a face of o in the sense of (5.1). 
The incidence numbers are defined as follows: 

(d) If o ts the face opposite the vertex A in o set € = +1 according as o 1s or ts 
not ordered like Ao, ; set € = 0 in all the other cases (0; not a face opposite a vertex 
of o nor the other way around). Then [o:oi] = [oo] = «. 

EXAMPLE. o = AiA2A;3, 0, = A1A3. Since A1A2A;3 is not 424:A;3 modulo an even 
permutation we have [c:o,] = —1. On the other hand for instance [¢:A,] = 0. 


It remains to verify that K isa complex. Since K123 are manifestly satisfied 
it is only necessary to verify K4. It reduces here to: 


(5.3) >» [o:01][o1: 02] = 0. 


The verification is trivial unless the situation may be so arranged that o, 
is the opposite face of a one-simplex AB of oc, and a; is then, except for ordering 
o,, one of the simplexes Aoz, Bo.. Furthermore if the order is changed in 
any simplex occurring in (5.3) the left-hand side will at most change sign. 
Therefore the order of the vertices may be chosen as specified by the above 
symbols. And now (5.3) reduces to 


[A Boz: Aae|[A oe: a9] + [A Boo: Boe|[Bos: oe] = 0. 


Therefore K is a complex. | 
(5.4) If the ordering of the vertices is changed the effect upon the incidence 


numbers is the same as applying to K an orientation function a(¢) = (—1)’, 


[1] DEFINITIONS AND EXAMPLES 93 


where » is 0 or 1 according as the permutation of the vertices of o is even or odd. 
Under our conventions this does not modify K. 

To ortent a simplicial complex K = {oc} is to orient every o e K. The order 
assigned to the vertices of each o is the one which is to serve in calculating 
the incidence numbers in (5.2). A convenient mode often utilized in orienting 
K is to range its vertices {A;} in a definite order, then to orient every o as 
o= A;-:: Aj, Ceewrd 4. 

(5.5) Special terms. A one-dimensional complex is sometimes called a 
linear graph, or merely a graph. If L is a closed subcomplex of the simplicial 
complex K then L is also a simplicial complex. The complement K — L is 
known as an open simplicial complex. By contrast K itself is sometimes called 
a closed simplicial complex. 3 

The boundary S” = So"* of a o”*’ is a closed simplicial n-complex, some- 
- times called an n-sphere. The zero-sphere S° consists of two vertices. 

(5.6) While K may be infinite, it is clearly closure-finite but need not be 
star-finite. 

(5.7) An alternate scheme for the incidence numbers. It is convenient on 
- occasion to define the incidence numbers in the following way: If ¢ = o’A then 
the new incidence numbers, denoted temporarily by [ : ]’ are [o:o’]’ = [o’:o]’ = 1 
and all the other incidence numbers are zero. Clearly [e?:0” ‘|’ = (—1)"[o”:0” ’J. 
That is to say, the new incidence numbers correspond to reorientation by means 
of a(o”) = B(—p), where B(p) is as in the Introduction. Thus they are admis- 
sible incidence numbers for K. 

(5.8) Remark. Unless otherwise stated the incidence numbers will always 
be selected in accordance with (5.2). ) 

(5.9) Duals. The dual K* of the simplicial complex K is defined as for any 
complex. Its elements are denoted by o; and in ee the dual of a is 
written A‘. If o? = A;--- A, we write op = A’.-- A*, and call A’, - AR 
the vertices of o. If ? = Aw? or o” = o%o" then we also write op = A’ Tp-1 
Or op = o,0,, as the case may be. The incidence numbers may be defined 
directly in K* as in K hy the rule [Ac:o] = [7:Ac] = 1 in the case of (5.2), 
[cA:o] = [o:¢A] = 1 in the case of (5.7), and all the other [ : ] zero. Wealso 
have dim A* = 0, dim o, = —p and a, < o;, signifies that the set of vertices 
of a, contains the set of vertices of o,. In other words, the passage from K 
to K* consists essentially: (a) in ordering the subsets of {A*} by theinclusions 
of their complements; (b) in replacing the dimensions by their negatives. 

6. Polyhedral complexes. We will consider polyhedral complexes in an 
Euclidean space ©” and indicate the extension to those in the Hilbert parallelo- 


tope (6.14). 


(6.1) Derinitions. A polyhedral complex in &" is a countable locally finite 
complex Tl = {E} with the following properties: 
(a) a p-dimensional element E” is a p-cell which is a bounded convex region of 


some © of G’; 
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(b) the cells are disjoint; 

(c) the union of the cells of Cl E? is E?: 

(d) If o(E) is the union of the cells E’ ¢ St E, then o(B) n E = @. 
The set UE is known as a polyhedron, written | II |. 


Notice that (c) implies fhat EZ’ < E when and only when it is Z or else a cell 
c E — E. In other words, E’ < E is equivalent to: E’ = E or else E’ is a 
face of E in the commonly accepted sense. 

Evidently (d) holds automatically when the polyhedral complex is finite. 
Its purpose is to eliminate certain topological complications which are foreign 
to the structure of complexes (see 6.2). 

The incidence numbers are described below but they necessitate an extensive 
discussion of Euclidean coordinates. 


(6.2) ExamMpues. The regular solids are well known finite polyhedral complexes. The 
subdivision of the plane by the lines z, y = 0, +1, +2, --- , is a good example of an infinite 
polyhedral complex. On the other hand the set of segments: 


b:0S27S1l,y=0; L:Oszsl,y= ’ n=z1,2,-::, 


is not a polyhedral complex since ¢(lo) = U J, is such that y(Io) > lo. 


It may be noticed that under our definition a given point set A may admit 
of a decomposition in disjoint cells in two distinct ways, one of which gives 
rise to a polyhedral complex, and the other fails to do so. In particular (c) 
may cease to hold. Thus let A be the set 0 < u S11. The interval together 
with u = 1 is not a polyhedral complex. However, the intervals 1/(n+1) < 
u < 1/n together with their end points decompose \ into the cells of a poly- 
hedral complex. 

(6.3) The incidence numbers in II will be described in terms of auxiliary 
coordinate systems in the spaces of the cells. As is well known, an Euclidean 
space ©" may be viewed as a linear variety L in a real vector space %, i.e., a 
vector space over the field of reals. An’ in G” is a linear p-dimensional variety 
L’ contained in L. The points of © may be represented as vectors a + 2, 
where {x} spans a p-subspace %, of %. If {b', --- , 6”} is a base for B, then 
we have x = 2,b', and {2,, --: , Zp} is a coordinate system for ©’. The point 
a is known as the origin of the system. 

We will suppose once for all that every © has been assigned a definite co- 
ordinate system called its basic coordinate system. Let {1, --- , Zp} be the 


one of @. Then if {y,, --- , yp} is any coordinate system for @” we will have: 
(6.32) y= aiz;+ta, a=|ai| <0. 
The number e” = a/|a@| = +1 is known as the characteristic number of the 


coordinate system {y;}. 
An@ ' Cc @ partitions & into two convex regions ©”, G’””. We may choose 
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a coordinate system {2,} for G such that x, = 0 represents G". The two 
regions @’”, G’” are then the two sets x», > 0, x» < 0. Since we may choose a 
new coordinate system in which z, is replaced by —2, , and the other coordinates 
are unchanged, we may assume {z,} such that say ©” is the region zp > 0. 


The coordinates {21 , --- , %p-1} of any point of ©” define a coordinate system 
for G', with characteristic number say «”. We will introduce incidence 
numbers 

(6.3b) (C?:6] = (7:7) = Pe. 


Let the basic coordinate system {2,;} of ©? serving to determine the char- 
acteristic numbers be replaced by another {Z;}. We have then relations 


(6.3c) z= mizj;tni, uw =|mi| <0. 


If « > 0 the characteristic numbers are unchanged, if u < 0 they are all changed 
in sign. To orient G is to assign to it a coordinate system {z;} modulo a trans- 
formation (6.3c) with » > 0. It is said to have its orientation reversed if 
the basic coordinate system undergoes a transformation (6.3c) with w < 0. 

(6.4) We are now ready for the incidence numbers of II. Let €? denote the 
subspace of the space ©” of II containing E? and suppose EE?" < E?. The 
subspace @?~* divides G? into two regions one of which, say &;? contains E?, 
and we define (E?:E?~'] = [E?7?:E?] = [€?:G?"] = +1. All the other 
incidence numbers which are not determined by this rule are set equal to zero. 
Thus K123 hold and we merely have to verify K4. 

(6.5) Suppose E?-? < E?. In @? let © be a plane meeting Gf ~ at a single 
point A « E?~*. The intersection of © with E? is a closed convex plane poly- 
gonal region with the vertex A. In such a region each vertex is incident with 
exactly two edges. Hence E?~” is the common face of exactly two (p — 1)- 
faces E?', E?~’ of E?. There are now two possibilities: 

(a) G = GP. Let G&G", G~ be the two regions of the partition of 
G2" by G?*. Since EH?’ ~ Ef?™ and they have the common face Ef ~ there 
must be one in each of the two regions, say E?' c G;?", EP CG;?". Hence 
under our definition of the incidence numbers: 


[E?:EP”) = —[EPC: ER] = +1. 
On the other hand: : 
[EP : HE?) = (EP: ER] = (G? 67] = +1. 
Hence 
(6.6) >, (EP: ER [ER EF] = 0 


and K4 holds. 

(b) G?* # GP. Choose a coordinate system {21, +: , Zp} for E? such 
that Gr, Gf are, respectively, represented by z,1 = 0 and z, = 0 and that 
on E? : tp. > 0, Zp > 0. AS a consequence on E?~’:z, > 0 and on ER™: 
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Yp-1 > 0. For we must have, respectively, z, 2 0, x»-1 2 O and equality is 
excluded. To proceed further let us introduce the characteristic numbers 
ef cP) cP, ef of G? , GE? *, EP *, EP” with respect to the coordinate systems 


{a1 yor y tel {X14 > °° y Up-2, Lp}, {21 7 °°" 4 Lp}, {x1 » 7" y Lp-2}. We have 
then 
[EP :BP] = ee; (EPI EP] = Pe; 
[EPO BRO] = ef Ce; (ERO ER] = eB eR. 


That the last three incidence numbers have the correct value is clear. Regard- 
ing the first, to determine it we may utilize for &? the coordinate system 
(a1, -++ , Zp-2, Vp-1, Lp} with x, = tp1,2p-1 = tp. This system has the 
characteristic «,? = —e?. The space G? is now represented by zt, = 0, 
and has the coordinate system {21,-+- , Zp—2, tyr} with the same characteristic 
e?* as before. Hence | 


pP.prp-lh — |p p-l __ Pp p-l 
[Ee 3B; ] = €; €; = — €; €; * 


Substituting the incidence numbers in (6.6) we find that this relation holds 
here also. Thus K4 is fulfilled in all cases and so II is a complex. 

(6.7) The characteristic numbers «? have been defined throughout relative 
to fixed orientations of the spaces G?. If these are modified one will obtain 
new characteristic numbers ¢,?. Setting a(E?) = ¢?e;” we find then that the 
effect upon the incidence numbers [E?:E?‘] is equivalent to applying the 
orientation function a(Z). Thus the polyhedron as a complex is independent 
of the basic coordinate systems which serve to determine the e? and hence 
the incidence numbers. 

(6.8) A polyhedral complex is countable and locally finite. 

This is an immediate consequence of the definition (6.1). 

(6.9) Euclidean complexes. We must first define EKuclidean simplezes, the 
constituent parts of Eyclidean complexes. 

We will consider again a fixed ©” and as in (6.3) take a representation of the 
space as a subset of a real vector space ¥. Let then o” be a simplex whose 
vertices {a,;} are independent points of ©", that is to say, contained in no G?* 
of &” or equivalently contained in a unique © of ©”. We associate with oe” 
a set of , known as an Euclidean p-simplex, and composed of the points of 


©" given by: 
(6.10) z=y'a;, O<y' <1, dy’ = 1, p>0; r=, p = 0. 


The y' are the barycentric coordinates of x. To the face o’ = a; --- a;ofo 
there corresponds the set of points obtained by replacing above 0 < y* by 0 = y" 
fork #7i,---,j. Itis the o, associated with o’ and is known as a face of o?. 
We transfer to o? and all its faces the terminology and concepts introduced 
for o” and thus we have notably the incidences, and incidence numbers of (5). 

(6.11) o? ts a p-cell; its boundary Bo? is a topological (p — 1)-sphere and 
6; ws a closed p-cell. 
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Let G? be the space of a? (i.e., the @? D o?). It is an immediate consequence 
of (6.10) that: (a) o? is convex; (b) if A eo? , any ray AL issued from A in @ 
intersects ¢? in a segment AB, B ~ A, Be Bo? . Now ae is contained in some 
parallelotope P of €”. Since Ba? is thus a closed subset of the compactum P 
it is likewise a compactum. Hence A ¢ Bo? ~ d(A, Bc?) > p > O (I, 45.2) 
and therefore G(A, p) an @’ C o?. Thus A is an interior point of o? in © and 
SO o? is a convex region of ©’. Hence (6.11) is a consequence of (I, 12.9). 

(6.12) Let now K = {oc} be a countable locally finite simplicial complex 
whose vertices {a;} are points of an G” and such that: 

(a) the vertices of any o” e K are independent and therefore determine an 
Euclidean simplex o? of GC’; 

(b) o # o’ reef 

(c) if y(o.) is the union of all the o, ¢ St 0, then g(a.) no. = @. 

If we transfer to {o.} the dimensions, incidences ‘‘is a face of,’’ and incidence 
numbers prevailing in K, it becomes a complex K, = K, known as an Euclidean 
complex. We also speak of K, as an Euclidean realization of K, of K as an 
antecedent of K.. 

It follows from the definition of K, that every z ¢ o.e K. satisfies a relation 


t= y a; ; »> y’ = 
where if x € o., and o, has the vertices a;, --- , a2, then y’, --- , y* ¥ 0, and 
all the other y" are zero. The y’ are-the barycentric coordinates of x and are 
uniquely determined by the point. 

(6.13) K. ts a polyhedral complex. 

Let K* be the g-section of K. Since (6.13) is trivial for K; we may assume 
it for K?~' and prove it for K?. At all events all the requisite conditions 
except those referring to the incidence numbers are fulfilled. Thus we merely 
have to show that admissible incidence numbers of K are suitable for K, as 
a polyhedral complex. 

Let the vertices {a,;} be ranged in some fixed order and let o”, o? have the 
common vertices a;,, ++ ,@i,,% <--: <tp. If’ is the space of o”, we agree 
to choose as its basic coordinate system {%1, ---, Zp} a system with origin 
at a;, and such that a;,, h > 0, has the coordinates 6; (Kronecker deltas). 
Let o” ', a? * be the faces of o, o? with the vertices a;, , --- , De 34 Cina Oy 
a;, and let the incidence numbers in K be defined by taking the vertices in the 
increasing order of the subscripts and in accordance with (5.7). Then 


[ozo 1] = (—1)"* = [o? 2027"). 


Therefore (6.13) is proved. 

(6.14) Polyhedral complexes in the Hilbert parallelotope. Let P” be referred 
to the coordinates {2 , w2,---},0 Sz, $1/n. Consider a real vector space B 
defined as follows: its elements are all the ordered countable sets of real numbers 

= {y,, ye, -::}; if ais real then ay = {ay,}; if y’ = fy,} then y + y’ = 
{yn + yn}. We may identify P* with a. subset of a real variety L in %, where 
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I is so chosen that it contains no proper linear subvariety > P”. If we inter- 
pret everywhere an @’ as being a set L’ n P*, where L’ is a linear p-dimensional 
variety contained in L, then all the preceding considerations are applicable. 
We will thus obtain polyhedral complexes, Euclidean simplexes and complexes 
in P* which have exactly the same properties as before. 

(6.15) If K. = {o.} then in accordance with (6.1) the set Us, is designated 
by | K.|. Similarly if L. is a closed subcomplex of A. then the union of the 
o¢«K, — L, is written | K, — L|. | 


§2. HOMOLOGY THEORY OF FINITE COMPLEXES 


(a) GENERALITIES 


7. The group-theoretic role of the algebraic structure imposed upon a complex 
receives its full significance through the medium of the chain-groups and certain 
associated subgroups and factor-groups. The groups related to finite complexes 
are to be investigated first and to the full. They will serve as a fundamental 
pattern for all later developments. 

(7.1) Let then X = {xz} be a finite complex, and G an additive group. In 
the terminology of (II, 8) we use {z?} as a base to form the p-chains over G, 
or chains 


C? = g'x? , g’ eG. 


These are all finite since X is finite, and their group P(Gz?) is denoted by 
G(X, G). Instead of “C? is a chain of X,”’ we will also say more simply “C? 
is contained in X,” written C? C X. 

(7.2) If there are no p-elements it is convenient to introduce formally a 
group @(X, G) consisting solely of zero. 

(7.3) The set of all the 2? appearing in C” with a coefficient g° ¥ 0 together 
with all their faces is a closed subcomplex of X denoted by | C'|. 

(7.4) Instead of “chain over 3, Sn, , over the rational group,” we will 
say “integral, mod m, mod 1, rational chain” and similarly later for related 
entities (cycles, homology groups, etc.), the meaning being clear from the 
context. 

(7.5) Notice that in dealing with finite complexes the groups of chains arising 
out of P” may be considered as merely those arising out of P over a discrete 
G, and the distinction between the two possible types of chains of (II, 8) dis- 
appears. 

(7.6) When G is a discrete field the chain-groups over G and the related 
groups introduced below will all be vector spaces over G and will conform with 
the basic convention (II, 22.2) for such spaces. That the homomorphisms and 
multiplications which will arise are always linear will generally be obvious. 

8. The chain-boundary, or merely boundary of C” is the (p—1)-chain 


(8.1) FC? = Dog [a?ia?]2?™. 
2 
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The boundary operator F is thus defined simultaneously for all groups G what- 
ever. When FC” = 0, C” is said to be a p-cycle of X over G. Notice that Fx” 
is a chain of Cl x”, and hence FC” is a chain of Cl|C”|. Identifying for con- 
_ venience x? with the integral p-chain 1.2? , F defines the integral boundary 
of x? as 


(8.2) F2? = Do ltect, Jar 
2 


Since the [z? :2?~"] are integers, the finite sum g‘[z?:x?~'] is an element of 
G so FC” is an element of @”". We notice that when x? has no (p—1)-faces, 
Fx? = 0 for every G. In particular if ¢g is the lowest dimension of all the ele- 
ments of X we have Fx? = 0 and hence FC* = 0 whatever C”*: all the chains 
of the lowest dimension are cycles. This is not an exception as it corresponds 
merely to the fact that G7" = 0. 

According to (II, 8.4) the operation F determines a homomorphism ©’ — ©. . 
The transformed group §” = FG@’™ is known as the group of the bounding p- 
chains over G. The homomorphism F: @” — @”” has a kernel 3” in G whose 
elements are the p-cycles over G, and 3” is known as the group of the p-cycles 
over G. If there are no p-elements then as in (7.2) we define formally 3? = 
oe = 0. 

(8.3) As a consequence of K4 (K4’ of 1 in fact since X is finite) we have 
FFC? = 0 whatever C” and whatever G. This relation is generally expressed 
in the operator form 


(8.3a) FF = 0. 


In fact condition K4’ is strictly equivalent to (8.3a) for G = & and it is at least 
as frequently expressed in this form. Our formulation offered the formal 
advantage of being wholly divested of any connection with the chain-groups. 

(8.4) It is a consequence of (8.3) that §” is a subgroup not merely of @” 
but actually of 3”. Or in words: every boundary is a cycle. For G = & this 
is merely another formulation of K4’. | 

9. Since 3? = F 'G,-1, where &, is the zero of (’, 3” is a closed subgroup of 
6. Since 3” is closed $? C 3”. Thus §’, which is also a subgroup (II, 3.2), 
is actually a closed subgroup of 3”. In accordance with (II, 5) we may there- 
fore introduce the factor-group: 


(9.1) §°(X, G) = B'(X, G)/F7(X, G). 


It is known as the pth homology group of X over G, and its elements as the pth 
homology classes of X over G. If C? — D? ¢ §’, we then write with Poincaré 
the homology: 


(9.2) | C? ~ D. 


It is hardly necessary to point out that the homologies (9.2) combine like 
linear equations with integral coefficients, i.e., like arithmetical congruences. 
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The homology groups have various important characteristic numbers, notably 
their rank. The rank R? of the pth integral homology group is known as the 
pth Betti number of the complex. The calculation of these numbers will be 
illustrated in some of the examples. 

(9.3) The reader will have no difficulty in proving also 


(9.4) '(X, G)/B"(X, G) = FE, @). 


However, while of some interest, (9.4) rarely occurs in the applications. 

10. Complementary remarks. 

(10.1) Reorientation convention for chains. We shall agree that if X is 
reoriented by the orientation function a(z), the element gz” of © is to be re- 
placed by a(x”)gx”. In other words the chain-groups are to undergo a simul- 
taneous automorphism a that may be described as: 


a: 2 a(x) 2. 


Referring to (8.1) we find that aF = Fa (a commutes with F). It follows that 
is, 8” are unchanged by a, and hence the same holds regarding $”. In other, 
words our convention merely introduces isomorphisms of all the groups € 
&, 8, . 

(10.2) Influence of isomorphisms upon the different groups. An isomorphism 
X — X’ induces likewise isomorphisms of the groups @°(X, G), --: , H°(X, G), 
with the corresponding groups of X’. A weak isomorphism X — X’ raising 
dimensions n units induces isomorphisms of the groups @’(X, G), --- , with the 
groups @°*"(X, G), ---. A similar remark applies to all the groups of com- 
plexes introduced later and will not be repeated. 


(10.3) Separation of dimensions. While we are separating dimensions throughout, this 
is not absolutely necessary. We could have defined a chain over G as any expressions 
C = g'z,;, g' eG, with resulting groups @,-:- ,§ related as before. Evidently € = 
PG, .-- . However, the more interesting parts of the theory of complexes arise precisely 
from the comparison of certain dimensions, and so the scheme which we are following is 
preferable. 


(10.4) Simplicial complexes and their duals. Let the notations be as in (5), 
notably as in (5.9) regarding the dual. If C? = >. g; o? is a chain of K, then 
AC” denotes the chain ) g:(Ac?), where if either Ac? is not a simplex of K, 
or A is a vertex of a? then the term g;(Aa?) is to be set equal to zero. A similar 
convention is adopted for K* and its chains. 

It is convenient to have the explicit expression of Fo”, Fo, under both schemes 
(5.2, 5.7): 

(a) under the scheme (5.2) 


FAy +++ Ap = 2) (—1)"Ao +++ Aga Agu +++ Ap, p>Q0; 
(b) under the scheme (5.7) ([¢Aio] = 1):. 
FAy +++ Ap = D, (—1)? * Ao +++ Agi Agut **: Ap; p> 0; 
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(c) under both schemes Fo’ = 0. 
In K*, we have if yo = »> A’, then: 
(d) under the scheme (5.2): 
Fop = yop; FC, = WC>; 
(e) under the scheme (5.7): 
Foy = opyo; FC, = Coyo.- 


We verify directly Fy. = 0, so yo is a zero-cycle of K*. This zero-cycle plays 
the role of a boundary operator for K*: multiplied to the left under (d), and 
to the right under (e). 

The usual scheme is (d), and so ¥o will generally act as a left multiplier. 

(10.5) Boundary relations in polyhedral complexes. Let II = {E} be a polyhe- 
dral complex and let Z” « II have as its (n — 1)-faces {E}""}. Then [E”: E77] 
= ¢« = +1 (6.4), and so: | 

FE" = &E?™. 

Therefore: 

(10.6) Every (n — 1)-face of E” appears in FE” with a coefficient +: 1. 

Since EZ” is a bounded region in an ©", BE", n > 0, cannot be contained in 
a finite set of €’s, p <n — 1. Therefore EZ” has at least one (n—1)-face 
and hence: | 

(10.7) £",n > 0, 28 not a cycle. 

In II we have in more general form: 


(10.8) FE} = ni(n — 1)E}™, 
where ni(n — 1) = +1 if Ej is a face of EZ} , and ni(n — 1) = 0 otherwise. 


§3. HOMOLOGY THEORY OF FINITE COMPLEXES 
(b) INTEGRAL GROUPS 


11. Further progress is contingent upon a full investigation of the integral 
groups. They are assumed taken with discrete topology and it is to these 
that the symbols ©, 3, §, © shall refer in the present section. 

Since @’ is a free group on a finite number of generators, we shall naturally 
utilize properties of such groups as given in (II, §2). 

Set for convenience [x?*':2?] = 7/(p), and denote by n(p) the matrix of 
these numbers, or pth incidence matrix of X. The group 3” of the p-cycles 
is the subgroup of the elements y’ = g'z? of ©” which satisfy the relations 


Fy’ = Oor 
(11.1) g'ni(p — 1) = 0. 


Since 3° is a subgroup of a free group of finite rank it is itself a free group of 
cP 


finite rank (II, 10.1). Since the topology is discrete §” = §”. The latter is 
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the group generated by the elements Fz?* = n/(p)x?. The group §” is 
the factor-group of 3” by %” and so it is isomorphic with the group of the ele- 
ments g'z? such that (11.1) holds and with the relations 


(11.2) ni(p)a? = 0. 


Thus ©” is a group on a finite number of generators and so from the basic re- 
duction theorem for such groups (II, 12.8) we conclude: 


(11.3) THeoreM. The pth integral homology group of a finite complex X 
satisfies a relation: 


(11.4) 9 = B x Pr? 


where: (a) 8? is a free group on a number of generators equal to the pth Bettt number 
R?(X); (b) the ZX? are cyclic groups in finite number whose orders t? are finite 
and such that t? divides t?, . 


The t? are the pth torsion coefficients of X and %? its pth Betti group. From 
the reduction theorem we have also the complementary result: 

(11.5) The torsion coefficients t? are the invariant factors greater than 1 of 
the incidence matrix n(p). 

The group =? = PS? is also known as the pth torsion group of X and we have: 

(11.6) ° ts tsomorphic unth the product of the pth Betts group and the pth torsion 
group. 

12. Pursuing our investigation we shall obtain a simultaneous reduction 
of the chain-groups to a form clearly exhibiting their mutual relations. 

The group @” of the integral p-chains is a free group on the xz? with the 
subgroups 3”, §”, where §” C 3”. By (II, 12.6) a base may be chosen for 
©? consisting of elements A? , B? such that certain multiples s;A? make up 
a base for 8”. 

Now ty’ = tg'z? is a cycle when and only when the ¢g* satisfy (11.1). But 
in that case the g’ themselves satisfy also these relations and so y’ is likewise 
acycle. In other words, ty’ «3° > y" «3°. Applying this to the A? we deduce 
that A? ¢« 8”, which can only be if the s’ are unity. Thus: 

(12.1) A base {A? , BP } may be chosen for © such that {A?} is a base for 
the group 3° of the integral p-cycles. . 

Regarding the B? no element based on them is a cycle, i.e., no g'B? ¢ 3”. 
unless every g’ = 0. 7 

The same reduction may be carried out for all dimensions. Since the A?” 
are cycles, FA?*’ = 0 and so §” has for generators the chains FB?” which 
are in fact p-cycles (8). Again by (II, 12.6) a base may be chosen for 3? 
consisting of cycles A,’, c? such that certain multiples r?A,’ form a base for 
”. Furthermore 7? divides r?,. throughout. 

Notice that the replacement of the A? by the A;’, c? as free generators of 
G’, is a change of base in ©” which leaves the B? undisturbed. 
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Since 6? = 3’/§? it is isomorphic with the group on the generators A;”, 
c? with the relations: 


(12.2) rPA.? = 0. 


We now divide the A,” into two sets. The first will consist of the elements, 
denoted by a? , such that the corresponding r? = 1, the second of those, denoted 
by b? , such that the corresponding r? , henceforth written ¢? are greater than 1. 
The notations are so chosen that ¢? divides ¢?,,;. The group §” is now iso- 
morphic with the group on the generators a? , b? , c? with the relations: 


(12.3a) a? = QO, 
(12.3b) t?b? = 0. 


Evidently the a? may be suppressed among the generators so that §” is in fact 
isomorphic with the group on the b? , c? with the relations (12.3b). We have 


then 


12.4) 9? = Pic?) x P(S*(t?)b?). 
By comparing with (11.4) we have then: 
(12.5) B? = Pc?), T? = PT? = P(9*(t?)b?). 


Therefore: (a) the rank R” of 8’, or of ?, is the number of c? ; (b) the ¢? are 
the orders of the Z? , i.e., they are the pth torsion coefficients of X. 

13. Since {a? , t?b?} are free generators for §”, by (II, 12.3) they must be 
reducible to the set of free generators {FB? *) by a unimodular transformation. 
That is to say there exist relations: 


fb? = MEBP* = FOGB?™) 
WEB?" = F(uiBz™) 


at 
with a unimodular matrix 
[rz | 


Les, 
rr 


| 
| 


It follows that if we set 
apt = NBR, ef = yiBet, 


the d?*', e?*' may replace the free generators B?** in the set of free generators 


b ] 3 


{A?*) BP?) for ©?*. Notice that this substitution does not affect {A?™} = 


tare be. a 
14. Let us suppose now that the dimensions in X run from gtor. We reduce 


the bases for ©’, G2", --- in succession as follows: 
Group ©*. Here G7" = 0so @* = 3%. The first reduction yields the base 


{A%} and the second the base {a?, b?, cf}. There are no dj, ej. 
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Group Gt, The first reduction yields the base {A{*’, BJ}, and the second 
fat! pat! ott? BI), The af, bf determine the ef, dj* and as already 
observed the choice of these in place of the B3*’ as generators is tantamount 
to a change of base for @°**. We thus have a third reduction to a final base 
{ag* re ef") for gett 

Group 6’. The same reduction may be applied step by step for p = q + 1 

-, r. We have thus proved the 


(14.1) Tuzorem. The bases for the integral chain-groups of a finite complex 
may be chosen to consist for each dimension p of five sets of elements ar,-++,e 
with the boundary relations: 


Fe?*' = a?, Fa? = 0, 
Fd?" = ¢?b? , Fb? = 0, 
(14.2) Fe? = 0, 
Fd? = t? ‘oP, 
Fe? = af. 


The number of c? is the pth Betti number R?, and the t’s are the torsion coefficcents. 


The bases in the reduced form described in the theorem are said to be canonical. 
15. There remains the explicit calculation of the R’. Let a” denote as before 
the number of elements 2? , and let p” be the rank of the incidence matrix »(p). 
Since 3? is the subgroup of the elements g’x? for which (11.1) holds, its rank 
is a? — p”. Since §” & the factor-group of 3” by the subgroup of the ele- 
ments which satisfy the relations (11.2), its rank is a” — p” — p”, or 
(15.1) R? = a’ — la —p. 
Since 7(p) exists only for g S p S$ r — 1, to make (15.1) hold formally for all 
dimensions we define p’ = 0, fors < qors >r-—1. Thus (15.1) provides an 
explicit expression for the Betti numbers in terms of the incidence matrices. 


If we multiply both sides in (15.1) by (—1)” and add there comes the classical 
Euler-Poincaré relation for finite complexes: 


(15.2) > (—1)?a? = DY (—1)?R’. 
The common value x(X) of these two sums is known as the Euler characteristic 
of X. The relation (15.2) is often convenient for computing Betti numbers, 


notably when the range of the dimensions in X is small. 
(15.3) The Poincaré polynomial. We understand thereby the polynomial 


(15.4) P(t, X) = >> RP 


whose coefficients are the Betti numbers of X. Under certain circumstances 
(formation of the product, IV) this polynomial obeys very convenient formal 
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rules. Moreover it may be used to advantage in describing the Betti numbers 
of certain simple complexes. Thus for the boundary of the (n + 1)-simplex 
we shall find later (22.4) that in substance P(t, X) = 1 + @. 


§4. HOMOLOGY THEORY OF FINITE COMPLEXES 


(c) ARBITRARY GROUPS OF COEFFICIENTS 


16. Let again G be an arbitrary topological group and let this time C, 3, $, 5 
refer to the groups over G. Following Steenrod [a] we shall give a complete 
analysis of these groups. 

By definition (II, 8) 


6? = P(Gz?). 


Let us designate temporarily by x, the elements a? , --- , e? of (14.1), where 
we have a relation 


(16.1) ai? = M(p)2f, — (p) = || M(p) || unimodular. 
Consider now the group 
C? = P(Gr,?). 
Referring to (II, 8.4): 
gx,’ — g'di(p)27 


defines a homomorphism 7: ©” — @. Since A(p) is unimodular, it has an 
inverse 


u(p) = X"(p) = || wi(p) II, 
and so 
g'x? — g'ui(p)x;? 

defines a homomorphism 6: @ — ©”. It is an elementary matter to verify 
79 = 1, 6r = 1; hence +, @ are isomorphisms (II, 4.5), and consequently 
C? = ©”. 

From the result just obtained we infer that we may represent every element 
C? « © in the form: 


(16.2) C? = ga? + y'b? + zic? + u'd? + v'e? 
where the coefficients eG. From (14.2) follows now: 
(16.3) FC? = wi? op + v'a?™. 


Hence C’” is a cycle when and only when v’ = 0 and ¢?~*u* = 0 (& unsummed). 
Therefore in the group symbolism of the introduction to the present chapter: 


(16.4) 3” = P(Ga?) xX P(Gb?) x P(Gc?) « P(G{R de). 
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On the other hand $” is the set of all chains 


(16.5) C? = ga? + y't?b?. 
Since y't? (¢ unsummed) is merely any element of G(t?) we have: 
(16.6) §”? = P(Gaz) <x P(G(t?)b?). 


The topology of the factor Gay is governed by that of G and the isomorphism 
Gai = G. The topology of G(t?)b? is its relative topology as a subgroup of 
Gb? = G. Therefore }” is obtained by merely replacing G(t?)b? by its closure 
G(t?)b? as a subgroup of Gb? , and this is the same as G(t?)b? (closure in GQ). 
With this meaning of the symbols clearly before us we have then 


(16.7) %” = P(Gaf) x P(G(t?)b?). 

If we combine with (16.4) and recall that 6 = 3/%, we have: 
(16.8) 6°(X, G) = P((G/G(#))b?) X P(G@c?) x P(Gle “ld?), 
or finally in equivalent form: 

(16.9) 6°(X, G) = P(@*(t?)b?) x P(Gc?) x P(G[t"ld?). 


We have thus obtained a basic decomposition of the homology groups over any 
coefficient group G. 

Some simple conclusions may immediately be drawn from the relations just 
obtained notably: | 

(16.10) If there are no torsion coefficients for the dimension p then a p-cycle ~ 0 
is a bounding cycle. Hence if there are no torsion coefficients ““~0Q”’ and 
“bounding’”’ are equivalent. (See 9.) 

For the second product at the right in (16.6) is then absent, hence §” = §”, 
which is (16.10). 

(16.11) If there are no torsion coefficients for the dimensions p and p — 1 the 
pth homology group over G reduces to the ‘Betti’ part P(Gc?). Hence if there 
are no torsion coefficients all the homology groups reduce to their Betts parts. 

(16.12) If in X: p S dim «x S q then: (a) no q-cycle ~0 unless it 18 zero; (b) 
every p-chain ts a cycle. 

Noteworthy special case: In a simplicial complex or in a polyhedral complez, 
every zero-chain is a zero-cycle. 

Since there are no (gq + 1)-chains different from 0, we have $°*"(X, G) = 0 
which is (a). Owing to the absence of (p — 1)-chains different from 0 we have 
FC” = 0 whatever C” and this is (b). 

17. Some noteworthy coefficient-groups. 

(17.1) Dvwvision-closure groups. For these groups the G(m) are all closed (II, 
20.9) and so from (16.7): 

(17.2) When G is a division-closure group, §” = %, and hence: (a) ‘““~0” 
“bounding;” (b) 6° = 3°/% (Steenrod [al). 

Noteworthy special cases: G is compact or discrete. 
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(17.3) G ts a discrete field. The groups @’(X, G), --- , S’(X, G) are then 
finite-dimensional vector spaces over G and hence discrete (II, 25.6). The 
dimension R’(X, G) of $’(X, G) is known as the pth Betti number overG. Let x 
be the characteristic of G. It will be recalled that is such that rg = 0 for 
every g eG, and is a prime number or zero. Among the special fields of char- 
acteristic > 0 is found 3%, , the field of the residues mod 7, and it is a subfield 
of every field G of characteristic 7. The corresponding chains, --- are known 
as chains, --- , mod x and the associated groups and Betti numbers are written 
@°(X, x), --: , R°(X, x). We shall show in substance that for most purposes 
3 may replace G. 

We will make use of (II, 36). In the notations there utilized and since 9, 
is a subfield of G we recognize immediately that ©'(X, G) = G@(X, x). Fur- 
thermore 37(X, +) is defined by means of FC? = 0, where the coefficients of FC” 
are reduced mod x. The group 3’(X, G) is defined by the same relation save 
that the values FC” for the chains over G are obtained by linear extension from 
the values for the chains mod x. Both the groups §’(X, G) and §(X, x) are 
spanned by the chains FE?" taken mod = (i.e., with coefficients reduced mod 7). 
We have therefore the exact situation of (II, 36.8). By that result then §’(X, G) 
is isomorphic with the vector space over G spanned by §7(X, x), and §’(X, G), 
§°(X, wr) have the same dimension, or 


(17.4) R(X, G) = R(X, 2). 


We have obtained (17.4) without utilizing the reduction (16.9). We may 
also use the latter for the same purpose, and it will lead to an expression for 
R?(X, w) in terms of the integral Betti numbers and torsion coefficients. 

Referring to (16.9), R?(X, G) is equal to the number of products effectively 
present at the right: | 

(a) When z does not divide t? , G(t?) = G, and the corresponding term is 
absent. When x divides ¢? , G(t?) = 0 and there is a term Gb? . Therefore the 
first product at the right in (16.9) consists of 6% isomorphs of G, where 6% is the 
number of ¢? with zw as a prime factor. 

(b) The second product in (16.9) consists of R’ isomorphs of G. 

(c) When x divides ¢?-*, G[t?~'] <= G, otherwise it is zero. Therefore the 
third product in (16.9) consists of 62" isomorphs of G. 

Thus 6?(X, G) is the product of R? + 627* + 6? isomorphs of G. Hence 


(17.5) R’(X,G) = R? + oF + 62. 
Since this value depends only on 7x, (17.4) follows. We write explicitly 
(17.6) R?(X, r) = R? + oF * + 62. 


The case t = 0, 1.e., G of characteristic zero, is not exceptional. The field $, 
is then to be replaced by the rational field . The corresponding chains, --- , 
are said to be rational. We verify directly that in (16.9) the second product 
alone remains, thus yielding for G of characteristic zero: 
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(17.7) R?(X, G) = R(X, R) = R(X). 


This shows that the integral Betti numbers themselves may also be defined as 
the dimensions of the homology groups over a field, namely the rational field R, 
or for that matter any field of characteristic zero. An incidental and frequently 
convenient result is that {c?} is a base for the rational p-cycles with respect to 


homology. 
To sum up we have proved for finite complexes, a theorem which will recur 


in a number of instances later, and is formulated for later reference in a more 
general form than immediately required: 


(17.8) UNIVERSAL THEOREM FOR FIELDS. The homology groups over a field G 
of characteristic x are vector spaces over G, and their dimensions, the Betti numbers 


over G, are equal to the corresponding Betti numbers mod rx. 


COMPLEMENTARY RESULT. A maximal set of p-cycles mod m independent with 
respect to homology is likewise a maximal independent set for any field of charac- 
teristic 3. 

These properties hold likewise for x = 0, the cycles mod 7, and their Betti numbers 
being then the rational cycles and Betts numbers. 


Complements (for finite complexes only): (a) The Bettt numbers are all finite, 
and the rational Betti numbers are the numbers R’ (integral Betti numbers) pre- 
viously defined. (b) The Euler-Poincaré formula holds for all fields G: 


(17.9) do (-1P R(X, @) = Ly (—1)e?. 


(Immediate consequence of (15.2) and (17.6).) 


Historical note. The special theory mod 2 played an important role in earlier topology, 
as a reference to Veblen [V] will show. 


(17.10) G = §, the group of the reals mod 1. This time $(m) = #, hence 
*(m) = 0. Therefore 


(17.11) §°(X, B) = P(Pc?) X PPE 'Td?). 
The first term is a toroidal group, which is the direct product of R” isomorphs 


of B. Since Plé?~"] Se ¥*(¢?~'), (II, 20.14) the second term in (17.11) & T”'(X). 
Therefore 


?(X, B) & P(Pe?) x TUX). 


This proves: 
(17.12) The pth homology group of X mod 1 is & the product of an R°-dimen- 
sional toroidal group by the (p — 1)-dimensional torsion group of X (which is a 


finite group). 
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18. Universal coefficient-groups. A group Gp is called a universal coefficient- 
group for X, whenever given the full set {G°(X, G)} and an arbitrary G it is 
possible to determine in terms of the groups of this set and of G all the groups 
{6°(X, G)}. 

When the integral homology groups and G are known, so are the Betti numbers 
and torsion coefficients and hence also an isomorph of the product at the right 
in (16.9), and finally $°(X, G) itself. Similarly, given all the homology groups 
mod 1 and the group G, we learn from (17.11) the values of the numbers R’, 
and also the &” '(X), hence the torsion coefficients. Consequently, we may 
again determine the terms in (16.9) and hence the groups over G. Therefore 

(18.1) The groups %, YB of the integers and of the reals mod 1 are both unwersal 
coefficient-groups for finite complexes. 

(18.2) A n.a.s.c. for two finite complexes to have the same homology groups 
over every G is that they have the same integral homology groups, or else the same 
homology groups mod 1, and so, in the last analysis, that they have the same Betts 
numbers and torsion coefficients. 

19. The following properties which are often useful, are ready consequences 
of the general theory: 

(19.1) If X = UX;,, where the X; are disjoint complexes, then: 


(19.2) §"(X, G) = PS"(X;, G) (every G), 
(19.3) R(X, G) = D> R(X: @) (G a field). 


The second relation follows from the first, so we mere prove (19.2). Every 
chain C” of X over G is of the form 


where C? is a chain of X; over G. N.a.s.c. for C” to be a cycle, or to be ~0; 
are, respectively, that every C? be a cycle, or be ~0. From this to (19.2) is 


but a step. 
(19.5) If X?™ is the (p + 1)-section of X then for every r S p: 


(19.6) §'(X, G) = H(X?™, G) (every G) 
(19.7) R’(X, G) = R'(X?™, G) (G a field), 
For §'(X, G) depends solely on the elements of X?”’. 
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20. Simplicial complexes. “et K = {co} be a finite simplicial complex. The 
vertices of K will be designated by A with possible supplementary indices. If 
= Ay:-- A,eK then (10.4ac): 


(20.1) Fo”? = > (—1)*Ao ee Ag-id 941 eae Ap ) p> 0; 
(20.2) FA = 0. 
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In particular for p = 1 
(20.8) Fo! = A; — Ao. 


(20.4) Derinrtion. If C° = g‘A; 1s a zero-chain then >, g' is a function of C° 
known as the Kronecker index of C and denoted by KI(C*). As we shall see later 
(28, 46) this number is a special case of a more general numerical function with 
the same designation. 


We will now prove a series of properties relating connectedness and the zero- 
cycles. They are so interlocked that they will have to be proved more or less 
together. The following notations will be used: 

{K;} = the components of K; 

{Ain} = the vertices of K; ; however, the vertex A. will be written A; . 

(20.5) An. a.s8.c. for two vertices A, A’ to be in the same component is A ~ A’. 

(20.6) C’ ~O0— KI(C’) = 0. 

(20.7) Every zero-cycle over any G satisfies a relation 


(20.78) Ow~gA:, gg eG. 
Moreover a relation 
(20.7b) gA:~0,  g' eG, 


implies that every g° = 0. 
(20.8) For every group G: 


©'(K, G) = P(GA)). 


In particular when G = &, the group of the integers, then $°(K, 3) is isomorphic 
unth the free group on the generators A;. This group has no elements of finite 
order and so there are no torsion coefficients for the dimension zero. 

(20.9) The number of components of K 1s the zero-dimensional Betts see 
R°(K, G), G any field. Hence R°(K, G) is independent of G and it will be desig- 
nated by R°(K). 

(20.10) If K is connected and A any vertex then every C° satisfies the relation: 


Co ~ KI(C’)A. 


Therefore when K is connected C° ~ 0 # KI(C*) = 0. 

(a) Suppose firsts G = &. Let A, A’ be any two vertices of K;. Since K; 
is a2 component there is a finite set of elements of K;: A = o1,°°-,0, = A’ 
in which any two consecutive elements are incident (2.3). Ifo; is not a vertex 
it contains a vertex A; of o;1 and a vertex A; of o;4:, hence also the one- 
simplex A;A; . It follows that in the sequence joining A to A’ we may replace 
o; by the set of simplexes: A; , (A;4;), A;, and still have consecutive elements 
incident. Proceeding thus we will arrive at a set of the same type and of form 
Ain, = A, a} ; Atha eee Aah = A’. Hence Fo; = i Oe aa — A ih, and so if 
C' = >a; then FC’ = A’ ~ A ~ 0. This proves (20.5) as regards necessity. 
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If C’ ~ 0 and G = S$ we have C° = F(g’o,), hence KI(C*) = g*KI(Fo}) = 
by (20.3). This is (20.6) for the present situation. 

If C° is an integral chain we have C° = >. C}, C? C K;, and C} = g"Au. 
By the necessity part of (20.5) for G*= $ we have Ay, ~ A;, hence Cl ~ 
(>- g")A; = KI(Cj)A; from which (20.7a) follows. Furthermore this also proves 
(20.10) for integral chains. 

Suppose that (20. 7b) holds with the g’ integers and not all zero. Then 
g'A; =FC'=F)\C{,C; CK;. Since chains in different components cannot 
cancel out we have FC; = i "A; (t unsummed). Hence by (20.6) already proved 
for G = 3: KI(FC;) = 0 = g’. This proves (20.7b) for G = 3. From this 
follows also the ed proof of (20.5). For suppose A ~ A’ and A, A’ in 
different components say K;, K;,7 #j. The two vertices may then be chosen 
as A;, A; and we would have A; ~ A; which is ruled out. Therefore A, A’ 
are in the same component, and the proof of (20.5) is completed. 

It follows from (20.7) for G = ¥ that 6°(K, 3) is isomorphic with the free 
group on the generators {A;} and this is merely another way of stating (20.8) 
for G = %. This is as much as may be obtained for G = &. 

(b) Suppose now that G is any group. We first notice that (20.9) is a con- 
sequence of (20.8) and so requires no further consideration. For all but (20.8) 
the only property required is that ““~ 0” « “bounding” for the zero-cycles, 
and this follows from (16.10) and the fact that there are no ¢; (20.8 for G = 3). 
Regarding (20.8), if we go back to the derivation of (12.4) we verify that, 
since there are no ¢, , {c;} is merely any set of aati such that S° (K, 3) 
is isomorphic with the free group on the generators c;. Therefore we may 
choose {c;} = {A;:}, and so (20.8) follows from (16. 11). This completes the 
proofs of all our propositions. 

21. Complexes with cyclic and acyclic properties. An important and simple 
property of many noteworthy complexes is to have all the homology groups for 
certain dimensions vanishing or merely isomorphic with the coefficient-groups. 
Among these are found, for example, simplexes and their boundaries. 


(21.1) Derinitions. The complex X is said to be cyclic [acyclic] in the dimen- 
sion p over G if & (X, G) = G[= 0]. It is said to be (p, --- , q)-cyclic 
[to be (p, «++, q)-acyclic, acyclic] over G if it 1s cyclic over G in the dimensions 
p, -::,q and acyclic over G in the other dimensions [acyclic over G in the dimen- 
sions p, --:, q, in all dimensions]. If X say, is cyclic in the dimension p over G 
for every G it is merely said to be “cyclic in the dimension p,” and similarly for 
the other properizes. 


As in similar instances when G = 3%, Sn, KR we will say “integrally acyclic,” 
“acyclic mod m” or “rationally acyclic,” and similarly for the other concepts. 


We have at once from (16.9): 
(21.2) A n.a.s.c. for a finite complex to be acyclic is that all the Bettt numbers 


and torsion coefficients vanish. 
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(21.8) A n.a.s.c. for a finite complex to be (p, +++ , g)-cyclic ts that all the torsion 
coefficients vanish, that the Betti number R* = 1 fors = p, +::,qand R' = 0 
otherwise. 

A convenient result is: 

(21.4) Ifdim X = n+ 1 2 2, and X 18 zero-cyclic and with a single (n + 1)- 
element x"*', then its n-section X" = X — x2"** ds (0, n)-cyclic, and all its n-cycles 
are of the form gé", 8° = Fa"™, 

By (19.5) it is only necessary to show that X” is cyclic in the dimension n, 
and this will follow if we can show that every n-cycle of X is of the form gé”, 
6" = Fr"*', Referring to the canonical bases (14), since there is only one 
(n + 1)-element x”*? it is the single e? ** on hand and there are no d?*". There- 
fore at the right in (16.6), only the first product is present and it is G6”. By 
(16.7) we find then §” (X, G) = §" (X, G) = G8”. Since X is acyclic in the 
dimension n we must have 3"(X, G) = §"(X, G) = G6". Hence every n-cycle 
is a gé", and (21.4) follows. 

(21.5) A closed connected simplicial complex is cyclic in the dimension zero 
(20.10). 

22. The simplex, its closure and boundary. Let o” be an n-simplex. We 
will consider the groups of o”, Cl ¢”, Bc”. It is often convenient to call o” 
an open simplex, Cl o” a closed simplex. 

(22.1) Groups of o”. The simplex o” itself is (trivially) n-cyclic. 

(22.2) Groups of Cl o”. We will show that it is zero-cyclic. For n = 0 
this is the same as (22.1) so we assume n > 0. If A, A’ are any two vertices 
then AA’ is a one-simplex of Cl o” and so Cl o” is connected and hence cyclic 
in the dimension zero (21.5). Let now o” = Ac”, and Clo”? = {o?7}. 
By (20.1): FAc? = 0? — AFo?", p > 1, and FAc; = o; — A. Hence 


FAC’? = Cc?" — AFC", p> 1; 
FAC’ = C° — KI(C*)-A. 


Let now y’, p > 0, be a cycle of Clo”, and suppose first p > 1. We have 
y’ = AC? * 4 C?,C’* and C? CCle”™. Hence Fy? = C?* — AFC?” + FC? = 
0. Since the middle term alone contains the vertex A we have FC?’ = 0, 
Cc?" = —FC? and hence y? = FAC’. When p = 1 we obtain: Fy = 
Cc’ — KI(C*)A + FC’ = 0, hence KI(C’) = 0, C° = —FC’, and the con- 
clusion is again the same. Therefore 7’ ~ 0 for every p > 0 and so Clo” is 
zero-cyclic. 

(22.4) Groups of Bc". By (21.4) when n > 1, Bo" is (0, n — 1)-cyelic. 
Since Bo’ consists of two points A, B its sole homology group different from 0 
is the one for the dimension zero and it is the product for any given G of two 
isomorphs of G. 

23. Dissection of a complex. Relative cycles. 

(23.1) Let X, be a closed subcomplex of X and X» = X — X, its open comple- 
ment. The pair (Xo, X:) in the order named will be referred to as a dissection 
of X. Our present purpose is to compare the groups of the X; with those of 


(22.3) 


[5] APPLICATION TO SOME SPECIAL COMPLEXES 113 


X itself. We will denote by F; the boundary operator for X;. If C is a chain 
of X we have C = Co + C1, C; C X;, and we will call C; : the chain C reduced 
mod X;(j ~ 7), or merely “C mod X;.” If ¢(C) is a function whose range 
and values are chains of X, we have | 


(C)=aH+aC), e(C) CX, 


and we will call ¢,(C): the function g reduced mod X;(j ¥ 1). 

(23.2) The groups of X1. If xe X, then Sx C X,, and hence F, = F| X). 
It follows that a cycle y’ of X1 is also a cycle of X and that if C; bounds in X, 
it also bounds in X. 

Since the elements of X1 are among those of X we have an injection 
@’(X,, G) — W(X, G) in the sense of (II, 8.6). We may consider this as a 
simultaneous operation on all the chain-groups of X1 into those of X, and 
denote it briefly as »:X: — X, as if it were an operation on X; to X. This 
operation is called an injection of X, into X. We notice the obvious property: 
Fn = nF. Asa consequence of this, 7 maps, respectively, 3°(X; , G), §’(X1, @) 
into 3°(X, G), §’(X, G), and since 7 is continuous also $?(Xi , G) into $’(X, G). 
Hence (II, 5.4) » induces a homomorphism 4: §°(X,, G) — §°(X,G). Wewill 
set n¥°(X1, G) = 7(X1, G@), 7H°(X1, G = H(K, G). 

(23.3) Since 737(X1, G) = 3?(Xi, G), the group $7(X1, G) = 3°(X1, @)/ 
B?(X1, G) n $°(X, G) may be viewed as the group of the cycles of X, as 
to bounding in X. Taking now integral chains it will be seen that the con- 
siderations of (12, 13) are still applicable when the p-chains are restricted to 
X, and the (p + 1)-chains are still chains of X. They will lead to a system 
(14.2) for the particular dimension p (but not simultaneously for all dimensions), 
with the (p + 1)-chains d?™’, e?"* chains of X and the rest chains of X1. The 
reductions and the other results of (16), of (17) (all but 17.8b), and of (18), 
follow automatically. 

(23.4) The groups of X mod X;. The important operation is now the re- 
duction 7 of the chains of X mod X,. Thatistosay,ifC =Q+,C;CX;, 
then rC = C). Since ((X, G) = ©(X),G) X O(X1, G), w is a collection of 
open homomorphisms: @’(X, G) — G(X, G), (II, 6.2). We call w the pro- 
jection of X into Xo and denote it symbolically also as r:X — Xo. We verify 
here: tFC = ForC or rF = For, and we conclude as before that wr induces a 
collection of homomorphisms #:9°(X, G) — $°(X0, G). This time a cycle 
vy” of Xo is not a cycle of X but merely a chain of Xo whose boundary is in X,, 
and y’ ~ 0 in Xo means that y” + a chain of X: ~ Oin X. For this reason y” 
is called a relative cycle or a cycle of X mod X,, and the groups of Xo are corres- 
spondingly written ©°(X, X1, G), ---. The term absolute cycle is sometimes 
applied to the cycles of X itself. Thus the cycles of X, are absolute cycles, 
those of Xo are relative cycles. 

(23.5) We will now make certain identifications in accordance with (II, 
8.6, ---, 8.9). First ©’(X,, G) is identified with »@’(X,, G) in accordance 
with (II, 8.8) and thus becomes a closed subgroup of @’(X, G). We will say 
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that two chains C”, C? « ©’(X, G) are congruent mod X; if they are congruent 
mod @’(X,, G) in the sense of (II, 5.1). We will now identify all the chains 
congruent to a given chain mod Xj, first with their coset mod ©?(X,, G) (II, 
5.1), then with the representative of the coset in @’(Xo, G), thus obtaining in 
particular the topological identification of @’(X, G)/C’(X1 , G) with ©’(Xo, G) 
(II, 8.9). All these identifications will be assumed throughout the sequel in all 
similar instances. 

Hereafter a chain mod X, over G is then merely a chain given to within a 
chain of X; over G. The identification of the chains causes the identification 
of 3°(Xo, G) with the group of the cosets of ©’(X, G) mod ©?(Xi, G) con- 
sisting of the chains y” over G such that Fy’? C X,. Under our identification 
such a chain is also to be described henceforth as a cycle mod X, and it is 
known only to within a chain of X,. 

Similarly (Xo, G) is identified henceforth with the group of the cosets of 
the chains 8’ of ©?(X, G) mod G?(X; , G) such that & = FC?*' + D?, D?CX;,. 
The chain 6” is also to be described as a bounding cycle mod X;, and is again only 
known to within a chain in X,. For the same reasons 6° ~ 0 mod X; is now 
understood to mean that 8 — D, « §?(Xo0, G), D? © X. 


(23.6) Remark. We have temporarily denoted by F; the boundary operator of X;. 
However if we return to our previous custom and designate by F the boundary operator of 
any complex whatever then we have nF = Fn, rF = Fr. Thus both 7 and + commute 
with F. The general class of the operations with this property will come strongly to the 
fore in the next chapter under the designation of ‘‘chain-mapping’’ (IV, 9). 


24. Circuits. An absolute n-corcuit or merely an n-circuit is an n-complex 
X with the following properties: (a) I!” = >> x} is an n-cycle mod 2; (b) no 
proper closed subcomplex of X possesses such a cycle, i.e., X is irreducible with 
respect to (a). Property (b) implies in particular: X = | I” | (notation of 7.3). 

When X is simplicial (a) means that every o” is the face of an even num- 
ber of o”. 

(24.1) If an n-circutt X has integral n-cycles different from 0 then: (a) their 
group is infinite cyclic; (b) if D" is any integral n-cycle different from 0, then | D” | 
= X, 

Let D” = a'z? * 0 be an integral n-cycle. We show first that | D"| = X. 
If the a’ have a common factor p, D’” = (1/p)D” is likewise an n-cycle and as 
| D’* | = | D” |, D’ may replace D". Therefore ‘we may suppose the a’ rela- 
tively prime and hence one of them, saya, tobeodd. Let b’ = 0, 1 according 
as a’ is even or odd. Then b'z? is a cycle ad 2 and hence b's? = Tr”, b' = 1. 
Therefore every element of D” is also an element of I” and tistics \D"| = 
|r"| = X, 

Suppose that there are integral n-cycles different from 0. Their group 3°(X) 
is free (11) and its dimension d > 0. If d > 1 a suitable combination D” of 
the base elements will lack some x”, which contradicts |D"| = X. Therefore 


d = 1 and 38”(X) 1s infinite cyclic. 
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Under the same conditions 3”(X) will have a base consisting of a single A”, 
called a basic n-cycle. The only other basic n-cycle is — A”. 

(24.2) The n-circuit is called orientable when it possesses integral n-cycles, 
non-orientable otherwise. | 

A simple n-circuit (sometimes called an n-pseudo-manifold) is an n-circuit in 
which every (n — 1)-element is a face of precisely two n-elements. The simple 
m-circuit may be orientable or not. 

If Y is a closed subcomplex of X and X — Y is an n-circuit, X is called a 
relative n-circuit, or an n-circuit mod Y. This may be combined with “ori- 
entability” or the “simple-circuit’’ property. In the relative circuits the 
n-cycles I’, A” are cycles of X mod Y. 

Let X denote an n-circuit (absolute or relative). From the definition we 
infer that its nth homology group §"(X, 2) is cyclic, i.e., consists of 0 and a 
single element [". Then X is orientable whenever its integral homology 
group "(X) is cyclic, non-orientable when ©"(X) = 0. When the circuit 
is relative, the homology groups are those of X mod Y. 


(24.3) Examples. ¥o"*!,n 2 1, is an absolute orientable n-circuit. Take a rectangle 
ABCD, match A with C, B with D, AB with CD. There results the so-called Mobius strip. 
If [ABCD: AB] = 2, the resulting complex is a non-orientable n-circuit mod (AD U BC). 


(24.4) Simplicial simple n-circuit. For these important circuits the defining 
properties may be given a more elementary form in accordance with: 

(24.5) If K — L ts simplicial, n.a.s.c. for K to be a simple n-circuit mod L are: 

(a) every simplex oéeK — Lisa face of aa" ; 

(8) every o”' is a face of two and only two a”; 

(y) the set M of theo” and o” of K — Lis ined 

Notice that M is the complement of the (n — 2)-section of K — L and so 
it is an open subcomplex of K — L. 

When K — Lis a simple n-circuit both (a) and (8) hold by definition. As 
for (y) if {M.},7 = 1, 2, --- , r, are the components of M then lr” = Dory, 
ri; C M,, and I is an n-cycle mod (L, 2). Hence if K — L is an n-circuit 
we must have r = 1, or (vy) holds. Conversely, suppose that (a), (8), (vy) hold. 
In view of (8), >, of = I" is a cycle mod (L, 2) so property (a) holds. Suppose 
that a proper closed subcomplex of K — L contained another such cycle I’". 
Owing to (a), I’ must lack at least one n-simplex say of. Let o; be present 
in I’”. Since K — L is connected in view of (a) there is a sequence which 
under proper labelling may be put in the form of , 6: ', o3 , --: , of , where 
consecutive terms are incident. Now owing to (8), and since I’” is a cycle 
mod (L, 2), if on is a face of I’", so must of21 be, and hence likewise of... 
Consequently o; must be a face of I’", and this contradiction proves that 
I’" cannot exist, or property (b) holds also. Therefore K — L is an n-circuit, 
and in view of (@) it is simple. This proves (24.5). 


(24.6) ExampLe. The sphere S* = Bo*+!, n > 0, is a simplicial, simple, orientable 
n-circuit. 
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By (21.4, 22.2) ify" = Fo"*!, then: (a) y" is an integral n-cycle of S*, hence also a cycle 
mod 2; (b) there are no other n-cycles mod 2 different from 0. Since |7*| = S*, the two 
basic circuit conditions (a, b) are fulfilled. It is an elementary matter to show that every 
o”-1 ¢ S* is the face of just two o”, and so S" is a simplicial simple n-circuit. Since it con- 
tains the integral n-cycle 7" it is orientable. Thus S*" has all the properties asserted 
in (24.6). 
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25. (25.1) Let X = {xz?} be a finite complex and X* = {x5} its dual. We 
shall compare the various groups of the two complexes. 

Since X* is a finite complex it has all the general properties of finite com- 
plexes. However, it is convenient to adopt a terminology referring the rela- 
tions in X* back to X. A (—p)-chain or (—>-p)-cycle of X* is called a p-cochain 
or p-cocycle of X, and denoted by Cp, 7p. Their groups are written G, (X, G), 
3,(X, G), those of the bounding cocycles ¥,(X, G). The (—p)-dimensional 
homology groups of X* are called the p-dimensional cohomology groups of X, writ- | 
ten $,(X, G), and the corresponding Betti numbers and torsion coefficients are | 
written R,(X, 7), t%). For reasons of euphony we will sometimes say: dual 
Betti numbers, groups, etc. In substance then in the notations the dimension 
(—p) in X* is indicated by the subscript p. 

All the necessary modifications are obvious enough and need not be discussed. 
Notice, for later reference, that the basic boundary relations for the cochains are 


(25.2) Foz, = 2 give yltia. 
q 


The boundary of C, is then a Cp4: whose dimension is that of C, decreased by 
one. The “dimensional” behavior is thus the same as for chains. 

Referring to (23), and in the same notations, we may also introduce new 
types of absolute or relative cocycles. They are: the absolute cocycles of Xo 
and the cocycles of X mod Xo (cycles of X* mod Xa): 

(25.3) Let K be simplicial. The notations being those of (10.4) we will call 

= >> A‘ the fundamental zero-cocycle of K (27.7a). The coboundary relations 
are then FC, = yoC'p , under the usual incidence number scheme (5.2), and FC, = 
Cyyo, under the scheme of (5.7). This is a mere restatement of (10.4de) 
in the “co-terminology.” 


26. Instead of considering the ‘‘co-theory’”’ as a theory of a different collection of ele- 
ments from those of X, some authors prefer to view it as a theory of the elements of X 
with < reversed. It is then necessary to introduce, side by side with F, a second operator 
F*, the coboundary operator, defined by 


(26.1) F*(g* x?) = Z g*lae:aet tant}, 


which raises the dimensions by one unit, instead of lowering them like F. Thus Whitney 
_ proceeds in that manner and writes 0, 6 for F, F*. The operator F* is a homomorphism 
¢» — G+! with similar properties to those of F, the cocycles are the chains of X whose 
coboundary vanishes, etc. 

In the present work we shall definitely consider the elements of X* as distinct from those 
of X with the notations and terminology indicated in (25). 
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To justify our choice we may anticipate and consider cartesian products of chains and 
cochains as in (IV, §2). If we write down expressions such as C? X C1, C? X Cy, we know 
by inspection the rules for calculating the appropriate boundary chains F(C? x C4), 
F(C? x C,), the operator F being the same throughout. However, if we adopted the 
alternate procedure with F, F*, we should have to write all these expressions C? X C%, 
and choose each time one of four possible operators. Three factors would impose a choice 


between eight operators. 
It may be pointed out also that our convention merely represents adherence to those 


employed for many years in projective geometry and related doctrines, whereby covariant 
and contravariant elements are represented by distinct symbols. This is in keeping with 
the fact that they undergo distinct transformations. 


27. It is evident that all the results of (§3) are applicable to X*, i.e., to 
cochains, etc. Let a,, --- have the same meaning for X* as a”, --- , for X. 
Evidently ap = a’, and from (25.1) follows that if »*(p) is the (— p)th incidence 
matrix for X*, then 7*(p + 1) = (n(p))’ (the prime means the transpose). 
Therefore ppii1 = p” and the torsion coefficients ¢, 4: are the same as the ¢?. 
Since the subscripts are the negatives of the dimensions we obtain in place 


of (15.1) 
Rp = Op — Ppt — pp = @& — p? — p= R?. 


Hence p41, Bp are abstractly the same as T”, B’. This proves the following 
theorem which is the analogue of Poincaré’s initial duality theorem for mani- 
folds (V, 33.1) and as far as Betti groups go, is the duality theorem of [L, 286] 
(duality theorem for pseudo-cycles): 


(27.1) Firsr DUALITY THEOREM. — The pth Betti and dial Betts groups are iso- 
morphic, and likewise the pth torsion and (p + 1)st dual torsion groups, and 


(27.2) R,=R, tua = #. 


We state also explicitly the convenient property: 

(27.3) When X 1s torsion-free so 1s X* and the. integral pth homology and 
cohomology groups are isomorphic with one another as well as with the pth Betti 
group of X. 

(27.4) The Betts numbers and torsion coefficients of a finite complex determine 
all its homology and cohomology groups. 


Let us define X as p-cocyclic, --- whenever X* is (—p)-cyclic, ---. Then 
we have by (21.3): 
(27.5) Whenever X is (p, --- , q)-cyclic or acyclic it is also (p, «++ , q)-cocyclic 


or acocyclic, and conversely. 

(27.6) Let X = {x} be such that p S$ dimz Sq. Then: (a) no p-cocycle ~ 0 
unless it is zero; (b) every g-cochain is a cocycle (16.12). 

(27.7) Let K = {co} bea simplicial complex with vertices {Ai} and duals {A‘}, 
Then: 

(a) yo = >. A’ ts a cocycle; 

(b) if K ts connected every zero-cocycle 1s of the form gyo ; 
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(c) if K is a simple n-circuit then every o}, 1s an n-cocycle and o, ~ + a, 
for all 7, 7; hence every n-cocycle ~ Yon - 

Proor or (a). We have Fo; = mA; j, Where >> 51! =(. Hence FA? = nie} , 
and so Fy, = F >) Ai= di oi >,;n; = 0. Therefore yo is a cocycle. 

Proor or (b). When K is connected then Ry = R° = 1 and there are no #4. 
It follows that K is cocyclic in the dimension 0. Consequently every zero- 
cocycle is of the form gd) where 4 is an Nk a cocycle. Suppose 6 = 2A : 
and let yo = yd). We have then >> A’ = yz,A‘, and so yz; = 1. Hence 
t= y = +1, d = +70, from which (b) follows. | 

Proor or (c). Let K be asimple n-circuit and let K””’ be its (n — 2)-section. 
By (24.5y) K — K”” is connected. It follows that if o”, o’” are any two n- 
simplexes of K there is a sequence o” = of , of , o2,°'', orn, 07 =a", 
in which consecutive elements are incident. Consequently this holds equally 
regarding o., On-1,°°', o. Since K is a simple circuit: [ont oc] = +1 = 
+ [oi_i: o;, ]. Since the only elements of {¢,} incident with O,~-1 are o, and 
on» we have Foi_1 = +(o, + 0%) ~ 0, or 0, ~ +0%,"', and so finally o, ~ 
+o, i 

(27.8) ExampLe. Consider the sphere S* = Bo"t!,o"*! = Ay -++ Any1,n >0. Since S*is 
(0, n)-cyclic it is also (0, n)-cocyclic. Its zero-cocycles are all of the form g >> A‘. We 
have seen (24.6) that S" is a simple n-circuit and so its n-cocycles are all ~gA® --» A”. 


28. Kronecker index of chains and cochains. Further progress will rest upon 
an extension of the concept of Kronecker index. The connection with the 
earlier concept will be made in (46). 


(28.1) Derinition. Let 8(p) be as in the Introduction. Then the Kronecker 
index of the couple x? , x}, ts the number 
(28.2) KI (x? , x.) = B(p)5; (Kronecker delta), 
and the Kronecker index of x’, , x? is 
(28.3) KI (x, , 22) = B(—p)éi = (—1)KI (2? , 25). 

(28.4) We have just specified values for the Kronecker index whenever X, 
X* are so oriented that [x?:2?~"] = [xz}-1:2}]. In order to allow for arbitrary 


reorientations we add the convenuo) that if X, X* are reoriented by means 
of orientation functions a(z?), a*(x,) then 


KI (x? , x5) = a(x?)a*(x,)B(p)s; 
(—1)?KI (22 , x?). 


REMARK. In [L, 165] the analogous definition of the index was given by means of (28.2) 
but without the factor @(p), thus causing dissymetry under dualization. To pass from the 
present to the earlier definition it is merely necessary to reorient X* by a(zp) = B(—p). 


(28.5) We shall now choose two groups G, H paired to a third J and with a 
multiplication gh. We define hg = gh, so that H, G are formally paired to J 
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with the same multiplication gh. Thus the two groups G, H are paired to J in 
one or the other order and with a multiplication independent of the order of 
the pairing. We shallibriefly describe this relationship by the statement 
“G, H are commutatively paired to J.”’ | 

Suppose that we have a chain and cochain over G and H: 


C? = g'z? , g' €G; OC, = hai, he H. 
The Kronecker index of C’, C, , written KI(C’, C,) is an element of J defined by: 


(28.6) KI(C?, Cy) = g'h;KI (a? , 25) = B(p)g‘hi - 
Similarly with the terms in reverse order we define 
(28.7) KI(C, , C”) = B(—p)g'h:. 


(28.8) Interpretation. A noteworthy interpretation, very close to the initial reason for 
introducing the index, is to consider that the dual elements 2? , x} cross one another when 
4 = j, and do not cross one another when i ~ j. It will be convenient to say that C?, C, 
have a crossing at x? , z} whenever both g' ~ 0, hi # 0. We agree to count this crossing 
with the weight @(p)g*h: ({ unsummed) and so the index (28.6) may be interpreted as a 
mode of counting the crossings suitably weighted. IfG= H = J = the ring of the integers, 
the weights become multiplicities in a reasonable sense. Viewed in this manner the index 
has for example played an important role in the author’s work on Algebraic Geometry. 
(See [L, VIII, §4].) 


29. The Kronecker index will now be utilized as a basis for deriving the 
duality relations between the chain- and cochain-groups. We shall use the 
following notations: 

The chains and cochains over G and H are denoted by C”, C,, the cycles 
and cocycles over G and H by y’, y, and their homology and cohomology classes 
by r?,l,. We shall also denote by @’, 3”, §”, H” the groups of chains, cycles, 
bounding cycles and homology groups over G, and by ©, , --- the same for the 


cochains, --- over H. The group H is assumed discrete. 
As a preliminary we prove the important relation: 
(29.1) KI(FC?™, Cp) = (—1)? KI(C”™, FC;,) 


which is the analogue of Formula 20 of [L, 169]. If C?** = 2?",C, = 25, 
both sides of (29.1) become B(p) {z?**: 22], so (29.1) holds. Since the two 
sides are bilinear in 27't!, x, , (29.1) holds in all cases. 

(29.2) The index obeys the commutation rule 
(29.3) KI(C, , C”) = (—1)’ KI(C’, C;). 


(29.4) KI(C”, C,) is a group jinn for ©’, ©, which pairs them to J. 
Since Gx? , Hx}, are respective isomorphs of G, H they are paired to J with 
the multiplication B(p)gh. Since ©, is discrete 


(29.5) @? = PGz?, G6, = P’Hx}, 
(29.4) follows from (II, 16.1). 
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(29.6) Y ory¥p ~ OO KI(y’, vp) = 
An equivalent formulation is 
(29.7) Bo, 8” annul §, Fp. 


It is only necessary to prove the property of the pair §’, 8,, and hence (II, 
15.4) that §? annuls 8,, or that y? = FC?* annuls 3,, and this follows i im- 
mediately from (29.1),, since it yields: 


KI (7, v2) = (—1)*KI(C”™, 0) = 0. 
(29.8) KI(y’, yp) depends solely upon the classes T?, I’, (29.6). 


(29.9) Derinition. The fixed value of KI(y’, y,) under (29.8) 1s called the 
Kronecker index of the classes TY”, T', written KI(T’, I,). 


(29.10) KI(T’, T,) is a group multiplication for $°, Sp, and obeys the com- 
mutation rule (29.3), (with T in place of C). 

Except for commutation (29.10) is a consequence of (29.4), and (II, 15.6), 
while the commutation rule follows from (29.2).. 

(29.11) If G, H are J-orthogonal so are ©, G,. 

For Gz? , Hx}, are then J-orthogonal and so (29.11) follows from (29.5) 
and (II, 16.1). 

(29.12) If G, H are J-orthogonal, 3, 1s the annthilator of %” and likewise 3? 
of Bp. 

It is sufficient to prove the property of the pair 8, , 9%’. We have just shown 
that every 7, annuls §”, so it is only necessary to prove the converse, or that if 
7, annuls §” it is a cocycle. If y, annuls §” it annuls §” and so by (29.1): 


KI(FC?™, vp) = (—1)’K1(C?", Fy,) = 0. 


Thus Fy, € ©,41 annuls @?*’, and so by (29.11) p41, Fyp = 0 or 7p is a cocycle. 

30. Duality theorems. The situation which will now be faced will recur again 
and again in a more or less similar form. {It is therefore best to introduce at 
the outset a systematic terminology designed especially to avoid undue repeti- 
tion later. 


(30.1) Derinirion. The pair (G, H) in the order named, is said to form a 
normal couple whenever one of the following two possibilities arises: 

(a) G ts compact, H is discrete and they are dually paired by a commutative 
multiplication gh to f. In particular then they are orthogonal and each = the 
character-group of the other. 

(b) G= H = J = a discrete field and the multiplication gh is merely the mul- 
tiplication of the field J. Nottce that G may be viewed as a linearly compact (one- 
dimensional) vector space over J, and H as a (one-dimensional) discrete vector 
space over J, dually paired under the multiplication gh, which 1s merely the multt- 
plicatzon of the field J (II, 32.5). 
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(30.2) SEconD DUALITY THEOREM FOR FINITE COMPLEXES. If G, H is a 
normal couple then the pth homology and cohomology groups $?(X, G), p(X, H) 
are dually paired (to 3 or to the discrete field J when G = H = J) and with the 
class Kronecker index as the group multiplication. | 


This is the duality theorem of [L, 286] with the all-important Pontrjagin 
group duality complement. . 

Since G, H are dually paired to % or J as the case may be, so are their iso- 
morphs Gz? , Hx, and with the Kronecker index as the multiplication. Hence 
the same holds for ©”, ©, (II, 20.7, 33). Since G, H are dually paired, 3, 
and %” are one another’s annihilators in ©,, ©’ (29.12; II, 20.5, 33), and like- 
wise for 3°, §, (= §,p). Therefore 6’ = 3”/%? and S, = 3,/$, are likewise 
orthogonal to % or J as the case may be (II, 15.6) and hence dually paired 
(II, 20.6, 33). Since I’, I’, are merely the cosets of y’, yp mod §”, §p , the mul- 
tiplication of the dual pairing is the one described under (II, 15.5a) and it is 
precisely the class Kronecker index. This proves the theorem. 

31. Dual categories. The preceding theorem will serve as a pattern for a 
number of similar theorems occurring later. In order to facilitate their descrip- 
tion and minimize repetition, we introduce the convenient concept of dual 
categories. 

Let A, B be two collections of cycles and cocycles of all the different dimen- 
sions and over various groups of coefficients. For the missing dimensions the 
groups are taken to be zero. Let it be possible to define the groups § and hence 
the homology and cohomology groups § = 3/§, likewise the Kronecker index 
KI(y’, y,) with the same properties other than orthogonality as in (29). When 
the coefficient-group is a field J it is assumed that the corresponding groups 
3B, § are vector spaces over J, and in particular satisfy the basic convention 
(II, 22.2). Under our assumptions one may define a class index KI(I”, I,). 
If (G, H) is any normal couple and §°(G), ,(H) are the corresponding 
homology and cohomology groups, we shall say that the cycles of A and the 
cocycles of B [the cocycles of B and the cycles of A] are: 

dual categories whenever the groups §°(G), ,(H) [p(@), 6°(H)] are dually 
paired (to or to the discrete field J when G = H = J) and with the class 
Kronecker index as the group multiplication; 

weak dual categories whenever the groups are defined only forG = H = J = 
a discrete field, and are vector spaces orthogonal to J with the class Kronecker 
index as the multiplication. Whenever the dimensions of the paired spaces 
are finite their pairing is again a full dual pairing of vector spaces (II, 34). 

Since orthogonality to $ or a discrete field J results in each case in the dual 
pairing (II, 20.6, 33) we may say that: (a) the characteristic property of dual 
categories is orthogonality to $ or J; (b) weak dual categories are those where 
only orthogonality to J may take place. 
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In the terminology just introduced (30.2) assumes the form: 

(31.1) The cycles and cocycles of a finite complex an one or the other order are 
dual categories. 

As a further application we also have: 

(31.2) Let X, Xo, X; be as in (23). Then the cycles of X mod X, and the co- 
cycles of Xo in one or the other order are dual categories. 

A similar statement may be made for the cocycles of X mod Xp and the 
cycles of X,, but it is merely the expression of (31.1) for X, itself. Notice 
also that when X) = @ and X = Xi, (31.2) reduces to (31.1). 

32. Several noteworthy properties of dual categories are immediate con- 
sequences of properties of vector spaces. 

We suppose then that A, B are dual categories of any sort and take the groups 
over a discrete field J. The formulation is given so as to include possible infinite- 
dimensional groups which may occur later. The Betti and dual Betti numbers 
have their usual significance of dimension of the homology and cohomology 
groups. 

(32.1) The pth Betti and dual Bettt numbers over J are finite and equal or 
else both infinite (II, 25.9d). 

When these numbers are finite, in particular for a finite complex, (32.1) 
gives the full content of (30.2) for the groups over the field J. 

(32.2) If the cycles y? , (¢ = 1, 2, --+ , r) are independent with respect to homol- 
ogy, there can be selected cocycles y?, , (j = 1,2, +++ , 17) such that 
(32.3) KI (v7 , 3) = 

For this is true for the classes (II, 25.9b), and so by (29.8) for y’, yp. 

(32.4) If the Betti numbers are finite and {y?}, {yi} are maximal independent 
sets (with respect to ~), then 
(32.5) | KI? , v3) | * 0. 

Since the I’? are independent, by (II, 25.9a) classes I’, may be chosen such 
that, 3 

| KIEL? , T5) | ¥ 0, 
which, in view of (29.8) yields (32.4). 
33. Returning to the duality theorem for finite complexes, in view of its 


importance, and also for later purposes, we shall indicate another proct based 


on the comparison of canonical bases (14). 
Let us pass from the bases {x?} for the integral chains to new bases {e}} 


by simultaneous transformations 
(33.1) = Pe? d? = {| AP? || unimodular. 


It will ssn to designate by Ap = || A}; || the matrix (A”)™, ie., such 
that A?'A,, = 6 (p unsummed). Since A, is also unimodular, 


(33.2) a’, = Nye, 


[6] DUALITY THEORY FOR FINITE COMPLEXES 123 


_is a simultaneous transformation from the bases {z+} to the new bases {e}}. 


If we let [z?*?:2?] = n?’, then: 
(33.3) Frft! = nP'x?, 
(33.4) Fai = 9? 'eh as, 


the matrix in (33.4) being the transpose of the matrix in (33.3). Using (33.1) 
and (33.2) we now obtain 


(33.5) FeP™ = gfe , 
(33.6) Fey = OP ebus, 
where ¢?7 = Nias nfA2’; again the matrix of (33.6) is the transpose of the ma- 
trix of (33.5). 
Bv an elementary calculation: 
(33.7) KI(e? , 5) = B(p)é}. 
In other words the index is invariant under simultaneous application of (33.1) 
and (33.2). 


Suppose in particular that (33.1) is the transformation to the canonical bases 
{a? , ---, ef} of (14) and let the corresponding new bases {e,} for the co- 
cycles be {ai,, -::, e>}. In other words if ¢? = a? , --- thene, = ab,---. 
Formula (14.2) specified the form of the diagonal matrix ¢?* of (33.5) so that 


(33.8) Fatt =0, FoRt=0, FP? =0, 
Fd?** = ¢?b?, Fe?* = a? . 
Applying (33.6) we have immediately 
(33.9) Fai =e54, Foi =thudiu, Fee =0, Fd, =0, Fe} =0, 
where ¢34, = ¢? , and 7 is not summed in (33.8), (33.9). 
Furthermore 
(33.10) KI (a? , a5) = +++ = KI(e? , es) = B(p), 


and all the other indices will be zero. Thus we have proved: 

(33.11) Ad the same time as the bases for the chains are reduced to the canonical 
form (14.2) those for the cochains may be reduced to the canonical form (83.9) 
with indices related as stated. Notice that in (33.9) the analogues of a? , ---, 
ef are ey, «++, a. 

34. The application to the duality theorem is immediate. Suppose that we 
have two groups of coefficients G and H for the homology and cohomology 
groups, respectively. Then the direct decomposition (16.9) and the result 
of (33.9) yield: 


(34.1) $°(X, G) & P(a*(t?)b?) & P(Gc?) x P(G{t? “]a?), 


124 COMPLEXES (III) 


(34.2) 6,(X, H) & P(Alt, 4:15) X P(e) X P(H*(t;)d5). 


Referring to (II, 20.12), or else directly if G = H = J, a field, we find that 
when (G, H) is a normal couple then G*(t?)b? and H[t)4:]d5 are dually paired 
with the Kronecker index as the group multiplication. Similarly each group 
in (34.1) is dually paired with one and only one of the groups in (34.2). Hence 
(II, 20.7, 33) ©’(X, G) and $,(X, H) are likewise dually paired with the Kro- 
necker index as the group multiplication, and this is (30.2). 


§7. LINKING COEFFICIENTS. DUALITY IN THE SENSE OF 
ALEXANDER 


35. The Kronecker index may be considered as the algebraic analogue of 
the intuitive concept of ‘multiplicity of intersection,” for instance of two 
plane curves, in geometry. Another closely related geometric concept is that 
of linking coefficient, of two curves C, D in a three-space @’, which describes the 
“algebraic”? number of times each twists around the other. We shall show that 
under certain conditions such numbers may be introduced in complexes, and 
as we shall see later (VII, 9) in certain topological spaces. 

Much of the argument will refer to jinite complexes which are (p — 1, p)- 
acyclic. Let X be such a complex, and (G, H) a normal couple. If y’” is 
a cycle over G and y, a cocycle over H, we have y” ~ 0 and so since G, H 
are division-closure groups y” | = FC” (17.2). Suppose also that y? = FC’, 
Therefore F(C”? — C’”) = 0 and C” — C”, being a p-cycle, is ~0. Hence 
by (29.6): 


(35.1) KI(C”, yp) = KI(C”, v9). 


Thus the index at the left is independent of the C? bounded by y’™, and its 
value is known as the linking coefficient of y’’, yp written Lk(y’", yp). One 
must keep in mind that it is only defined for 7” ', yp over a normal couple G, H. 

Since cycles and cocycles are dual categories X is also (p — 1, p)-acocyclic. 
This enables us to interchange their role and so define a linking coefficient 
Lk’ (y"", yp). However (29.3) yields at once Lk’ = (—1)”” Lk, so except for 
a fixed change in sign, their values are equal. 


36. The duality theorems which have been given so far relate merely the groups of a 
complex to one another. The linking coefficients will enable us to give full expression to 
duality theorems of a different type introduced by J. W. Alexander. They may be de- 
scribed at this stage, as relating under certain conditions the groups of a closed subcomplex 
to those of the complement. What is commonly known as Alezander’s duality theorem 
is a duality theorem for topological complexes immersed in spheres. However the general 
intent is always the same, and we shall refer to the whole class of similar propositions as 
‘duality theorems of the type of Alexander.”’ 


37. (37.1) THrorem. Let X be (p — 1, p)-acyclic and let X, be a closed sub- 
complex of X and G compact or a field. Then there subsists the isomorphism 


(37.2) BPX ? G) = HX, Xi ? G). 
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If y’ is a cycle of X mod X,, 6” > = Fy’ is an absolute cycle of X:. Here F 
is the boundary operator for X itself. Thus F induces a homomorphism: 
B’(X, X1, G) 3” '(X1,G). Supposey?~ 0 mod X;. Since Ghas the division- 
closure property, y? = FC’*’ + D”, D? C X;, and hence 6” * = FD”, or 8?" ~ 0 
in X,. Therefore F maps §?(X, X:1, G) — §” ‘(X1, G) and hence (II, 5.4) F in- 
duces a homomorphism ¢: §°(X, Xi, G) > 6” “(X:, G). To prove (37.1) we 
merely need to show that ¢ is an isomorphism. 

(a) yisa mapping of $°(X, X;, G) onto S$” *(X1,G). Since X is acyclic in the 
dimension p — 1 and G is a division-closure group every 6” * is an Fy’, so (a) 

holds. 

(b) y is univalent. It is required to show that Fy? = & '~0inXi7y7" ~0 
mod X; in X. Since G is a division-closure group if 8’ ' ~ 0 in X, there is a D” 
in X, such that 5” > = FD? and asa consequence y’ — D” is a cycle of X. Since 
X is acyclic in the dimension p we have y” — D’ ~ 0 in X or y’ ~ 0 mod X; 
in X which proves (b). | 

The group G may be compact or else a discrete field. Suppose G compact. 
The groups © over G are then compact also. By (a), (b) ¢ is a mapping which 
is an isomorphism in the algebraic sense of one compact group into another. 
It follows that ¢ is topological and hence it is an isomorphism. When @G is 
a discrete field the groups © are finite-dimensional vector spaces, hence discrete 
and so ¢ is again an isomorphism. This proves (37.1). 

38. Let again G, H be anormal couple and (Xo, X1) a dissection of X. If 8” 
is a cycle of X:, we have 6°’ ~ Fy’, y” a cycle of Xo. We may therefore in- 
troduce Lk(s”’, y,) and we have 


(38.1) KI(y?, Yx) = Lk(8?", yp) = Lk(Fy’, v2). 
It is obvious that, Lk takes a fixed value when 6”~’, y, vary in fixed classes A”, 


Tr, of X; and X , and this value is by definition the class linking coefficient 
Lk(A”™’, I',). From (37.2) we deduce: 


(38.2) KI(r?, Tp) = Lk(A?“, I,) = LkK(FI”, I5), 


where FI’ denotes the homology class of Fy” in X:. From the duality theorem 
(30.2) and (38.2) follows then: 


(38.3) Duatiry THEOREM. Let X be (p — 1, p)-acyclic, and let (Xo, X1) 
be a dissection of X, with Xo open and X, closed. Given any normal couple (G, H) 
the groups ° '(X1, G) and (Xo, H) are dually paired with the class linking 
coefficient as the group multiplication. 


(38.4) OBvious REMARK. In (38.3) the two groups G, H may be inter- 
changed. 

Coupling (38.3, 38.4) with (30.2) for X1 we find: 

(38.5) Under the same conditions as in (38.3) we have Hp-1(X1, G) = Hp( Xo, G) 
for any G which is compact, discrete or a field (Kolmogoroff {b]; see Alexandroff [f]). 
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In the special case where G = H = a field of characteristic r we have: 
(38.6) Under the same conditions as in (88.3): 


(38.6a) R’"(X1, 7) = R(X, 7): 


39. We shall now consider certain important related special cases. 

(39.1) X is acyclic. (38.3) holds then for all p. 

(39.2) X is simplicial and zero-cyclic. Then (38.3) holds for p > 1. Since 
X is zero-cyclic, it is connected, and a zero-cycle y’ ~ 0 in X when and only 
when KI(7°) = 0 (20.10). 

The homology classes of the zero-cycles in X, which are ~0 in X form a sub- 
group '9°(X1, G) of S'(X1, G), and the same argument goes through as before 
provided that $°(X1 , G) is replaced by '6°(X1, G@). Now if 7’ is any zero-cycle 
of X,, and if A; are vertices one on each component of X,, then (20.7a): 


y ~ g' Ay = KIQ’)Ai + g'(Ai — Ar) = KI(y)Ar + 8, 
where KI(s°) = 0. Since A; ~ 0 in X, if I” is the class of A; then 
'O'(X1, G) = G(X, @)/Er". 


Thus in (38.3) in the present instance 6°(X,, G) must be replaced by §°(X1, G)/ 
GY°. In these and similar expressions later GI” represents the subgroup of 
the classes of the cycles gA,. 

(39.3) X is stmplicial, n-dimensional, and (0, n)-cyclic. Suppose first n > 1. 
For 1 < p < n, the situation is as under (39.1), and for p = 1 as under (39.2). 
Let p = n. Since dim X = n and X is n-cyclic: H"(X, G) = Gyo , where yo 
s a basic integral n-cycle and so (37b) must be replaced by 


(b’) (6° * ~ Oin X) > (y” ~ gvé mod Xi in X). 
As a consequence in place of (37.2) we have, if Io is the class of y¢ (basic class): 
(39.4) H"(X, Xy ’ G)/GT> = "(X4 ? G), 


and the factor-group at the left must replace 6"(X, X1, G). : 

Finally if m = 1, we must combine the operation under (39.2) with the one 
just described and as they cancel, (38.3) is applicable as it stands. 

To sum up we may state: 

(39.5) Theorem (38.3) is valid when X ts: (a) acyclic for all dimensions p; (b) 
zero-cyclic and simplicial for all p, provided that S(X1, G) is replaced by 
$°(X1, G)/GY°, where I” is the class of a vertex of X1; (c) (0, n)-cyclic and simplicial 
for all n provided that $°(Xi , G), 6"(X, X1, G) are replaced by $°(X,, G)/GT", 
H"(X, X1, G)/GTo , except that (38.3) applies as it stands for n = 1. 

(39.6) The explicit Betti number relations are: 

(a) X acyclic: (38.6a) for all p; 

(b) X simplicial and zero-cyclic 


R?"(X1, 7) = Rp(Xo, 7) + 8? . 
(c) X simplicial, (0, n)-cyclic and dim X = n: 
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R’"(X1, 7) = R,(Xo, 7) + 6? — 82. 


For Betti numbers mod 2 the last formula is the analogue for complexes 
of Alexander’s original result for manifolds. | 


(39.7) ExaMPLEs. An augmented closed n-simplex, in the sense defined later in (42) is 
acyclic (42.6), and so (38.3) is valid for such a complex and all p. The ordinary closed 
n-simplex is zero-cyclic and falls under (39.2) (second case of 39.5). Finally Bo**!, n > 0, 
is (0, n)-cyclic and n-dimensional, thus falling under (39.3) (third case of 39.5). 


§8. HOMOLOGY THEORY OF INFINITE COMPLEXES 


40. In endeavoring to carry over to infinite complexes the theory developed 
so far, serious difficulties arise in defining groups 8, §, of any sort, unless the 
complexes are at least star- or closure-finite. The simplest situation is of course 
when they are locally finite. Fortunately these types include ali the types 
of interest in topology and certainly all those for which any general results are 
known. We shall therefore confine our attention to star-, closure-, and locally 
finite complezes. 

Let then X = {2} be infinite and of one of the three types just mentioned. 
This time we may introduce two kinds of chain- or cochain-groups: 

6?(X, G) = P(Gzx?), the group of the infinite chains over any G; 

€?(X, G) = P’(Gz?), the group of the finite chains over a discrete G; 
and the similar cochain groups G©,(X, G), @5(X, G@). 

Referring now to (II, 8.4) we have the following situations. 

(a) X ts star-finite. Then F defines for every p and G a chain-homomorphism 
C(x, G) - CW (X, G). When G is discrete F defines in addition homomor- 
phisms @) (X, G) > Gra1 (X, G). 

(b) X 7s closure-finite. The situation is the same for X* as previously for X, 
i.e., with cycles and cocyles interchanged. We have then homomorphisms of 
the groups of finite chains over a discrete G and in addition F defines homo- 
morphisms @,(X, G) > @,4:(X, @) (any G). 

(c) X is locally finite. Then F defines the four types of homomorphisms con- 
sidered under (a) and (b). 

We notice also that when G is a discrete field all the groups © under discussion 
are vector spaces and so they fall under the fundamental convention (II, 22.2) 
for such spaces. 

In any one of the three cases just considered the groups 3 may be defined as 
in (7, 8, 9) and likewise the groups © as the factor-groups § = 3/$ (§ = % 
for the groups of finite chains). We may therefore state the comprehensive 


(40.1) TuzorEM. When X is star-finite [closure-finite] the homology [coho- 
mology] groups of the infinite cycles [cocycles] of X over any G may be introduced 
in the same manner as for finite complexes. When X is locally finite this holds 
for both the infinite cycles and cocycles. In all three cases this holds also for the 
finite cycles and cocycles over a discrete G. 
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COMPLEMENTARY REMARKS. (40.2) We call attention to the fact that many 
definitions given for finite complexes are directly applicable to certain infinite 
complexes. In particular: 

(a) When X is star-finite we may introduce as before the following concepts: 
dissections and related groups for infinite eycles (23), the cyclic or acyclic types 
of (21) corresponding to infinite cycles, and also the circuits of various kinds 
(24) which are now described in terms of groups of infinite n-cycles. 
infinite n-cycles only. 

(b) When X is closure-finite the dissections and the cocyclic and acocyclic 
types may be introduced. 

(c) When X is locally finite there may be introduced all the concepts men- 
tioned under (a) and (b). 

(40.3) Suppose G compact. Then if X is star-finite the groups of infinite 
chains @?(X, G), 8°(X, G), §”(X, G) which may then be introduced are all com- 
pact: the second as a closed subgroup of the first, and the third as the image of 
6?*'(X, G) under F. As a consequence $’(X, G) is closed in G(X, G), or 
T°(X, G) = F(X, G). Hence $(X, G) = B?(X, G)/8"(X, G) and it is also 
compact. Similarly of course for a closure-finite X and the groups @,, 3», 
Wp, O; | 

(40.4) When G is a linearly compact field the groups, ©, 3, § are linearly 
compact and the same argument goes through as is seen by reference to (II, 
27.2,---, 27.5). The groups © = 3/% are found this time to be linearly compact. 

(40.5) Betti numbers. They are defined in the same way as before, as the 
dimensions of the vector spaces 6°(X, J) or 5,(X, J), J a discrete field. We 
may notice here and now that the universal theorem for fields (17.8) 1s valid for 
the case under consideration. For 3°(X, J), %’(X, J) are spanned here also by 
BP(X, +), &’(X, mw) and so the asserted property is a direct consequence of 


(II, 36.8). 


(40.6) Alternate definition of the homology groups. Let X be star-finite. Besides the 
topologized homology group $? = 3°/3%” one may consider the purely formal algebraic 
factor-group ©? = 8?/§" (or even more generally 5? = 8?/'§? where ‘J? is a subgroup of 3? 
such that §? C'§? C §?). This would amount to taking ©? untopologized. As stated in 
(40.3) nnd (40.4) the two concepts are algebraically equivalent when G is compact or a 
field. Jn other cases, however, (for instance for integral chains) it may very well happen 
that %? =~ %> and that also 3°/}?, 3”/}? are essentially different. The latter and likewise 
the group §?/%? (taken discrete) have been considered recently to advantage by Eilenberg 
[a] and Steenrod [b] (Appendix A). 


(40.7) Universal coefficient-groups. It has been proved by Cech [d] that the 
group of the integers is universal for the homology groups of the finite cycles 
of a locally finite complex. A complete description of all the groups of such > 
complexes has just been obtained by Eilenberg and MacLane [a] (Appendix A). 


(40.8) The analogue of the question considered in (23.3) is of interest later. We suppose 
X infinite, ¥ a finite closed subcomplex and consider the groups of the cycles of Y overa 
discrete G reduced with respect to bounding in X. Here again we readily arrive at (14.2) 
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for a single dimension p, except that the (p + 1)-chains in (14.2) are to be replaced by 
finite cycles of X mod Y. Let par denote the system thus obtained. Let also M be a 


finite closed subcomplex of X which includes Y and all the d,?*!, e;?*!. If we reduce the 


cycles of Y with respect to bounding in M we still obtain > , for we have already utilized 
all the relations of bounding in M. Similarly: if M is replaced by any other closed finite 


subcomplex M, > M. Since the groups in question for any G depend solely upon >» ; 
(23.3), the groups of Y reduced with respect to bounding in M and M, must be the same. 
From this we conclude that the groups relative to bounding in X and M are the same. 
For otherwise Y must contain a cycle y? ~ 0 in X but * Oin M. Hence if y? = FC?*!, 
C+) finite, and M, is any finite closed subcomplex containing M and C>?*!, the reductions 
relative to bounding in M and M, cannot yield the same groups, a contradiction proving 
our statement. We conclude then: 

(40.9) If Y is a finite closed subcomplez of the complex X, then the homology groups of the 
cycles of Y reduced relative to finite bounding in X are the same as those reduced relative to bound- 
ing in a certain finite closed subcomplex M containing Y. Hence in varticular the remarks of 
(23.3) are applicable to the groups in question. Thus they have finite Betti numbers and the 
group of the integers is a universal coefficient-group (18). 


41. Duality. Let X be star-finite, and G, H commutatively paired toJ. We 
consider the group @’ of the infinite chains over G. Since X is star-finite we 
may introduce the infinite cycles over G; they form a subgroup 3° of @, 
likewise the infinite bounding cycles over G with group §” C 8”. Therefore the 
homology groups of the infinite cycles over G are ? = 3°/§?. 

Regarding the cocycles, since X need not be closure-finite, only finite cocycles 
may be allowed, and groups over a discrete H: ©, , 35,95, 5 = 35/83. 

It is hardly necessary to observe that the index KI(C’, C,) may be defined 
as in (28).. Indeed it may even be defined when both C’, C, are infinite (H being 
then any topological group) provided that they have a finite number of crossings. 

When X is closure-finite the situation is the same with cycles and cocycles 
interchanged. 

We are now in position to state 

(41.1) The properties of the Kronecker index given in (29) are valid for infinite 
cycles [cocycles] and finite cocycles [cycles] in a star-finite |closure-finite] complex X. 

For the proofs loc. cit. apply without modification. 

We may now repeat for X, and also for X* when X is closure-finite, the 
argument of (30) and thus obtain 


(41.2) DUALITY THEOREM FOR STAR- OR CLOSURE-FINITE COMPLEXES. When 
X is star-finite [closure-finite] the infinite cycles [cocycles] and the finite cocycles 
[cycles] are dual categories. When X 1s locally finite both types of dual categories 
are present. 


(41.3) Linking coefficients. The full argument and definitions of (§7) may 
be extended to locally finite complexes, and in particular: 


(41.4) Turorem. The duality theorems (38.3, 39.5) of the Alevander type, 
hold for locally finite complexes. 7 
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REMARK. We shall return to infinite complexes in (VI, §6) when we shall 
apply to them the powerful method of nets and webs. 


§9. AUGMENTABLE AND SIMPLE COMPLEXES 


42. Let K = {o} be a simplicial complex, {A;} its vertices, {A‘} their duals. 
Upon examining the argument in (5.1) we readily verify that K does not cease 
to be a complex if we increase it by a new null-simplex ¢ such that: (a) ¢€ is a 
face of every o; (b) dim e€ = —1; (c) [Aiie] = [e:A;] = 1, [072 €] = [e20"] = 
forp > 0. The complex K, = K u « thus obtained is said to be K augmented 
(A. W. Tucker [{a]). The chief differences between K and K, are embodied in 
the properties: 

(42.1) A finite zero-chain C° is a cycle of K, when and only when its Kronecker 
index KI(C*) = 0. 

For in K, we have FC’ = KI(C’)e. 

As a noteworthy special case: 

(42.2) The differences A; ~— A; are integral zero-cycles of Kq but A; ts not. 

Let {K;} be the components of K and B; a vertex of K;. A one-chain C’ 
of K is likewise one of K, , and whether considered as in K or K, its boundary 
FC’ is the same. It follows that (20.7) holds for K, and finite chains. If 7° 
is a zero-cycle of K, we have KI(y°) = 0 and hence by (20.7a): 


(42.3) vy’ ~ 9 (Bs — Bi) + KI(y’)B, ~ g'(Bi — Bi). 
By (20.7b) also 
g'(B; ~ Bi) ~ 0 g' = 0. 
From this we deduce the analogue of (20.8) for K,: 
(42.4) §'(Ka, G) & G°(K, G)/GBi, 


where for simplicity B, is identified with its class. As a special case of (42.3) 
if K is connected 7° ~ 0, and hence: 

(42.5) If K 1s connected then Ka 1s acyclic in the dimension zero. 

(42.6) (Cl o”)a ts acyclic and (Bo"), is (n — 1)-cyclic (22.2, 22.4, 42.5). 


(42.7) | R°(K) = R°(Ka) + 1, (42.4). 


43. Let now X = {x} be any closure-finite complex with dim x 2 0. Is it 
possible to ‘‘augment” X, i.e., to increase it by a (—1)-dimensional element e, 
which is to be a face of every x, and with incidence numbers \; = [aie] = 
{e:2y] not all zero and [z?:«] = [e:z”] = O for p > 0? If so X is said to be 
augmentable and the new complex X, = X u ¢€ is called X augmented. In order 
that X, be a complex it must fulfill conditions K1234 of (1), or which is equiva- 
lent, its dua! X7 must fulfill them. The first three are automatically satisfied 
and so only K4 is in question. By (8.3) it reduces to requiring that if e* is the 
dual (one-dimensional) of «, then FFe* = 0. Since [xj:e] = [e*:29] = As, this 
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is equivalent to requiring FA;z5 = 0, i.e., that yo = d,zi be an integral zero- 
cocycle, a result due to Tucker [a]. The particular zero-cocycle arising in the 
augmentation is called the fundamental zero-cocycle, and we shall say that “‘X is 
augmentable, or augmented, with fundamental zero-cocycle yo .”’ 

44. All the possible modes of augmenting X correspond to its different non- 
trivial integral zero-cocycles, i.e., to the nonzero elements of 3o(X). Since 
dim X* < 0: Bo(X) = Go(X) (27.6a). Hence the integral zero-cocycles form 
a free group of rank Ry) = R°. Therefore 

(44.1) A n.a.s.c. for augmentability is that the Betti number R° ¥ 0. Each 
mode of augmenting is uniquely determined by an integral zero-cocycle yo = d;20, 
and in Xe = Xue = (xg: ]. 

An equivalent condition of augmentability is FFC’ = 0 for every finite chain 
C’ over Gin X,. If FC’ = g'z} this yields as n. a.s. ¢.: 


(44.2) dg’ = KI(FC’, y) = 0, 


where the index is an element of G. Therefore 

(44.3) The n.a.s.c. for augmentability in (44.1) is equivalent to requiring the 
existence of a non-trivial integral zero-cocycle yo such that KI(FC’, yo) = 0 for all 
finite C’. 

45. Suppose X augmented and with the fundamental zero-cocycle yo. If Y 
is a closed subcomplex of X we may write yo = yo + yo where yo is in Y* and 
vo has no element in Y*. We shall say that Y* meets y) when yo ¥ 0, and we 
shall call yo for the present the intersection of Y* with yo. Since yo is a cocycle 
of Y we have: 

(45.1) Let X be augmentable with fundamental cocycle yo. Then every closed 
subcomplex Y such that Y* meets yo is also augmentable and with a fundamental 
cocycle yo which is the intersection of yo with Y*. 

When Y is finite and augmentable as stated it may be augmented with y as 
fundamental cocycle. We shall denote in any case by Y, the new augmented 
complex Y u e, when v0 # 0, and Y itself when yo = 0. Notice that Y, may 
depend a priori upon the cocycle yo chosen as fundamental for X. In fact the 
significance of the choice of yo.as fundamental cocycle lies in a sense in that it 
provides a uniform procedure for augmenting the finite subcomplexes of X. 

46. Returning for a moment to the simplicial complex K, let 6 = >, A’. 

If C° = g'A; , we have 


(46.1) > g' = KI(C*, &). 


Therefore the Kronecker index as a sum of coefficients is in fact also a ‘“‘chain- 
cochain” index. Furthermore if FC’ = g‘A;, C’ finite, 


(46.2) > g = 0 = KI(FC’, &). 


Therefore K is augmentable with yo = 6), 1.e., with unity as the new incidence 
numbers [A;:«]. This is precisely the way in which K, has been obtained in (42). 
We also know that if K is connected, R° = 1, so that all the zero-cocycles are 
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of the form gé). Therefore when K is finite and connected it can only be aug- 
mented in essentially one way and with incidence numbers dr, all equal. Their 
common value A is the only “indeterminate” in the augmentation. 

Referring also to (28.8) we have the following noteworthy interpretation for 
KI(C*): it is the number of weighted crossings of C° with the cocycle 6 . 

47. The preceding properties suggest the following extension of simplicial 
complexes: 


(47.1) Derinirion. <A complex X = {x} is said to be simple whenever: (a) X is 
closure-finite; (b) X 1s augmentable and this with a fundamental zero-cocycle which 
in a suitable orientation of X is given by yo = >, xo ; (c) every (Cl x), ts acyclic. 


We agree first of all to orient X so that y. = >, 25. Then in X the Kronecker 
index KI(C*, yo), C” finite, is the sum of the coefficients of C*, and it will be 
denoted once more by KI(C*). 

Notice that when X is simplicial with vertices {A,;} then y = >, A‘. Thus 
for a simplicial complex the fundamental cocycle in the sense of (25.3) is the same 
as the fundamental cocycle of (47.1). 

If X is simple and Y is a closed subcomplex of X, then X — Y is called an 
open simple complex. By contrast X or Y are also called closed simple complexes. 

How close the approximation is to simplicial complexes is attested by the 
following properties: 

(47.2) Simplicial and polyhedral complexes are simple. 

For simplicial complexes it is a consequence of (44). For polyhedral com- 
plexes the proof will be given later (1V, 28.2). 

(47.3) Every closed subcomplex of a simple complex is simple. 

(47.4) When X is simple every p-element has at least one (p — 1)-face, hence at 
least one vertex, and every one-face has two vertices (Whitney [d]). 

Suppose Fx” = 0, p > 0. Then 2’ is a p-cycle of (Cl x),, hence z” ~ 0 in 
(Cl x), , and since both have the dimension p, x” = 0, which is absurd. There- 
fore Fx” ¥ 0, so that x” must have at least one (p — 1)-face, and therefore step 
by step it is shown to have at least one vertex. 

Suppose that z’ has only one vertex x so that Fx’ = gz’. Since (Cl z'), is 
augmented, KI(Fx’) = g = 0, hence again x must be a cycle which we have 
just ruled out. Suppose on the other hand that x’ has three vertices x} , 12 , 23. 
Then x; — x2 and 2; — 23 are cycles of (Cl z'), and hence 2; — 22 = gFr', 
ti — «23 = hFz', where g, h are distinct nonzero integers. As a consequence 
h(x — 22) = g(t; — 23), 9 = h, x2 = 23 , a contradiction. 

(47.5) When X is finite and satisfies (47.1b) then ‘‘X ts zero-cyclic” and “X, is 
slau are equivalent. Henee in (47.1) wey (Cl x)a as acyclic’ may be replaced 
by “every Cl x ts zero-cyclic.”’ 

Let X be zero-cyclic and let C° = g'z} be a zero-cycle of X,. Then in 
Xa:FC’ = 0 = KI(C’). Since X is zero-cyclic 21 — gx; ~ Oforsomeg. Hence 
KI(x} — gz?) = (1—g) =0,g=1,a1-—23~0. Hence C’ = C’ — KI(C)x} = 
g(x} — x3) ~ Oin X and hence also in X,._ Therefore X, is acyclic. The con- 
verse is immediate. 
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(47.6) A one-dimensional simple complex X’ is simplicial. 

By (47.4) X° has the ordering relations of a simplicial complex. Let A, B 
be the vertices of x. If Fx' = gA + hB we have KI(Fzr') = g +h = 0, 
g = —h, Fr’ = g(A — B). Also by (47.5) A ~ kB, or A — kB = Fmz' = 
mg(A — B). Hence mg = 1, g = +1. Therefore [z':A] = —[x':B] = +1. 
Thus 2’ has the incidence numbers of a simplicial one-complex and (47.6) follows. 

(47.7) Properties (20.5, --- , 20.10) hold for a simple complex, provided that the 
zero-dimensional homology groups and Betti numbers are those of the finite zero- 
cycles. 

For the elements of X are all connected with those of its one-section X* which 
is simplicial, and the proof of (20.5) refers solely to X° and its finite zero-cycles. 
— (47.8) When X ts connected and simple all the modes of augmenting X are 
essentially unique, in the sense that all the possible fundamental cocycles are merely 
the multiples of a single cocycle (Whitney [d]). 

For by (41.2) Ro = RY = 1. It follows that every integral cocycle & = 
> Aid is a rational multiple of yo = >) az , and hence it is an integral multiple: 
& =A) 2. 

(47.9) Properties (42.1, --- , 42.5, 42.7) hold for any simple complex X. 

For they depend solely upon the one-section X’ of X and X° is simplicial 
(47.6). 

(47.10) When X is simple, (8x"),, p 2 1, is (p — 1)-cyelic, and all tts (p — 1)- 
cycles are of the form gF x’. 

For p > 1 this follows from (21.4, 47.5), and for p = 1 from the fact that x! is 
a simplex (47.6). 


CHAPTER IV 
COMPLEXES: PRODUCTS. TRANSFORMATIONS. SUBDIVISIONS 


The title gives sufficient indication of the ground covered in the chapter. 
There are two basic types of transformations: those of a complex as a set of 
elements, and certain homomorphisms of the chain-groups, the chain-mappings. 
The latter are of fundamental importance in the sequel, and their properties are 
similar in many ways to those of point set mappings. Thus one may introduce 
a very useful concept of chain-homotopy, classify chain-mea»vpings with respect 
to this relation, etc. | 

While the treatment is mainly developed for finite comp’cxes, the modifica- 
tions required for infinite complexes are discussed in full in (§6). 

General references: Alexandroff-Hopf [A-H], Hopf [a], Kiinneth [a], Lefschetz 
[L, I, V; e, f], Tucker [a, c]. 
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1. Let X, Y be two complexes. With Tucker [a] we will turn the product 
{a?} & {y%} into a complex to be called the product of X by Y, written X X Y, 
in the following manner. For convenience the elements of {z?} x {y%} are 
written +? & y$. Then: | 

(a) v xX y <xxK yer’ <axzandy’ < y; 

(b) dim(z XK y) = dim x + dim y; . 

(c) [eX y:a’ X y) = [wiz]; [eX ye XK y') = (— 1)? [ysy); 
the incidence numbers that are not of one of these two forms are all zero, 
by definition. 

Of the four basic properties Kl] --- 4 of (III, 1), all but the last are trivially 
verified; so K4 alone requires proof. Given z X y, x’ X y’”, there is at most 
a finite number of elements x’ X y’ (we do not exclude z’ = vorz”’,y = y 
or y’’) such that 


(1.1) [x K y:z’ X y'|-[e’ K y's2" Ky’) = 0. 


We may assume in fact that 2” X y’’ < x X y, and then the only two cases 
requiring verification are: 
(a) x’ = z,orelsey’’ = y. The verification of K4 reduces then to the same 


for X or Y. 

(8) dim x” = dimz — 1, dim yy” = dim y — 1. The only elements 2’ X 1/ 
to be considered are x X y’”’ and x” XK y. Thesum of the corresponding expres- 
sions (1.1) must be zero, i.e., we must have: 

(x x yi x y” [x x yl sa!" x y!"] ef (x x yal x y\[a”’ « yz!" x y""] = (), 
By (c), together with dim x” = dim x — 1, this reduces to (—1)"™"[y:y"][z:2""] 


+ (-1)9"*"[e:2"l[y:y”] = 0. Therefore X X Y is a complex. 
134 : 
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(1.2) Remarx. The choice of the factor (—1)""™” in (c) is solely on grounds 
of expediency. By examining the rectangle as product of two segments the 
reader will quickly convince himself that some such factor is needed if the 
orientations of the elements are to behave in accordance with the rather natural 
rules for polyhedra given in (III, 6.4}. This will be brought out more fully in 
connection with the product of polyhedra (3). 

(1.3) Product of any finite number of factors. Consider first (X1 X X2) X Xs 
and X,; X (X2 X Xs). Their elements are the same and so are their ordering 
relations and incidence numbers. Hence the two products coincide and are iso- 
morphic. We identify them (a convenient procedure followed in similar cases 
later) and designate the complex thus obtained by X; X Xz *X X3. The product 
X1 X +--+ X X,, is defined by an obvious recurrence. 

Let now X, Y be disjoint and compare X X Y with Y X X. Their elements 
are once more the same and with the same ordering relations. If we set 


(1.4) a(t X y) = (—-1)"7 9", 


then we verify that the incidence numbers in Y X X are such that it is merely 
X X ¥Y reoriented by a(x X y). 

(1.5) Identical factors. The product of n factors equal to X is written some- 
times X”. Itis to be noted that while the product of n elements 21 K --: X 2, of 
X is associative it is not generally commutative. Thus generally 1 XK x ¥ 
te X %. 

2. The following properties are direct consequences of the definitions: 


(2.1) St(z X y) = Btaz X Sty; 
(2.2) Clix K y) = Cla X Cly; 
(2.3) Bix X y) = Br X ClyuClz X By. 


(2.4) The product of two open [closed] subcomplexes of X, Y is an open [a closed] 
subcomplex of X X Y (2.1, 2.2). 

(2.5) When X, Y are both star-finite [closure-finite and hence when they are 
both locally finite] so is X XK Y (2.1, 2.2). 

(2.6) If X, Y are reoriented by the orientation functions a(x), a’(y) then X K Y 
as reoriented by the orientation function a(x K y) = a(a)a’(y). 

(2.7) Duals. Let us denote temporarily by x*, y*, (x X y)* the duals of 
x,y, x X yin X*, Y*, (X X Y)*. From the incidences we find at once that 
(x X y)* — x* X y* defines an isomorphism of (X X Y)* with X* xk Y*. It 
will be convenient therefore to identify the two complexes so that (x X y)* = 
x* X y* and we will then have the relation 


(2.8) (X x Y)* = X* x ¥*. 


Thus the dual of 2? X y{ will be x, X y/, and (X x Y)* = {x} X yj}. 

(2.9) The components of X X Y are the products of those of X and Y. Hence 
af X and Y are connected sois X X Y. 

Referring to (III, 2.3) and to (la) a n.a.s.c. for « & y and x’ X y’ to be in 
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the relation R, in the sense of (III, 2.3), is that this holds for z, 2’ and for y, y’. 
In other words, x X y and x’ X y’ are in the same component of X X Y when 
and only when 2, x’ are in the same component of X and y, y’ in the same com- 
ponent of Y. This is essentially (2.9). 

3. Products of polyhedral complexes. It will be sufficicnt to consider a 
product of two polyhedral complexes II; = {E?;}, 1 = 1, 2. We have on the 
one hand the topological product of polyhedra |T| X | IIz|, on the other 
hand the product of complexes Il; X Iz. We prove: 

(3.1) Tl, X Tz is a polyhedral complex whose polyhedron |Th, X Ik| = 
|T,| X | Wel. , 

This provides the best possible justification for the product convention of (1). 

Proor oF (3.1). 

(3.2) If 2, Q are bounded convex regions in the Euclidean spaces &", &”" then 
Q xX O! is a bounded convex region in E" K CE” (proof elementary). 


(3.3) BQ XK 0’) = BQ XK Y uO K BA’ (I, 12.5). 


If we combine (2.3) and (3.3) we find by an elementary induction on the 
dimension that 

(3.4) {E?, < E%;} are the cells of a polyhedral complex II such that || = 
| Th tox | IIe |. 

The complexes II, 1, Tz consist of the same elements with the same assign- 
ment of dimensions and incidences. Hence to prove (3.1) it is sufficient to 
show that 

(3.5) The incidence numbers of the elements in Il and 1 X Mk are the same. 

(3.6) Let ©” be an Euclidean space referred to the coordinate system 
{21, °*: , Lm} and let its characteristic be e” (III, 6.3). The subspace &””: 
tp = Ohas the coordinate system {2%1, +--+, Zp-1, Tpt1, °°", 2m} and with a char- 
acteristic, say «” . Let &’”, G’” be the two regions rt, > 0, z» < 0. We 
modify the convention of (III, 6.3) in that we now define the incidence num- 
bers as: 


(er: ] on —(E"":E" |] a (—1)? "7c". 


Under our original convention we should introduce a new coordinate system 
{a1 , °*:, tm} for &™ such that: 2, = 1,1 < pit = Liar, 1 > Pj Im = Zp, 
whose characteristic for €” is (—1)""”"' e”. Hence we would have [€’": €"”"] 
= (—1)"?te"e"". One sees readily, however, that this does not modify 
the argument of (III, 6.5), and the present convention is more convenient for 
our immediate purpose. 

(3.7) Let ©” be a second Euclidean space with coordinates {y1, °°: , Yn} 
and characteristic e". Then &” X G" is an G”*” with coordinates {m1, ---, 
Im, Yt, °** > Yn} and characteristic e"e". Let also g"*, G" be analogues 
of "7, &’" relative to y,. Then again” X &", @” X EG" and E” X ‘ag 
&" x G&’" are similar pairs for zp, Yq relative to €” X €". Their incidence 
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numbers are given by: 
(3.8) . [(e’™ « G":E"" x E"] = [C'":E"), 
(3.9) [e" x GE" x GY] = (-1)"(C'":E"].. 


The incidence numbers for II calculated by means of (3.8, 3.9) and the rule 
of (III, 6.4) being those of TI < Tz , (3.5) follows and so (3.1) is proved. 

4. The joins of simplicial complexes. It is readily seen that the product of 
two simplicial complexes is only simplicial in the trivial case when their di- 
mensions are zero. ‘This is already apparent in the property that the product 
of two segments is a rectangle and not a triangle. A substitute operation, the 
join, will have the advantage of preserving simpliciality. 

(4.1) Let K = {eo}, L = {f£} be two simplicial complexes and let K., Le 
be K, L augmented by the same (—1)-element e (the null-simplex). It is 
convenient to introduce also the formal joins ce, es which we define as ce = 
es = o. Similarly fe = ef = ¢. | 

Consider now the following sets of joins: 


= {of}, KoL ay {of} u L, 
KL, = {of} u K, KL. = {of} uKuLue. 


We call KL, --- the join of K and L,---. If weset M = {of} u Ku L, then 
M is a closed simplicial complex, and hence KL, K.L, KL, are open simplicial 
complexes, while Kala = M. = an augmented simplicial complex. 

(4.2) Let ’K, --- denote the weak isomorphs of K, --- obtained by raising 
all the dimensions one unit. Then we quickly verify: (KL) &’K xX 'L,---, 
'(Kalia) & 'Ka X 'La. Thus if we raised all dimensions one unit we could 
replace the joins by products. 

(4.3) Let K., L. be finite Euclidean complexes situated, respectively, in 
&”, G" and let K, L be the simplicial companions with the same vertices such 
as in (III, 6.12). If re K., ye L, the segments zy in €" X ©" generate an 
Euclidean complex whose simplicial companion augmented is K,La. This 
provides a good geometric illustration for the Join Kala. Similar configura- 
tions related to Kol, KL, , KL are generated by zy — 2, xy — Y; ry —- 2 — y. 
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5. In this section the restriction is imposed that all the factor complexes 
X, Y, --> are star-finite. As a consequence their products will be likewise 
star-finite (2.5), and so the boundary operator F will have free scope throughout. 

The natural definition of chain-products for two complexes X, Y requires 
that the chains of X, Y be taken over two groups G, H commutatively paired 
to a third J. Given then two chains 


(5.1) Pagar, geG, gn =h’yj, h’ ed, 
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their product is by definition the (p + q)-chain of X X Y over J 
(5.2) eX gt = hin? X yf. 


Since G, H are paired to J their isomorphs Gz? , Hy{ are paired to Ja? X yf 
& J under a multiplication such that the product of gz? by hy} is gha? X yj. 
Hence by (II, 16.1) the chain-groups @ (X, G) and €(Y, H) are paired to 
gtx x Y, J) by the multiplication given loc. cit. If the product of & by 
n’ is written & X 7", this multiplication is precisely (5.2). Therefore 

(5.3) The product of chains defined by (5.2) is a multiplication pairing the chatn- 
groups G(X, G), GY, H) to @""(X X Y, J). 

From the assigned incidence numbers there follows: 


(5.4) F(a? X y3) = (Fa?) X yf + (—1)’2? X (Fy) 


and therefore: 
(5.5) The boundary relation for the product is: 


(5.6) F(é? X n*) = (Fe) X n° + (-1)?8? X (Fn’). 
Denote cycles of X, Y by y, 6 and their classes by I, A. We have at once 
from (5.6): : 


(5.7) y? X & is a (p + q)-cycle. 

Thus in other words the multiplication (5.3) pairs 3°(X, G), 3°(Y, H) to 
3BP"(xk x Y, J). 

(5.8) y? or & ~ O77 XK & ~ 0. 

For if say y? = Fe", by (5.6): 7? X 6" = F(é?™ X 8), and hence 7” X & 
for 6 fixed, maps %°(X, G) > §°""(X X Y, J). Since the multiplication is 
continuous it maps also §?(X, G) > §’*(X x Y, J). Similarly with X, Y 
interchanged, and this is (5.8). 

(5.9) y? eI”, &@ eA’ > 7” X & lies in a fixed homology class called the product of 
T?, A? written Y” X A‘, and this product defines a multiplication pairing °(X, G), 
SY, H) to SX xX Y, J) (5.8; II, 15.6a). 

(5.10) While we have allowed infinite chains everywhere, everything that 
precedes continues to hold if the chains are restricted to being finite. The groups 
are then groups of finite chains throughout. 

(5.11) Assuming X, Y disjoint let X X Y be replaced by Y X X. Under 
our convention (1.3) this is equivalent to reorienting X X Y by means of (1.4). 
Let us agree to designate by n* X ” the chain corresponding to xX niof X X Y 
after commutation of the factors X, Y. Referring to (III, 10.1) we will have: 


(5.12) aX & = (-1)M X of. 
This may be described as the commutation rule for the chains of the product. 
If we have a product X, X --- X X, then we may commute consecutive 


disjoint factors X;, X:+: and treat each time the chain-products in accordance 
with (5.12). . . 
(5.13) Joins. Let the notations be those of (4). If & = g’of , nf = hed, 
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then the (p + q + 1)-chain £m’? = g*h’o?¢? is known as the join of & and nN. 
We readily verify: 


(5.14) F(é? n) = (Fé)? + (—1)? "8 (F7’). 


The same relation holds relative to KL, provided that we also allow § = n = ¢, 
it being understood that we are to write é, n for £e, ne and eé, e. In particular 
(5.14) holds also for p or g = 0 provided that we replace F Yo Fn’ by KI(é), 
KI(7). 

(5.15) Remark. There is an interesting connection between chain-products 
and the Kronecker product of (II, 37). To simplify matters suppose G = H = 
a field, and let the chain-groups be those of the finite chains. Then we readily 
verify the relation @'(X X Y, G) = YD ptoerO(X, G) @ CY, G). IF X, Y 
are both finite a similar relation holds for the homology groups. 

6. Homology groups of finite products. Let X, Y be two finite complexes. 
The homology groups of X X Y are uniquely determined by the integral groups 
and so we concentrate our efforts primarily upon these groups. The results 
given below are essentially due to Kiinneth [a]. See also [L, V], [A-H, 299]. 

(6.1) Notations. a? , ---, ef are the same for X as in (III, 14) for K; af, 

. , ef are the analogues for Y; ¢? , 67 = the torsion coefficients of X.Y = 
a chain of X, 4° = a chain of Y; ¢* = achain of X X Y. 

Let us fix our attention upon a particular dimension s. A change of bases 
for the p-chains of X and the q-chains of Y, for all p, ¢ such that p + ¢ = 8, 
induces a change of bases for the s-chains of X X Y. Hence {a? X aj, a? X 6}, 
--+,e? X é§}, for all p + q = 5, is a base for the s-chains of X X Y. Wewill 
say that a chain or cycle of X X Y is a reduced chain or cycle if it is a sum of 
terms containing only factors b, c, d, and 8, 7, 6. 

The basic boundary relations for X, Y are: 


(6.2) Fe?* = a?, Fd? ** = t?b?; Fc? = 0; 
(6.3) Feit! = of, Fo? = 6]6f; Fy? = 0. 


The chains a, b, c, «, 8, y are.cycles. The boundary relations in X X Y are 
obtained by means of (5.6) and need not be written down. We find from them 
immediately that a reduced chain has a reduced boundary. Therefore if 

* 3% denote the groups of the integral reduced chains and cycles then FG?" = 
%* C 3‘, and so we may form the reduced integral homology group 9; = 


Bt/%. If 6'(X X Y) is the integral s-dimensional homology group of X X Y 
we prove: 


(6.4) 6X X Y) = SH. 


Let ¢° be a given integral cycle of X X Y. If 4’ is an integral cycle of Y, 
then F(e?*? x n°) = a? X »’ ~ 0. Hence we may suppress in ¢° the terms 
a Xa,a X B,a X 7 and similarly the terms b X a, ¢ X a, without modifying 
its homology class. Suppose this already done. The terms in ¢’ with a? as 
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a factor make up a chain a? X nf. From 
F(e?™* X 92) = a? X& nf + (—1)?Me?*! & Fn? ~ 0, 


we conclude that we may suppress af X nf in ¢° and replace it by terms e X 7. 
We will thus have 


¢* ~ areduced chain + >> e? X nf + ot? X of + Der xX + DY aie? xe, 
where nf contains no e term, and &, &’ contain no a, e terms. We must have 
Fe’ = 0. Since reduced chains have reduced boundaries this yields 


dX (a? X nf + (—1)’e? X Fal) + DO (FE) X af 
+ D0 (Fe) X + (-1)? X af) 
+ DD ae(a?* X ef + (—1)’eP X af") = 0. 
Since the terms e X a occur only in the last sum we have zi’, = 0. Then a?” 
terms occur only in the first sum and so 7f = 0. The coefficient of af”? is 
(Fe? ** + (—1)?¢;”), and as it must be zero we have &? = (—1)?t'Re?™, 
Then F¢,? = 0, and so (Fé,?) X ¢ = 0. Thus ultimately: 


s*’ ~ a reduced chain + )) (—1)?"F(é?™ X ef) ~ a reduced chain. 


Thus every I’ e 6°(X X Y) contains a reduced cycle. 

Consider now any A’ e $;. The cycles in A’ are in a unique I’ and A’ > I” 
defines a homomorphism 7 of S; onto S* as just shown. Moreover ¢ is univalent. 
For suppose that ¢° « A° bounds in X X Y, so that ¢° = F¢°™. We may write 
grt = git? + ¢37) where ¢i** is reduced and each term of ¢3** contains one of 
the factors a, a,e, e. Thus F¢™ = ¢° — F¢i*’ = a reduced chain. By direct 
computation we find then that this implies Ff2*’ = 0. Therefore ¢° = F¢{*?, 
or (° ~ OinX X Y, ¢° reduced > ¢ e%. Therefore + is univalent. Hence 
it is an isomorphism, and (6.4) follows. 

Several simple but very useful conclusions may already be drawn from (6.4). 

(6.5) The homology groups of a product of finite complexes are uniquely deter- 
mined by those of the factors. 

It is clearly sufficient to consider X X Y. Suppose that X’, Y’ have the 
same homology groups as X, Y and let be, Sa5 5,7 have their obvious meaning. 
Then b? X 67 —> b,? x B;4, --- defines an isomorphism of the groups of reduced 
chains G?, ©,’ of X X Y, X’ & Y’, under which the related groups 3%, 3," 
and 3, §,° correspond to one another. Hence the reduced homology groups 
of X & Y, X’ X Y’ are isomorphic, and therefore also by (6.4) the integral 
homology groups, and finally by (III, 18.2) all the homology groups of the two 
complexes. This proves (6.5). 

(6.6) A product of finite acyclic complexes is acyclic. 

For if X, Y are acyclic there are no b, c, d, B, y, 6, hence no reduced cycles 
and so by (6.4) all the integral homology groups are zero. It follows that the 
product has no torsion coefficients and that all its Betti numbers vanish. Hence 
it is acyclic (III, 21.3). 
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(6.7) If X, Y have no torsion coefficients the same holds regarding X X Y and 
{c? X yf}, p + q = 8, 18 a base for a group & H* (X X Y). 

For in the absence of torsion coefficients there are no b, 8, d, 6, and hence all 
the reduced chains are cycles and none is bounding. 
(6.8) Betti numbers. Consider the groups mod 7, a prime, or the rational 
- group (x = 0). The basic system for the chains and their boundary relations 
in X is still (III, 14.2). However if x does not divide @ , writing now d/+" for 
sd, ; sit, = 1 mod z, the second relation of the system becomes Fd+ = bi ; 
and so of the same form as the first, while if r divides ¢?, d?+' is merged with the 
c?+1_ Hence we may suppress the b, d. The system (III, 14.2) retains its form but 
with chains b, dabsent. The argument may then proceed as before as if there were 
no such terms, i.e., as if there were no torsion coefficients. The {c?}, {yv?} are 
now merely bases for groups isomorphic with the groups §7(X, x), O°(Y, x). 
We still obtain the analogue of (6.7) and so {c? X yj}, p + q = 8, 1s a base 
for a group isomorphic with 6*(X x Y, 7). Since we are dealing with vector 
spaces over %, the dimensions are the corresponding Betti numbers and also 
the numbers of elements in the bases. Hence _ 
(6.9) R(X-X Y,m7) = >> R(X, w)R(Y, 2). 


p+gquze 


In particular for the ordinary (rational) Betti numbers: 
(6.10) R(X XY) = DO R(X)R(Y). 


ptqus 
This relation is equivalent to the following noteworthy relation between the 
Poincaré polynomials (IIT, 15.3): 


(6.11) P(t; X X Y) = P(t; X)P(t; Y). 


We may also introduce in the obvious way the Poincaré polynomial mod r 
(i.e., whose coefficients are the Betti numbers mod =), say P,(t; X), and then 
(6.9) is equivalent to 


(6.12) P,(t; X KX Y) = P,(t; X)P,(t; Y). 


(6.13) If X is p-cyclic and Y is q-cyclic then X X Y ts (p + q)-cyclic (6.7, 
6.10; III, 21.3). 

(6.13a) If &”, n? are cycles of X, Y mod x then &? X n° ~ 0, & ~ 0 77 ~ 0, 
and similarly with &, n interchanged. 

In the notations of (6.8) —? ~ g'c?, ni wh’ 3,8? Xniw~g hic? X y3 ~ 0. 
By the argument in (6.8) the last homology implies that every g' h’? = 0, and 
since not every g' = 0, we must have h/ = 0 for every j, and hence nf ~— 0. 

(6.14) Application. Let 1 be a segment considered as a polyhedron. Its 
homology groups are those of the closed one-simplex and so J is zero-cyclic. 
Hence the Euclidean parallelotope P” (product of n segments) is also zero- 
cyclic. Since P” has a single n-element, when n > 1, the boundary sphere 
Bl” is (0, n — 1)-cyclic (IIT, 21.4). 
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The preceding results lead to a rapid proof of: © 

(6.15) The product of a finite number of simple complexes ‘s simple. 
It is sufficient to consider a product of two simple factors X, Y. 
(a) dima X y 2 0. 

(b) Let & , 70 be the fundamental zero-cocycles of X, Y. We have 


b=), m= Diy. 


Since & , m are zero-cycles of X*, Y*, & X mo is a zero-cycle of X* X Y*, hence 
a zero-cycle of (X x Y)* (2.8) and it is 


i Xm= >. X yf 


which is the sum of the duals of the vertices of X XK Y. Therefore X X Y is 
augmentable and with a fundamental zero-cocycle equal to tlie sum of the duals 
of its vertices. 

(c) Cl(x X y) is finite and zero-cyclic. This follows from (2.2) and (6.13). 
Since X.X Y is augmentable, (Cl(z X y))a is acyclic (III, 47.5). 

Referring now to (III, 47.1), property (6.15) is a consequence of (a, b, c). 

(6.16) Betts and torsion groups. In view of (6.4) to determine these groups we 
only need to consider reduced chains. Among their generators all those not 
containing a factor d or 6 are cycles. Moreover a chain ¢ containing terms 
d X 6 is readily seen not to be a cycle. Suppose 


= ub? X af + od?" X BT! + +: 


From the relation Fs’ = 0 we find uf" = (—1)?*'wt?. Let generally 
Ti? =h.c.f. (t? , 6). Then 


A 2 
U = pai t? , y = (-1)?" pea of, 
$7 22 
and therefore 
r 
= pee FGP™ X 8) +. 


Thus the group of reduced cycles contains also the generator {,(p, q) = 
F(d?** x 83)/T?;*". Hence a full set of generators for 3° consists of the cycles 
of the type just written together with the products b? x 67, b? & y7,c? X Bf, 
c? X yj. The basic boundary relations are: 


F(d?** x 8%) = T?:*"t(p, 9), 
F(d?** x 3) = t?b? x BY; F((—1)b? X 837") = Of? X Bt; 
F(d?™ x v3) = tb? X v3; F((—1)’c? X 897") = O%c? X Bt. 


We may express 77, in terms of ¢? , 67 as TP! = PL? + ( —1)’6%6;", and this 
enables us to replace the second and third basic boundary relations by the 
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unique relation 
F(t?d?™ X 6% + 0b? X 8!) = TPS? x BF. 


Since the c X are the only products which occur in no boundary, the Betti 
group B°(X X Y) is isomorphic with the free group on {c? X yf},p +q = 

From the basic boundary relations we also verify that the torsion group is 
isomorphic with a product of cyclic groups of orders T?;*", T?%, ¢?, 6%, 
p-+q=s. Thus the torsion coefficients are the invariant factors greater than 1 
of a diagonal matrix with all these terms in the diagonal. 

(6.17) Application to joins. Let K, L be as in (4) and finite. Let also 
a,---,e anda, -:- ,€ be the elements of canonical bases for K and L. Then 
from (4.2) and the appropriate results for the product we deduce: 

(6.18) {c?yj}, p + q = 8s — 1, is a base for the Betti group B’(KL). 


(6.19) R'(KL, x) = Pe R?(K, x) R*(K, 2). 
p+qus—l 

(6.20) When K, L have no torsion coefficients this is also the case for KL. 

(6.21) The same results hold for the joins KaL, KL, , Kala, provided that the 
basic elements c; , y; are properly chosen. 

As an application of the preceding results or else directly one may also prove 
the useful property: 

(6.22) Let K be a finite simplicial complex and A a soine Then the pth 
homology groups of AK [of AKg] are the same as the (p — 1)st of K [of Kal. 


§3. SET-TRANSFORMATIONS 


7. The dual nature, algebraic and structural, of complexes, reflects itself in 
their transformations. We shall have to consider separately those of X as an 
ordered space, then the homomorphisms on the chain-groups, and ultimately 
combine the two types. The following treatment of set-transformations is based 
on Tucker [b]. 


(7.1) DEFINITION. Given two complexes X, Y, we shall understand by a set- 
transformation t:X — Y a transformation of the set X into the set Y (for each zx, 
tx 1s a set of elements of Y). We call t: 

closed when t Cl = Cl 1; 

weakly closed when Cl t Cl = Cl t (Cl commutes with Cl 2); 

open when t St = St ft; 

weakly open when St t St = St é; 

simple when Y is simple and every (Cl tx)ats acyclic. 

Convenient formal relations to keep in mind in connection with these definitions are: 


(7.2) CICl=Cl, StSt = St. 


We also notice the following properties of set-transformations: 
(7.3) When t is closed [open] it 1s weakly closed [open]. 
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(7.4) When ¢ is weakly closed, x’ < 2 > Cl tz’ C Cl iz. Similarly for the 
obvious dual situation. 

(7.5) The product t't of two closed, weakly closed, open, weakly open set-trans- 
formations t:X —- Y,t':Y — Z, ts a set-transformation X — Z of the same type 
as the factors. 

(7.6) The identity X — X is both open and closed. 

Properties (7.3, 7.6) are obvious. Regarding (7.4): 27’ < cm a2’eClr™ 
te’ CtCla—~Cltr’ C CltClz = Cl tz, which disposes of the weakly closed 
case. The dualization is obvious. Passing to (7.5) it is only necessary to con- 
sider the weakly closed case. If we apply Cl ¢’ to the two sides of the relation 
Cl ¢ Cl = Cl ¢t andif we remember Cl ¢’/ Cl = Cl t’ we have in view of (7.1): 
Cl ¢’ Cli Cl = Cl t’t Cl = Cl ?#’ Clt = Cl (¢’t) which disposes of the case in ques- 
tion, and similarly for the rest. 


EXAMPLES (7.7). Take a simplicial complex K = {co} and the join with a point A’ 
AsKe = L. Then o — Ao defines a set-transformation t:K > L. Nowt Clo = A Cle: 
while Clic = Cl Ac = AClauClouA,andsotCl #Clt. On the other hand CltCle = 
Cl (A Cle) = ACleuClovuA = Clite. Thus? is weakly closed but not closed. 

(7.8) Let K consist of the closed simplex Ao --- A, and let t be the set-transformation 
K — K whereby A:A; --- Ax (¢ < 7 < +++ < k) is transformed into AipnAjun -°* Abgn , 
where the indices are understood mod (p +1). Then t Cl = Cl t is immediately verified and 
so tis closed. 


(7.9) Simplicial set-transformations. Let K = {o}, L = {¢} be two simplicial 
complexes with respective vertices {A;}, {B;}. A simplicial set-transformation 
t:K — L is one which sends every vertex A; of K into a vertex B; of L and 
sends ¢ = Aire Aj; e K into C=t= (tA;) ore (tA ;) eL. We notice that: 

(a)et 7s sengle-valued; 

(b) t zs closed; 

(c) the two preceding properties are sufficient to characterize t. 

Property (a) is obvious. Regarding (b), clearly o’ < oto’ < te. More- 
over if ¢’ = B,--- By < to there are indices h’,--- ,k’ such that tA, = 
Bn, +::,tAw = By, where Ap ,-:-, Ax are vertices of o Thus o&’ = 
An ++: Aw < o and to’ = ¢’. Hencet Cl = Clé, which is (b). Suppose now 
that ¢ has properties (a), (b). Since Clt A; = tClA,; =tA;, CltA;is asimplex 
and so it is a point. Suppose that we have shown that every to’, qg < p, is the 
simplex of L whose vertices are the transforms of those of o*. Consider now 
o”? = Ay--- A,. By hypothesis Go” has no other vertices than tAo, --+ , tAp. 
Suppose ¢ = to” has a vertex B not among these. Since Cl te” = Clt = 
t Clo”, B must be in some to’, o’ < 0’, 0’ ¥ 0°, contrary to assumption. There- 
fore { = (tAo) --: (tA,), ¢ is simplicial and (c) is proved. 

(7.10) An interesting generalization is the following. The notations remain- 
ing the same, ¢ is closed and such that every tc isa Cl ¢. Thus ¢ is a single- 
valued transformation {oc} — {Cl ¢}. We will call ¢ a generalized simplicial 
set-transformation. 
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8. Inverse and dual set-transformations. 

(8.1) The definition of the inverse is as usual: { is a set-mapping Y — X 
such that 2 ef ‘y when and only when y etx. The dual é* of ¢ will be defined 
as a set-transformation Y* — X* such that 2* ¢ t*y* +> y etz. It is convenient 
to introduce also an auxiliary set-transformation t:X* —» Y* defined by: 
y™* ¢tyx* > y etx. However it is definitely ¢* that we require later. We note 
the following properties: 

(8.2) = 1, tae = tO Ea 

(8.3) if t is closed [open] then t* and ty are open [closed]; 

(8.4) af one of t, t* 1s closed so is the other. 

Property (8.2) is obvious and (8.4) is a consequence of (8.3) and the third of 
(8.2) so that (8.3) alone requires proof. The assertion as to ¢, tx is again obvious 
so that only the one concerning ¢, {* requires proof. Suppose ¢ closed. Given 
then x ef St y, there isa y’ > ysuch that x ef ‘y’ and soy’ etrandyeCly’ C 
Cl tz = ¢Clz. Hence there is an x’ < x such that y etx’ or x’ ety. There- 
forex eStt y, and hencet 'St y CStt"y. Conversely, let x eStt'y. There 
is an x’ < x such that 2’ ef ‘y. Since x’ «Cl x we have Cl tz = t Cla D 
tz’»y. Hence there is a y’ etx and >y. Hence y’ «St y and xref 'y’ C 
t*Sty. Therefore Stt‘y Ct'Sty. Thust' St = St’ ort” is open. By 
dualizing the proof we find that ¢ open implies f* closed; so (8.3) is proved. 

§4. CHAIN-MAPPINGS 

9. Let X, Y be finite complexes and let || a3(p) ||, p = 0, 1, --- be matrices 
of integers. Referring to (II, 8.4) the relations 
(9.1) Tz = ai(p)y? 
define a system of homomorphisms of the integral chain-groups 7: @?(X) — 
©’(Y). The operation 7 is known as a chain-transformation. When in addi- 
tion r commutes with F: 

(9.2) TF = Fr, 


(for integral chains) then 7 is called a chain-mapping X — Y. 

(9.3) If G is any coefficient-group whatever, a chain-mapping 7 induces 
a homomorphism @’(X, G) — @’(Y, G) defined by the relations 
(9.4) r(g'x?) = ai(p)g'y? , g' G, 
which still commutes with F. Furthermore owing to (9.2) 7 maps 3’°(X, G) —> 
3’(Y, G), F(X, @ — F(Y, G), and hence (II, 5.4) 7 also induces homomor- 
phisms: §°(X, G) — §°(Y, G). Thus: 

(9.5) THEorEM. A chain-mapping r:X — Y induces homomorphisms of the 
groups ©", --- , 8” of X over any G into the corresponding groups of Y. 

Let the boundary relations in X, Y be 
(9.6) Fr? = ai(p)a?', Fy? = 6i(p)y?. 
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Notice that for X*, Y* they are 


(9.7) Fr5-1 = aj(p)tp,  Fyp-1 = B;(p)y5 
A simple calculation yields 
(9.8) (rF — Fr)g'z? = {ai(p)aj(p — 1) — ai(p)65(p)}g'yk 


A n.a.s.c. for (9.2) to hold is that this last expression vanish identically. 
Therefore (9.2) and 


(9.9) ai(p)ai(p — 1) — ai(p)6;(p) = 0 


are equivalent. 

(9.10) Simple chain-mapping. Let X, Y be simple. The chain-mapping 
7:X — Y is said to be stmple whenever it preserves the Kronecker indices of 
integral zero-chains: KI(7é) = KI(é’). It implies that if X, Y are augmented 
to X,, Ya with (—1)-elements ¢«, » then 7 may be extended to 14:X. — Yo 
such that r,¢ = 7, where 7, = 7 on X, 7aFé = F7,¢. Explicit n.a.s.c. for r 
to be simple are 


KI (23) = KI(ai(0)y}), 
which are equivalent to: 


(9.11) D2, ai(0) = 1 


for every 12. 

(9.12) Simplicial chain-mapping. Let X = {co}, Y = {¢} be simplicial with 
vertices A;, B;, and let ¢ be a simplicial set-transformation X — Y. Set 
tA; = B,; where the B’s need not be distinct. Define a chain-mapping 
7:X — Y by 


B,, ++: B;, when the B,, are distinct, 


(9.13) to = TA; *°* Aj, 
0 otherwise. 


To prove commutation with F it is sufficient to prove 7Fo = Fro. Assume the 
labels so chosen that A;, = A,. Then if the B; are distinct: 


tFo = 7 >, (—1)'Ao +++ Avid ++ Ap 
» (—1)'Bo --+ BraBiz --: Bp = Fro. 


If the B’s are not distinct the labels may be so chosen that By = B,, and then 
the first two terms in the second sum cancel and the rest vanish. Hence 
tFo = Fro in any case, so 7 is a chain-mapping. Since KI(A,) = KI(B,) = 1, 
tis also simple. A chain-mapping such as 7 is said to be szmpltcial. 

(9.14) It may be noticed that while ¢ determines 7 uniquely the converse 1s 
also true. For this reason we will often write zo for to and this will cause no 
ambiguity. | 
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(9.15) Product of chain-mappings: If 7 is a chain-mapping X — Y and 1’ is 4 
chain-mapping Y — Z then 7’r ts a chain-mapping X — Z. 

(9.16) Chain-mappings and reorientation. The effect of applying to X an 
orientation function a(x) is the same as subjecting X to the chain-mapping 
aiz — a(z)z. Similarly to reorient Y by means of ai(y) is the same as sub- 
jecting Y to the chain-mapping ai:y — ai(y)y. Therefore if X, Y both undergo 
the preceding reorientations the equations of r given by (9.1) become instead 


(9.17) 72? = a(x? )ai(p)ar(y?)y? . 
(9.18) Notation. If X’ is a closed subcomplex of X and 7 a chain-mapping 
X — Y, the values of 7 on the chains of X’ define a chain-mapping 7’:X’ — Y 


which we will conveniently denote by + |X’. This is a slight but very natural 
deviation from the | notation of (I, 2). 


(9.19) Derinition. Let {Gy}, {Hy} be two systems of groups indexed by the 
same set A = {d} and let r be an operation upon the groups of the first system such 
that r is a homomorphism, an open homomorphism, ---:G, > Hy. We will call + 
a simultaneous homomorphism, --+ , of {G,} into [onto or with, if need be] {Mh}, 
written symbolically as usual 7:G, > Hy. Frequently when the meaning 1s other- 
wise clear we shall drop “‘simultaneous” and still call + a homomorphism, --- . 

Exampies: A chain-mapping r:X — Y is a simultaneous homomorphism of the groups 
G(X, G) > G(Y, G). Here A = {(p, G)}. Other simultaneous homomorphisms are: the 
projections and injections corresponding to a dissection of a complex, the set of homo- 
morphisms of (9.5). Very frequently the indexing system will be of the form {(p, G)} 
but other types will also occur. 

10. Side by side with + we may consider the dual mapping 7*:Y* — X* 


defined by 
(10.1) Ty = ai(P)zp » 
If we compute 7*F — Fr* we find again that its vanishing is equivalent to (9.9). 
Therefore 
(10.2) If one of 7, 7* is a chain-mapping so is the other. 
We also have, with @(p) as in (III, Introduction), 
(10.8) KI (ra? , y5) = B(p)ai(p) = KI (a? , r*y5), 


and hence, since the index is distributive: 
(10.4) Invariance of the Kronecker index. If G, H are commutatively paired 


to J, and &”, np are, respectively, over G, H then: 
(10.5) KI (ré’, Np) = KI(é, T* np). 


Conversely, let it be known that 7, 7* are so related that (10.5) 1s satisfied, 
where 7 is as before and 7* is given by 


Ty, = 0;'(p)Z5 « 


148 COMPLEXES [IV] 


From (10.5) follows for & = 2? , np = y4, :.a;‘(p) = a‘(p) ard so 7* is the dual 
of 7. Therefore: 
(10.6) A n.a.s.c. for r, 7* to be dual is that (10.5) hold for integral &, np . 
Suppose now that X, Y, 7 are simple, and let & , 7 be the fundamental zero- 
cocycles. By (10.4; III, 47.1) and since 7 is simple we have: 


(10.7) KI(ré", m0) = KI(#, &) = KI(&?, 7*n0). 
Select £° = 2 and let & — 7*m = A;-23. From (10.7) follows 
KI (23, Avi) = A; = 0 


or & = r*m. Conversely, if & = 7*o, from (10.5) follows the first equality 
in (10.7), and hence 7 is simple. Therefore: 

(10.8) When X, Y are simple a n.a.s.c. for r to be simple 7s that r* map the 
fundamental zero-cocycle of Y into the same for X. 

Since r* is a chain-mapping, we have from (9.5): 


(10.9) THzorem. The dual r* of r+ induces homomorphisms of the groups 
C,,°°*, Dp of Y into the corresponding groups for X. 


(10.10) If + induces isomorphisms of the homology groups of X with the corre- 
sponding groups of Y, then r* induces isomorphisms of the cohomology groups of Y 
unth the corresponding groups of X. 

The proof rests upon 

(10.11) If +r induces isomorphisms of the integral homology groups, then it 
induces isomorphisms of those over every G. 

Let there be given sets {b? , c? , d?} of chains of X such that: (a) they satisfy 
the same relations Fd?*' = t?b? , Fc? = 0 as the elements b, c, d of canonical 
bases (III, 14.2); (b) every integral p-cycle ~ a sorbitation of the b?, c?. 
Upon examining the proof of (HI, 14.1) it is found that the sets may be com- 
pleted by suitable chains a? , e? to canonical bases {a? , b?, --- , eP}. 

Let now rb? = B?, rc? = y?, rd? = 67. Under our assumptions X, Y 
have the same Betti numbers and torsion coefficients, and furthermore (b) will 
hold for Y and the 8? ,y? . Since r commutes with F we have as a consequence 
of (a): F6?** = t?8? , Fy? = 0, which is (a) for Y and the 8, y, 6. Therefore 
the 8, y, 6 may be completed to canonical bases {a? , BF, ---, e?} for Y. 

Referring now to the explicit expression (III, 16.9) for the 6?(X, G), and to 
the same for Y, property (10.11) becomes obvious. 

Proor oF (10.10). In view of the result just obtained, clearly we only need 
to prove the asserted property for the integral groups. By (III, 30.2) 6?(X, $B) 
and §,(X, 3%), likewise 6’(Y, %) and ©,(Y, 3) are dually paired with the Kro- 
necker index as the multiplication. Let Ir’, [, denote the elements of the above 
homology and cohomology groups of X, and A”, A, the same for Y. By (10.5) 
and (III, 29.8) we have: 


KI(rP, A,) = KI(I”, r*A,). 
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This relation states in substance that the character r*A, of 6?(X, ) takes the 
Same value at I” as the character A, of 6’(Y, %) at rT”. Since + is an iso- 
morphism the relationship between the characters implies that 7* is a univalent 
homomorphism onto, and so that it is an isomorphism. 

(10.12) If 7r:X — Y, r':¥ — Z are chain-mappings then the chain-mapping 
t’r:X — Z has for dual (r'r)* = r*r’*. 

This is an immediate consequence of the definition of the duals by (10.1). 

(10.13) Application to dissections. Let (Xo, X1) be a dissection of X, mr the 
projection X — Xo, the injection X, — X (III, 23). Then (Xt, X0) is a 
dissection of X* and there are a related projection 


n*: X* > XT 
and an injection 
| a*: Xo — X*. 
(10.14) (x, *) and (n, n*) are two pairs of dual chain-mappings. 


The proof that Dey are chain-mappings has already been given in (III, 23). 
The equations of 7, * are 
Tx); = 10; ’ Tx; = 0, 
Ot 


*,.08 __ 


which proves that they are dual. Similarly, of course, for 7, 7*. 

11. The consideration of the graphs is particularly significant for chain- 
transformations. Let us associate with 7 as chain-graph, or merely graph, the 
zero-chain of X* x Y given by 

ae re B(p)x> X 1x; 2s (— 1) ai(p)2'p Xt Yj 
(11.1) . . 
= 2, B(p)ai(p)z x y?. 


Except for the (—1) factor this chain is strongly suggested by the symbolism, 
and the choice of the supplementary factor will be justified in a moment. 
Furthermore I 7s also the graph of +*. We have in fact 


T= >) B(—p)y? X ry), = 2 B(p)(—1)? al(p)y? X x} 
= d B(—p)ai(p)y? X x5, 


which shows that it bears the same relation to both 7, r*. In other words, the 
image of Tin Y X X* is the graph of 7*. We may thus consider [ as the 
graph of both 7, 7*. 
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The boundary of I is: 
Fr = > A(p)ai(p){(Fx5) X y? + (-1)? 25 X Fy?} 
Pp 


= p> B(p)ai(p) {ai(p + Uahar X y? + (-1)?Bi(r)a, X YP} 
= LA(-p)laipsilo) — ai(p)at(p — 1 ja X oP 


Therefore a n. a. s. c. for I’ to be a cycle is that (9.9) hold, or which is the same, 
that (9.2) hold. Since IF and (9.1) determine one another uniquely we have: 
(11.2) The graph T of a chain-mapping +:X — Y is a zero-cycle of X* X Y. 
Conversely, every cycle such as T determines + uniquely. Moreover T 18 also the 
graph of the dual r* (Tucker [a)). 
Let unimodular transformations yield new bases: 


(11.3) oP = NP; yk = ul GP. 


Referring to (III, 33), the dual transformations are of the same form but with 
the matrices \”, p” replaced by their inverses \,, up (notations loc. cit.). If 
we set 


(11.4) Gi(p) = Npiax(p) ub’, 


we find that 7, 7*, I have the same expressions as before with Z, 9, @ in place 
of x, y, a. Therefore 

(11.5) If the x? , y? undergo unimodular transformations to the z?, 9}, the 
formal relations between 7, r*, I’ remain the same. 

(11.6) Application. Suppose that one of X, Y is torsion-free (without torsion 
coefficients) or for that matter that X [Y] has no torsion coefficients t? for the 
dimensions p of the elements of X [Y]. If we apply the argument of (6.16) to 
Y X X* and I we have then 


r~ >o0,(r), - V(r) = BP X 6h +C? X75, 


where B? , C? are linear integral combinations of the b? , ci . These cycles 


may be identified with elements of the integral homology group $"(X), and 
hence I',(r) with a cocycle of Y over 6°(X). Thus there is associated with 7 
a set {I',(r)}, where I',(7) is a cocycle of the type just mentioned. 

(11.7) Exampue. X is simplicial, Y = S* = Bo"*, n > O, and + is simplicial. 
If yo, Yn are the fundamental cocycles of S", then To(7) = B’ X y,T,(r) = 
B" X y,, where B’, B” are homology classes of X. 

12. Complements. 

(12.1) If 71, 72 are chain-mappings X — Y we will denote by 71 + t2 the 
chain-mapping X — Y defined by x — mz + 72x, and by 0 the chain-mapping 
defined by zx — 0. 

We will write 7, ~ 72 over G if rry” ~ toy’ for every cycle y’ over G. We 
say: 71 1s homologous to 72 over G, also for G = 3, Por Fu: 1128 integrally ho- 
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mologous to tz , or 71 18 homologous to rz mod 1, mod m (71 ~ 72 mod 1, mod m). 
If +, ~ 72 over every G then we write 7; ~ 72, and say 7 7s homologous to 72. 

(12.2) A n.a.s.c. for 11 ~ 72 or equivalently for r = m1 — 12 ~ O, ts that of 
7’ is any cycle of X then ry” bounds. 

The condition is manifestly sufficient. It is also necessary. For a cycle y’ 
over a topological group G is also a cycle over the isomorph G> of G in the alge- 
braic sense with the discrete topology. Since for Go: ~~ 0 + bounding, ry’ must 
bound a chain C?™ over G). Since C?* is also a chain over G, ry’ bounds in 
the asserted way. 


(12.3) Derinition. It ts clear that r ~ 1’ is a relation of equivalence. We 
say therefore that two chain-mappings which are homologous are in the same chatin- 
mapping class. If +, 7’ are in fixed classes so are r + 1’. If 0 denotes the 
class of r = 0, the classes generate by addition the group of the chain-mapping 
classes H(X, Y). The classes of the chain-mappings X — X give rise to a similar 
group H(X, X). 


(12.4) DeriniTion. Two complexes X, Y are said to be homologous, written 
X ~ Y, whenever there exist chain-mappings 7:X — Y, 6:Y —> X such that 
6r ~ 1, 79~ 1. 


This is again a relation of equivalence and so we have classes of homologous 
complexes. 


(12.5) X~Yo x* ~ Y* (obvious). 


(12.6) If X ~ Y then the homology and cohomology groups of X are tsomorphic 
with the corresponding groups of Y. 

For 6, 7 of (12.4) induce homomorphisms 6, 7 of the homology groups and 
we have: 67 = 1, 79 = 1. Hence 7 is an isomorphism, which is (12.6) for 
the homology groups. The same result for the cohomology groups is then 
a consequence of (12.5). 

(12.7) Let X ~ Y, Xi ~ Yi with +, 0 as in (12.4) and 71, 6; the analogues for 
X1, Y1. The chain-mappings o:X — X1, £:Y — Y1 are said to be congruent 
of & ~ 08 and hence o ~ Afr. The relation § — o defines an isomorphism of 
H(X, X:1) with H(Y, Y:) (proof elementary). 

(12.8) Weak chain-mapping. Let 7 be a chain-mapping X — Yo, and 1 a 
weak isomorphism Yy5 > Y. Then +r = 7179 is known as a weak chain-mapping 
X — Y. Its basic equations are: 


(12.9) ra? = al(p + n)y?*” 


where 7 is the increase in dimensions caused by 7;. We merely note that for 
the weak chain-mapping (9.1, 10.1) read as before except that for 7 the homo- 
morphisms are 6?(X, G) > @*"(Y, G), --- , while for 7* they are €,(Y, G) > 
C,-n(X, G). 
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(12.10) Exampite. Let K = {¢} be a simplicial complex. Then ¢ — Ae defines a weak 
chain-mapping 7r:K — AK, since rFo? = — AFo? = F rep, 


18. Carriers of chain-mappings. In this capacity set-transformations appear 
in their true role as regards the present work. A carrier of a chain-mapping 
7r:X — Y is a set-transformation t:X — Y such that rz is a chain of Cl tz. 


(13.1) Exampte. X, Y are simplicial and t, r are simplicial and related as in (9.12). 
Then ¢ is a carrier of r. 

(13.2) If +, r’ are chain-mappings X > Y, Y > Z with carriers t, t', then 7'r 
1s a chain-mapping X — Z with carrier t’t. 


§5. CHAIN-HOMOTOPY 


14. As a natural parallel with set-homotopy we shall introduce (following 
essentially Lefschetz [e]) a chain-homotopy, and its value will rapidly justify itself. 

Let first § = ab be a closed one-simplex. For convenience we also designate 
by & the integral chain whose boundary is 


F(é) = b — a. 
Given any complex X consider the product — X X. By (5.6) we have for 
every chain C of X: 
(14.1) FéEXC)=bXC-—-axXC—EéxX FC. 


(14.2) DeriniTIon. Two chain-mappings 71, 12: X — Y are called chatn- 
homotopic whenever there exists a chain-mapping 7:§& X X — Y such that 
r(a XK 2) = nz, rib KX x) = rex. The chain-mapping 72 18 called a chain- 
deformation whenever 1 = 1. 


Let us set: DC = 7(& X C). Since r commutes with F wt have from (14.1) 
by applying 7 to both sides: 


(14.3) FOC = nC — nC — DFC, 
or in equivalent operator form 
(14.4) FD + DF = nm —- 71, 


it being understood that the operators are all applied to the chains of X. We 
eall D the homotopy operator for 7 (deformation operator when 7 is a deformation). 
We will refer sometime to (14.4) as the fundamental chain-homotopy relation. 
(14.5) A n.a.s.c. for t1, 72 to be chatn-homotopic ts the existence of a simulta- 
neous collection D of homomorphisms @?(X) — G?**(Y) such that (14.4) holds. 
Necessity has just been proved. Suppose that D exists as stated. Define 
the chain-transformation 7:& X X — Y by | 


tla X x) = 12, (bX 2) = raz, T(E KX x) = De. 
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To prove that 7 is a chain-mapping we merely have to show that it commutes 
with F. Since 7;, 7: are chain-mappings we have: 
(rF — Fr)(a X xz) = (nF — Fn)z = 0, 
(rF — Fr)(b X xz) = (nF — Frn)x = 0. 
Regarding the elements § X x we find: 
(*F — Fr)(é X zt) = rb Xe2—-—aXx—€ X Fe) — Fr(é X 2) 
(72 — 71 — DF — FD)z = 0, 


and so (14.5) holds. 

15. (15.1) Chain-homotopy 1s symmetric, reflexive and transitive. 

We may therefore introduce chain-homotopy equivalence and classes in the 
usual way. We prove 

symmetry by interchanging 7; and 7; , and replacing D by —®D in (14.4); 

reflexinty by taking D = 0, 71 = 72 in the same relation, and observing that 
(14.4) continues to hold. 

As for transitivity if 7, is chain-homotopic to 7. and 72 to 73 with operators 
, , Dz we have: 

FD, + DF = 72 — 11, FD. + DAF = 73 — 72. 
Hence if we set D = D, + D2, then 
DF + FD = 73 — 71. 


Therefore 7; and 73 are chain-homotopic. | 

(15.2) If 71, 12 are chain-homotopic mappings X — Y then ~ 72. Hence 
uf 7 1s a chain-deformation X — X then r ~ 1, that is to say, 7 does not change 
the homology groups. 

For if y is a cycle (14.3) yields FOy = (rz — 71)y ~ 0, and so 71 ~ 72. 

(15.3) Dualization. Supposing 7, 72 chain-homotopic mappings X — Y, 
the relations defining D are: 


(15.4) Da? = Al(p)y?™. 
Now the relations 
(15.5) Dryi i. = Al(p)xi 


define simultaneous homomorphisms ©,;:(Y) — @€,(X), and it is readily seen 
that the matrices of DF and FD*, likewise those of FD and D*F, are the trans- 
verses of one another. Therefore 


(15.6) DF + FO Hel — nn. 
The operator D* is known as the dual of D. Evidently (O*)* = D** = D. 
In view of (15.6) we have: 

(15.7) When 71, 72 are chain-homotopic so are their duals 1 ; 72 and their 
homotopy-operators D, D* are dual to one another. When 1 is a chain-deformation 


so 18 t*. 
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(15.8) Derinition. The two chain-mappings 71, 72:X —> Y with a common 
weakly closed carrier t are said to be contiguous in t, whenever they are chain- 
homotopic and with an operator D such that Dx < Cl tx for every x. Otherwise 
stated, for every x the homotopy takes place over Cl tx (Tucker [c]). 


Under the same conditions if ¢ is closed so is ¢* (8. a) In the notations of 
(15 3) if y?* is an element of Dz?, by assumption y?" < yfetx?. Hence 
zt, et*y* © Cl tty’ C Cl t*y%41, which proves finally: D*yj41 C Cl t*y)41. 
Therefore 

(15.9) If the +; are contiguous in a closed carrier t then their duals are con- 
tiguous in the dual t* (which is also closed). 

(15.10) Chain-retraction. This concept is carried over from retraction 
(I, 47.6). Explicitly: 


(15.11) Derinirion. The closed subcomplex Y of X is said to be a chain- 
retract of X if there exists a chain-mapping p:X — Y such thatp|Y =1. We 
call p a chain-retraction. If p is a chain-deformation then Y is known as a chatn- 
deformation retract of X and p as a chain-deformation retraction. 


(15.12) If p is a chain-deformation retraction X — Y then p induces an iso- 
morphism of the homology groups of X with the corresponding groups of Y. 

Let 7 be the injection Y — X. If -y’ is a cycle of X then py’ ~ 7’ in X and 
ney ~ py ~ vy? in X. Similarly if y? is a cycle of Y then my? = pm? = vi. 
Hence np ~ 1, pn = 1 ~ 1, and (15.12) follows. 

16. A noteworthy chain-homotopy in simplicial complexes. The situation 
to be considered below is essentially the one from which the concept of chain- 
homotopy arose (see [L, 78]). It is also in close relation with a particularly 
simple decomposition of prisms into simplexes discussed later (VIII, 22.1). 

(16.1) Let K = {o}, L = {tf} be simplicial complexes, 7; and 72 simplicial 
chain-mappings K — L, t, and & their eae carriers (9.12, 13.1). We 
say that 7, 2 are prismatically related whenever there exists a simple ordering 
{A;} of the vertices of K such that if t:A; = B;, #A; = C;, and 


(16.14) go = Aji,::: Ai, <r < tp, 
is a simplex of K then every simplex 
(16.1b) f= B, ++: BCs, +++ Ci, 


is a simplex of L. Clearly: 

(16.2) A sufficient condition for 71, 72 to be prismatically related (independently 
of the ordering of the vertices of K) is that if o « K then the join (tic) (ho) eL. We 
will then say that 71, t2 are prismatically related ‘‘in the strong sense.” 

We will now prove: 

(16.3) If 71, tT. are prismatically related then they are chain-homotopic and with 


homotopy operator S given by 
(16.3a) Do = DAi, Bie Ad = > (—1)*B;, Sete B,C, ne’ C;, : 
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This implies in particular that: (a) the vertices of the simplexes of Do are among 
those of ta and to; (b) if 1, 72 are prismatically related in the strong sense then 
De ts a chain of Clty) (tec). | 

(16.4) A chain-homotopy such as described in (16.3) will be called prismatic. 

Proor or (16.3). Suppose first that 4, f: are isomorphisms of K with dis- 
joint subcomplexes K,, Kz of L. Thus ¢ in (16.1b) will always be (p + 1)- 
dimensional, and the simplexes in the expression (16.3a) of De will all be non- 
degenerate. Under the circumstances an elementary calculation yields FDo = 
(72 — 11 — DF )o for every oe K. Thus the fundamental chain-homotopy 
relation (14.4) holds and (16.3) is proved for the present case. 

Passing to the general case, introduce for each vertex A; of K two new vertices 
B; , C; and for each ¢ as in (16.1b) the simplex ¢’ = Bj, --- B; Cig ee Ci, - 
If M is the simplicial complex made up of the i and all their tubes. then Aj : B;, 
A; — C; define simplicial chain-mappings 7; , 72:K — M which are manifestly 
prismatically chain-homotopic, and this with respect to the adopted ordering 
of the vertices of K. We are clearly in the situation already considered, and 
so if D’ is the homotopy operator we have 
(16.5) FD’ + O/'F = mn — 7. 

Now B; — B; , C; > C; define a simplicial chain-mapping 6:14 — L such that 
th = On, (h = 1, 2), D = 6D’. Since 6FD’ = FeD’ = FD, applying 6 to 
both sides of (16. 5) we obtain (14.4) and (16.3) follows. 

17. Comparison of homologous and chain-homotopic chain-mappings. 

(17.1) Let the designations a? , --- , for the canonical bases of X be as in (6), 
and let A?, --- , designate integral chains of Y. We will first endeavor to 


characterize more completely the chain-mappings: X — Y. 
A chain-transformation r:X — Y is uniquely defined by relations 


ray = A? ,--- re? = EP. 


In order that 7 be a chain-mapping we must have rF = Fr. This yields here: 


(17.14) FC? = 0 (CP is a cycle); 
(17. 1b) FD?" = (2B? (D?*' is a cycle mod #?); 
(17.1¢) FE? = A?. 


The C, D, E thus determine the A, B and hence r. We may therefore state: 

(17.2) Each chain-mapping defines uniquely and is uniquely defined by the 
following elements: (a) a set of integral cycles {C?}; (b) a set {D?*}, D?™ a 
cycle mod t? ; (c) a set of chains {E?*'}. The range of p is that of the dimensions 
of the elements of X. 


(17.3) THrorEeM. A n.a.s.c. in order that two chain-mappings 7 , T2:X — Y 
be chain-homotopic 1s that they be homologous. In other words chain-homotopy ana 
homology are equivalent properties of chain-mappings. 
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Necessity is implicit in (15.2). Suppose 71 ~ 72 or rT = 11 — 72 ~ 0. To 
prove sufficiency we must show that 7 is chain-homotopic to zero, i.e., exhibit 
an operator D such that 


(17.4) OF + FD = 
The notations being as before 7 ~ 0 > A? = FA?;*’, B? = FB?" where 
Af;"', + , are suitable integral chains of Y, and so (17.1bc) become 
(17.5), FER" = FAR, FD?* = ¢PFB?;". 
Furthermore 
(17.6), CP = FCT". 


To prove the existence of 7 we merely have to find chains Da? , --- , such 
that (17.4) is satisfied when both sides are applied to a? ,---. We choose 


(17.7) Da? = AP + ARH, | Db? = BET + BR | De? = CPT 
where A?;'’, B?;*' are cycles to be specified in a moment. The relation for 
determining Dd? reduces to: 
i? Db?" + FD? = DP, 
or by (17.7) to: 
FQd? = D? — ?-"(BR; + Bi). 


From the basic relations for the canonical bases (III, 14.4) we infer that d? is a 
cycle mod ¢?~’. Hence r ~ 0 implies that rd? bounds mod ¢?~ or 


(17.8) D? = FD?;** + "DP, . 
Therefore 
FDd? = FDP" + (Dz, — Br, — Bh). 
From (17.8) and the second relation of (17.5): we find FD?; = FBP;. Hence 
Di; — B?; is a cycle and so we may choose 
Be; = Dz; — Bi; ’ Dd? = D?™. 
Similarly the relation for De? reduces to: 
| FDe? = E? — (Af, + Ads), 
where FE? = FA?;. Thus, E? — Af; being a cycle, we may choose 
Def = 0, Az; = E? — Af,. 


Therefore the required operator 7 exists and (17.3) is proved. 

(17.9) Observe that in proving the existence of D we have merely utilized the 
following properties: 

(17.9a) +r ~ 0 integrally; 

(17.9b) rd? = D? ~ 0 mod ¢?™. 
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Coupling this with (17.2) we obtain then: 

(17.10) The classes of chain-homolapic (or equivalently of homologous) chain- 
mappings X — Y are in one-one correspondence with the following sets of simul- 
taneous homomorphisms: (a) a simultaneous homomorphism of the integral homology 
groups §°(X) > H°(Y); (b) a simultaneous homomorphism $(X ; t?) — H°(Y; t?). 
The range of p is that of the dimensions of the elements of X. 

If X is torsion-free (a) alone remains. Coupling this with (15.7) we find: 

(17.11) If X [Y] is torsion-free then a n.a.s.c. for 71, T2 to be chain-homotopic 
is that they [that 7; , 72 | be entegrally homologous. 

(17.12) Application. Let Y = S" = Bo", n > O, and let X, 1, 72 be 
simplicial. Applying the designations a? , --- , of (6) to Y, there are no f , 
6? and only two cycles y?:y7°, y”. Moreover since 71, 72 are simplicial we 
readily find: nyo ~ tayo. Hence 1, ~ 7 if and only if 1. ™ Yn. In 
other words corresponding to each chain-mapping 7r:X — Y there is a char- 
acteristic n-cocycle ya(7) of X. Referring to (17.2) one may show that the 
chain-homotopy classes X — S” are in one-one correspondence with the nth 
integral cohomology classes of X, i.e., with the elements of the group §,(X). 

18. Uniqueness of certain chain-mappings. To what extent does a carrier 
determine a chain-mapping? This question was raised recently by Tucker 
[c] and answered in part in an important theorem of which we give the following 
special case, more than ample however for the sequel. 


(18.1) THzorem. Let X, Y be two complexes, with Y simple, and let Xo 
be a closed subcomplex of X such that all the elements of X — Xo are of positiwe 
dimension. Consider also chain-mappings 7, 71, T2: X —> Y with a common 
weakly closed carrier t such that (Cl tz),, x ¢€ X — Xo, is acyclic. Then: 

(a) if ro = 7| Xo ts assigned and is such that KI(rFx') = 0, 1 ¢ X — Xo, 
ry has an extension r:X —Y, and r is unique to within contiguity in t. Mofeover 
when dim tz S dimz, re X — Xo, then 7 is unique; 


(b) af r1| Xo, 72 | Xo are contiguous in t | Xo then 71, T2 are contiguous in t. 
Noteworthy for its interest is the following special case obtained from (b) 
by taking for X> the zero-section of X: 


(18.2) THrorem. If X, Y are simplicial and 1, 72 are simplicial chain- 
mappings X — Y with the same generalized simplicial carrier t (see 7.10) then 
71, T2 are contiguous in t. 


Proor or (18.la). Suppose that the elements of X — Xo have dimensions 
not less than g > 0, and take 2° e X — Xo. Since Fr* e Xo, mF x" is 
defined and is a cycle y*" of (Cl tx"),. If g > 1, y* bounds in (Cl tz), . 
If g = 1, by hypothesis KI(y°) = KI(7Fz') = 0, and again 7’ bounds in (Cl tz’), . 
Therefore in any case the latter contains a chain é such that Fé = y*™. 
We define rx* = &, add x* to Xo and proceed likewise for all 7 ¢ X — Xo. The 
situation is then as before, with a new Xo and with q replaced by g + 1, and so 
step by step 7 is extended to the whole of X. By assumption rF = Fr holds 
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on Xp, and rz, x eX — Xo, is defined at each step so as to preserve this relation. 
Therefore r commutes with F throughout. It is also chosen so as to have the 
carrier ¢. It follows that 7 fulfills all the required conditions under (18.1a). 
Its uniqueness to within contiguity in ¢ will be a consequence of (18.1b). 

Suppose that dim tz $ x throughout. To show uniqueness it is sufficient 
to prove £ unique. Assume the existence of a second &, say &*. Since 
F(é? — ¢/*) = 0, & — & is acycle of (Cl tv), and of the dimension of that complex. 
Therefore &* — &* ~ 0 and hence is equal to 0, or &’ = &*. Thus all that is 
left to complete the proof of (18.1a), the uniqueness to within contiguity in ¢, 
is reduced to (18.1b), whose proof now follows. 

Proor or (18.1b). Let again dim + 2 gq, re X — Xo. By (14.5, 15.8) 
we require an operator D such that | 

(a) D2” Cc Cl tz’; 

(8) FD2? = (72 — 1 — DF)z”. 
By the assumption of the contiguity of 7;, 72 in t on Xo, D is already suitably 
defined (i.e., to satisfy (a), (8)) for x” « Xo , and in particular for p < gq. Suppose 
now p = q, and assume that we have obtained all the Dz’, g S$ r < p, such that 
(a), (8) hold for dimensions less than p. Setting 


(18.3) C= (2 — 1 — DF)2’, 
we find 
(18.4) Fe? = F(ro — 1 — DEF)2” = (12 — 11 — FD)F 2’. 


Since by assumption (8) holds for dimensions less than p, we find from (18.4): 
Fe? = DFF2? = 0,s0¢’ isacycle. Clearly (rz — 7:)x” C Cltz”. Also by the 
hypothesis of the induction: DFx? C Cl t(@z”) Cc Cl t Cla? = Cl tz’, since ¢ 
is weakly closed. Therefore in view of (18.3), ¢? C Cltz”. Since (Cl éz”), 
is acyclic and p > 0, ¢” bounds in Cltz”. There exists then in Cl éz”, a chain 
Dz” such that FOx? = ¢”. Thus we have found a Dz” which satisfies (a), 
(8), and (18.1b) is proved. 

Noteworthy complements are: 

(18.5) The results of (18.1) also hold under the following conditions: X, Y, TT, 
72, are simple, dim Xo = 0, and t 1s a weakly closed carrier of 7, t1, T2. 

For the Kronecker indices of finite zero-chains exist and are preserved by 
T, T1, 7. Since X, r are simple KI(Fzr') = 0 = KI(rFz'); so (18.1a) follows. 
For similar reasons KI(7,2°) = KI(r2x°), and so 712° — 12x” bounds in (Cl tz’),. 
This means that the latter contains a chain Dz’ such that FOr” = nz” — rer’. 
Since in the present instance X) = X’, the zero-section of X, 71 | Xo and re | Xo 
are contiguous in t| Xo, so (18.1b) holds also. 

(18.6) If 71, te under (18.1b) coincide on Xo we may choose D = 0 as the 
definition of SD on Xo. 

Since X¢ is closed in X this is implicit in the proof of reflexivity in (15.1). 
Explicitly also (14.4) is manifestly satisfied for the elements of Xo alone, when 
® = 0 on X. 


[6] COMPLEMENTS 159 


(18.7) Given X, Y, t as in (18.1) and Xo = X°, (X* = the gq-section of X), 
tf KI (712°) = KI(rex"), then 11, 72 are contiguous in t. 

Since the dimensions in Y are greater than or equal to 0, both 7; and rz. map 
the elements of X* into zero, so we may choose D = 0 on X*. Under the 
stated conditions we can find again Dz’ such that FD2” = mx° — mr and D 
will satisfy (14.4) for all of X°. This makes 7 | X°, 72 | X° contiguous in ¢ | X° 
and so (18.7) follows from (18.1b) with X) = X°. 


§6. COMPLEMENTS 


19. Transformations of infinite complexes. 
(19.1) Locally. finite complexes. Let X, Y be locally finite complexes and let 
|| ai(p) ||, p = 0, +1, +2, --- be matrices of integers. Let 


ra? = al(p)y? . 


When for a given p and / there is only a finite number of j’s such that a3(p) ¥ 0 
then rz? is a finite chain of Y and therefore 7+ defines simultaneous homomor- 
phisms of the finite integral chain-groups 


7: OF (X) > GY). 


When 7 commutes with F: rF = Fr, we shall say that 7 is an f-chain-mapping 
xX — Y, 

When for a given p and j there is only a finite number of 7’s such that a}(p) ¥ 0 
then for every infinite integral chain 


P= gat 
the expression 
p 1% P 
TE = AG Yj 


is an infinite chain of Y and therefore 7 defines simultaneous homomorphisms 
of the infinite integral chain-groups (II, 8.4): 


7: @(X) > CY). 


When 7 commutes with F we shall say that 7 is an 7-chain-mapping X — Y. 

When 7 is both an f-mapping and an 7-mapping we shall say that 7 is an 
fi-chain-mapping. 

With 7 there is associated a dual mapping 7*: Y* — X* defined by 

ty) = ain’ 

As in (9, 10) we have 

(19.2) +r ts an f-chain- [t-chain- or fi-chain-] mapping if and only if r* 1s an 
t-chain- [f-chain- or fi-chain-] mapping. 

(19.3) An f-chain- [i-chain- or fi-chain-] mapping 1:X —» Y induces homo- 
morphisms of the groups ©’, --- , ” of the finite [infinite or both] chains of X over 
any G into the corresponding groups for Y. The dual r*:Y* — X* induces then 
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homomorphisms of the groups Gp, -+: , Dp of the infinite [finite or both] cochains 
of Y into the corresponding groups of X. 

(19.4) The product of two chain-mappings of a given type (f, ¢ or fi) 1s a chain- 
mapping of the same type. 

The modifications required in (9, 10) (all but (10.10) which is left out of 
consideration) are clear enough. We notice explicitly that é° in KI(é’), and 
one of &, 7, in KI(é’, 7p) must be finite. 

The graph IL is still the zero-chain of X* X Y given by (11.1). If 7 is an 
f- {or i-] chain-mapping then every factor x5 or y? occurs in at most a finite 
number of terms of f. If we bear in mind this restriction concerning I (11.2) 
still holds. 

The remarks of (13) may be repeated throughout with the sole restriction 
that a carrier of an f-mapping 7:X — Y must be a finite valued set-transforma- 
tion t:X — Y. If r is an 7-mapping ¢’ must be finite-valued. 

(19.5) Star- or closure-finite complexes. Let X, Y be star-finite and let 
the meaning of f-, -- - transformations be as before. In that sense the boundary 
operator F is an 7-transformation from the groups of p-chains to those of (p — 1)- 
chains. Therefore if 7 is an 7-transformation in the same sense as before (from 
groups of p-chains to groups of p-chains) Fr —-7rF will have a meaning and 
so r may be defined as an 7-chain-mapping in the same way as previously. 
Similarly for an jfi-chain-mapping. Likewise for closure-finite X, Y and f- 
and fi-chain-mappings. And naturally also (19.2, 19.3, 19.4) continue to hold. 

20. Chain-homotopy in infinite complexes. Let X, Y be both star-finite or 
both closure-finite. Two f-chain- [i-chain- or fi-chain-] mappings 7 , 72:X — Y 
are called f-chain [i-chain or fi-chain-] homotopic whenever in the terminology 
of (14) there exists an f-chain- [i-chain- or fi-chain-] mapping r:§ K X — Y, 
such that 7(a * X) = 1X, r(b X X) = 7X. If 7: = 1, 7218 called an f-chain- 
[t-chain- or fi-chain-] deformation. It is understood throughout that the f-type 
{t-type] are considered only when X, Y are closure- (star-] finite, while the fi- 
type may be considered in both cases. 

As in (14) it may be proved that the existence of an f-, 7- or fi-chain-homotopy 
is equivalent to the existence of a simultaneous homomorphism 


D:@(X) — ©(Y) 
such that 

FD + DF = rn—- n 
given by formulas 

Da? = Al(p)y?™ 


where the matrices of integers || Ai(p) || are subject to the same type of restric- 
tions as the matrices || @j(p) || defining 7, and 72. 
As in (14) we may define the dual D* of D and prove that 
(20.1) +1, 72 are f-homotopic [i-homotopic or fi-homotopic] if and only if n, 
* . . F ° 
7, are t-homotopic [f-homotopic or fi-homotopic]. 


[6] COMPLEMENTS 161 


(20.2) If 11, 72 are f-homotopic [i-homotopic] then 7m? ~ tet? for every finite 
[infinite] cycle £” of X. 

(20.3) Similarly we have three types of homologous complexes (12.4). It 
is readily seen that: 

(20.4) X, Y are f- [i- or fi-] homologous when and only when X*, Y* are 1- 
[f- or fi-] homologous. 

(20.5) If X, Y are f- [i-] homologous then the finite [infinite] homology groups 
and the infinite [finite] cohomology groups of X are isomorphic with the correspond- 
ing groups of Y. 

(20.6) The considerations of (17) hold for X finite, Y closure-finite and 
7, T:, D of f-type. It is understood that all the chains and cycles under con- 
sideration are finite and wherever homologous or chain-homotopic chain- 
mappings occur they are f-homologous or f-chain-homotopic. 

(20.7) In the remainder of (§5) the required modifications are quite straight- 
forward and may safely be left to the reader. In particular, everything may 
be carried out for transformations of the fi-type. 

For the sake of simplicity we shall assume throughout the rest of the chapter 
that all complexes are locally finite and all chain-mappings are of the fi-type. 

21. Transformations of products. Let ¢, 7 be a set-transformation and a 
chain-mapping X — Y, and #’, r’ thesame: X’— Y’. Definet X t’ and + X 7’ 
by the relations 


(¢ X U)(x X 2’) = (tz) X (t2’), 
(r X 7’)(e XK 2’) = (12) & (72’). 


Evidently ¢ X ?’ is a set-transformation X X X’ — Y X Y’. From the com- 
mutation property of 7, 7’ with F we find also (7 X 7’)F = F(r X 7’), so that 
rt X 7’ is a chain-mapping X K X’-— Y X Y’. We prove readily 

(21.2) If both t, t' are open, closed, weakly or otherwise, so is t X VU. 

(21.3) If t 1s the carrier of r and t' the carrier of r' then t X t' 1s a carrier of 
r xX 1’. 

(21.4) The chain-graph of + X 7+’ 1s the product of the chatn-graphs of + and 7’. 

(21.5) Let 71, 12 be chain-homotopic chain-mappings X — Y, and 7, 79 the 
same: X'—» Y'. Then X 1 and 72 X 12 are chain-homotopic chain-mappings 
XX X'-> YX Y’. 

It is manifestly sufficient to prove that the two product chain-mappings 
considered are both chain-homotopic to 7: X 72. We have an operator D 


on X’ such that 


(21.1) 


(21.6) DF +FD=7n—7. 
If we set 
(21.7) A(z X 2’) = (—1)’(nz) X (D2’), p = dim gz, 


we find directly 
(21.8) (AF + FA)(z X 2’) = (1 Xm — 1X ni)(z X 2), 
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which is, in fact, (14.4) for A relative to 71 X 7, and 7; X 72. We prove similarly 
the chain-homotopy of the latter with rz. X 7: and with operator A’. Hence 
(15.1) 7. X 7, and te X 7 are chain-homotopic and with operator A + A’. 

(21.9) The situation being as in (21.5) if 71, T2 are contiguous in t, and 71, 
72 are contiguous in t' then 74 X 7 and 12 X 72 are contiguous int X U. 

For A(x K 2’) C Clit X t’')(x X 2’), and likewise for A’, hence also for 
A+ A’. 

(21.10) The preceding properties hold for any finite product. 

22. Induced chain-mappings. Let (Xo, X:), (Yo, Y1) be dissections of 
X, Y (III, 23) and let z, w be the projections X — X»), Y — Yo and 9, ¢ the 
injections X, — X, Y: — Y. Suppose now that we have a chain-mapping 
7 and a set-transfarmation ¢t:X — Y, such that 7X, C Yi, tX¥: C Y:. Let 
7 = wr| Xo, and define t&: Xo — Yo as the set-transformation such that hr = 
tr n Yo, xe Xo. Set also mn = 7|X1,t; = t|X1. We say that ¢;, r; are 
induced by t, 7. 

(22.1) (a) 7; 1s a chain-mapping X; — Y;; (b) tf t ts a closed carrier of +r 
then t; 1s a closed carrier of 7; . 

Only (a) for 7o requires proof. We must prove wrrF = wFwr. Since w = w 
and F commutes with w and + we have wFwr = wF7. Clearly also wr(l — x) 
= 0, and hence wr = wrr. From this follows wrrF = wrF = oFr = wFor, 
proving the assertion regarding 7 . 

Let 7’ analogous to 7 induce 7r;, and suppose 7, 7’ chain-homotopic with 
operator D such that DXiC Yi. If Do = wD, Di = D | Xi, we find as above 
Dor = wr = wD, and so, using OF + FD = 7 — 7’, we verify that DF + FD; 
= 7, — 7;. Thus 7;, 7; are chain-homotopic with operator D, said to be 
induced by D. If 7, 7’ are contiguous in ¢, and if Cl; designates closures in Y; , 
then D,z € Cli(tir), x « X;, and so 7; , 7; are contiguous int;. Thus: 

(22.2) If 7, tr’: X — Y are chain-homotopic with operator D and 1, +’, D send 
X, into Y, then the induced chain-mappings 7; , tT; : Xi — Y; are also chain-hemo- 
topic and their homotopy operators are the operators Do = wD, D1 = D| Xi 
induced by D. Furthermore if 7, 7’ are contiguous in t such that tX, C Y,, 
then 1t;, 7; are contiguous in the set-transformation t;: X; —+ Y; induced by t. 


§7. SUBDIVISION. DERIVATION. PARTITION 


23. Subdivision may be viewed as a method for carrying over to complexes 
the geometric process of partitioning a polyhedron II into arbitrarily small 


pieces. 
We continue to adhere to locally finite complexes, and to take all chain- 


mappings of the fi-type. In particular homologous complexes are also to be 
understood in the fi- sense throughout. 
The basic definition, due essentially to Tucker [a, c] is: 


(23.1) Derinitions. The complex Y 1s said to be a subdivision of X whenever 
there exists a set-transformation S:X — Y, and chain-mappings 0:X — Y, r: 
Y — X with the following properties: 
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Sdi. S is finite-valued and closed; 

Sd2. SS is single-valued; 

Sd3. o has the carrier S, 7 the carrier S"', ro = 1, and or is contiguous to the 
identity in SS”. | 

We call S set-subdivision or also subdivision, ¢ a chain-subdivision, t a recip- 
rocal of oc. 


(23.2) S’*S = 1. However SS =1 only when S is one-one. 
(23.3) S” is weakly closed. 
This is equivalent to the relation: 


(23.4) C1S?*Cly = Cl Sy. 


At all events from y e Cl y follows S’ Cly D S“y or CI S’ Cly DCI Sy. 
Let new x = Sy and x’ eClS Cly. We have then rx’ e CLS’ Cl Sz = 
Cl S38 Cl z = Cl x =Cl S-'y and hence Cl S'Cl y CCl Sy. Since each 
side of (23.4) contains the other, (23.4) follows. 


(23.5) to ~ 1, ot ~ 1 (15.8, 15.2). 


24. (24.1) TuHroreM. When Y is a subdivision of X then X and Y are homol- 
ogous (12.4, 23.5). 


(24.2) THeorEM. When Y is a subdivision of X then X and Y have the same 
homology and cohomology groups. More precisely o [its dual o*] induces iso- 
morphisms of the homology [cohomology] groups of X [of Y] with the corresponding 
groups of Y [of X] (12.6, 24.1). Similarly for + with X, Y interchanged. 


(24.3) Let (Xo , X1) be a dissection of X and Y = SX a subdivision of X, with 
o, tT as in (23.1). Then 

(a) (Yo, Y1), Yi: = SX;, ts a dissection of Y; 

(b) S; = S| X; ts a set-subdivision of X; ; 

(c) the corresponding o, t are o;3:X; — Y; induced by o and 7;:Y; > X; 
induced by +. Explicitly and with w, w as in (22) we have: oo = wa| Xo, 7 = 
wr |Yo, 1 = o| X1, 1 = 7|Yi. 

Let St = Z. ByS8Sd1:SClzx=ClZ. Since X11s closed: 7 eXi1—~ Clac 
X1—> Cl ZC Y,;. On the other hand an element y of Y; is in some Z and 
hence Cl y C Cl ZC Y;. Thus Y;is closed and therefore Yo is open, and so 
(Yo, Y1) is a dissection of Y, which is (a). Since SX; = Y;, we also have 
0X,C ¥,, S’Y; = S'*SX, = X, (23.2), and r¥; C X;. Coupling these 
properties with (22.1, 22.2) it is but a step to (b, c). 

(24.4) Sx and S Cl x are subdivisions of X and Cl x (24.3). 

(24.5) Let S be a subdivision of X into Y, and S’ a subdivision of Y into Z, 
with o, 7 related as before to S, and oa’, 7’ the analogues for S’. Then S’S is a 
subdivision of X into Z with o’o and rr’ as the related o, r. 

(24.6) Let S, o, 7, X, Y be as in (23.1), and let S’, a’, 7’, X’, Y’ be a second 
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similar set. Then S X S!' ts a subdivision of X X X' into Y X Y' withe X o’, 
tr X 7’ as the related a, r (21). 

(24.7) The situation being as ir (24.6) if 6 1s a chain-mapping X — X' then 
6’ = o'@r is a chain-mapping Y -+ Y’'. Furthermore tf ¢ is the isomorphism of 
the homology groups of X with those of Y induced by a and &’ the same for o’, and 
if 6, 6 are the homomorphisms in the homology groups of X, X’ induced by 
0, 6’ then 6 = abe”. 

(24.8) Let X, Y be simple, and S a finite-valued closed set-transformation X — Y | 
such that: (a) S7’ is single-valued; (b) Sx° is a vertex; (c) (Cl Sx)a is acyelic. 
Then S is a set-subdivision of X into Y and the related o, tr may be chosen simple. 

Conditions Sd12 of (23.1) being already satisfied there remains to exhibit 
suitable o, 7 satisfying Sd3. | | 

Define « on X°, the zero-section of X, as cx’ = Sz’. This makes the Kro- 
necker index of zero-chains invariant under ¢. As a consequence KI(Foz’) = 
KI(Fz') = 0, since X, Y are simple. By (18.1a) ¢ may be extended to the 
whole of X with S as carrier, and it is clearly simple. 

We proceed in similar manner as regards r and S’. Define 7 on Y’, the 
zero-section of Y, as follows. Take any vertex x° of S”'y° and choose ry’ = 2°. 
This makes the Kronecker index of zero-chains invariant under r. Hence 
KI(Fry') = KI(Fy') = 0. Moreover (Cl S~‘y), is a (Cl x), and hence it is 
acyclic since X is simple. Therefore by (18.1a) r may be extended to Y with 
the carrier S”*, and it is clearly simple. 

Consider now ra:X — X. We have ro | X° = 1 and since a, 7 leave KI(¢’) 
invariant, this holds also for ro, from which we conclude as above that 
KI(Frez') = 0. Since ro has the carrier S'S which contains the chain-mapping 
1, and (Cl S"'Szx) = (Cl x), is acyclic, ro is contiguous to 1 in S'S. Since 
S'S = 1 (23.2), and so does not raise dimensions, by (18.1a) ro = 1. 

The same argument holds for ot and SS". We have (Cl SS ‘y), = (Cl Sz)., 
and so it is acyclic. As before KI(Fory') = 0, and since SS” is the carrier 
of both a7 and the chain-mapping 1, they are contiguous in SS”. 

Thus Sd123 are satisfied and (24.8) is proved. 

25. Derived complexes. There is a noteworthy process for constructing new 
complexes out of given complexes and which applied to simple and simplicial 
complexes, or polyhedra yields subdivisions. It is described in the 


(25.1) Derinitions. Let X be any complex and choose as simplezes the ordered 
collections of distinct elements 


(25.2) o = {%,°°°, Zp}, iy <%1<--- <QZp. 


Every face of o is a collection of this nature, hence X' = {ca} ts a simplicial 
complex. It is known as the first derived of X. Similarly the second derived X”’ 
of X is the first derived (X')' of X’, --+ , the (n + 1)st derived X°*” of X is 
(X™)'. Any X™ is called a derived of X. In general however “the derived’’ 
shall refer to X’. 
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For the sake of clarity it is convenient to designate x as a vertex of X’ by 
a new symbol ‘x. Or if we prefer we may consider the ’x’s as new vertices 
in one-one correspondence with the elements x of X. The general simplex 
ao of X’ is then described by | 


(25.3) = {’ x3 ot tai, BeXices <2}. 


For every o « X’ the representation (25.3) is unique and in this form ‘xz; , ‘'z; 
are called the first and last vertex of oc. 

(25.4) Weakly isomorphic complexes have isomorphic derived complexes. 

(25.5) X’ = X*’, the isomorphism being such that the orientations of X*’ are 
those of X' after applying the orientation function a(o°) = B(—p). 

Let ’x* denote z* as a vertex of X*’. Then to o e X’ given by (25.3) there 
corresponds oo « X*’ given by 


* + * * 
do — ‘2; eee Le. Lv; < eee < ue 


and clearly ‘x — ‘x* defines an isomorphism of X’ with X*’ which conforms 
with (25.5). 

26. Derived of simplicial complexes. Let K = {oc} be our customary simplicial 
complex and let ’s be the new vertex of its derived K’ associated with «. Thus 
the elements of K’, now written ¢, assume the form 


(26.1) f = la; ++-'o;, Gi <octt <6; 


We will now introduce the following operations: 
(26.2a) Derivation D. This is a set-transformation K — K’ defined recur- 


sively by 


Do? ='c =o; Do” = 'o"(DBo"), , p> 0. 
If K is augmented to K, with the (—1)-simplex «, we add the convention 
De = «. 


(26.2b) Chain-derivation. This is a chain-transformation defined recur- 
sively by: 7 
| bo = 0; 5a” = ‘0 5Fo’, | p> 0. 
If we set [of:07 ] = Af;, then 
p > 0:60? = ’o? D> bok, 
and so step by step: 


p > 0:80? = DAM APE + Menge’ oP “oF +++ lot, 
= > B(—p)rh, °° Nec alot, onl. 
the summation being extended to all k1, --: , kp such that o, < o1,.. <--> 


p—l Pp 
< Ck, < Oj - 
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(26.2c) A reciprocal r of chain-derivation. Assign to each ’o a vertex r’e 
of the simplex o. It follows then from the expression (26.1) for the simplex ¢ 
of kK’, that r’o;, «+: , 7’'o; are all vertices of ¢;. Hence 'o-—>7’o defines a 
simplicial chain-mapping K’ — K which we continue to call r. This 7 is pre- 
cisely our reciprocal of o (see 26.8). 

(26.3) (a) D is a closed set-transformation; (b) Do? = {'o; -++ '0;'o" | a; < 

< a; < 0°}; (c) D™ is single-valued. 

Proor or (a). Evidently Cl Do’ = DClo. For p > 0, we have then 


Cl Do? = Do’ u DBo” = DClo”. 


Proor or (b). It is trivial for p = 0, so we may assume p > 0. We find 
then from (26.2a) that Do’ consists of 'o” together with all the joins ¢’o’, 
¢ « DBc”. Under the hypothesis of the induction if ¢; e Bc” then Do; consists 
of those and only those ¢e¢K’ which terminate with ‘c;. Therefore 
{¢|¢ € DBo"} = {'0;, +++ ’a;|0; < +++ < 0; < o”}, and from this to (b) is 
but a step. 

Proor oF (c). From (b) follows that ¢ = ’o; --- 'oj/o” can occur only in 
Do’, and so D’¢ = o”, which proves (c). 

(26.4) 51s a chain-mapping K — K’ with the carrier D and + a chain-mapping 
K' > K with the carrier D™. 

The carrier properties are immediate and it is already known that 7 is a 
simplicial chain-mapping. There remains to show that 6 is a chain-mapping, 
or that Fico”? = 5Fo”. For p = 0 this property is trivial and so we assume it 
for p — land proveitforp. Now Féo” = 6Fo” — ‘co’ FéFo” = 6Fo” — 'o°(5F Fo”) 
= 6Foe’, which is the asserted property, and so (26.4) is proved. 


(26.5) 76 = 1. 


We must show that ric” = o” for every p. This is obvious for p = 0; so 
we assume it again for p — 1, p > 0, and prove it for p. Suppose r’o” = A 
and o” = edo”, ¢€ = +1. Then 


tbo” = e7'a°5(o” | — AFo”"). 


is a vertex of every element of the chain AFo”’, we have 15’o°AFo” = 


Hence 1t50” = ¢Ao” = o”, and (26.5) is proved. 


By hypothesis ric” = 0”? ', r5AFo”’ = AFo”. Since r/o? = A, and A 


(26.6) THEroreM. Every derived of a simplicial complex is a subdivision. 


From this and (24.2) there will follow 


(26.7) THeorEeM. Derivation alters neither the homology nor the cohomology 
groups. 
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Proor or (26.6). It is sufficient to show that K’ is a subdivision. To this 
effect we will show by means of (24.8) that D is a set-subdivision K — K’. 
In view of (26.3) all that is left to do is to show that (D Cl a), is acyclic. 

At all events (DClo’),. = (a), is acyclic. Moreover if o is the simplex 
AB then D Clo’ consists of two one-simplexes AC, CB (C = ‘o') with their 
end points. An elementary calculation shows that it has no one-cycles. It 
is connected and hence zero-cyclic, and so (D Clo’), is also acyclic. 

Consider now (DClo’),, p > 1. We may assume it proved acyclic for 
dimensions less than p. As a consequence (26.6) and (26.7) will hold for those 
dimensions. Hence Do’, like Bo’, is (0, p — 1)-cyclic (III, 21.4), (DBe”). 
is (p — 1)-cyclic, and finally (D Clo”), = ‘c?(D®o”), is acyclic. We conclude 
then from (24.8) that D is a subdivision. This proves (26.6). 

We will complete (26.6) by: 

(26.8) 6 is a chain-subdivision and r is a reciprocal of 6. 

The carrier properties have been proved in (26.4). Referring also to (24.8) 
we find that 5, 7 assume on the zero-sections of K, K’ the values specified there 
for a chain-subdivision and its reciprocal. Then the argument of (24.8) yields 
(26.8). 

(26.9) If K is an n-circuit, a simple n-circutt, or an orientable n-circutt, so are 
all its respective derived (proof elementary). 

(26.10) Derivation does not modify the dimension of a simplicial complex 
(proof elementary). 

27. Derived of simple complexes. Everything that has just been said up 
to (26.9), and which does not involve the description of (26.2c) carries over to 
simple complexes. In particular D, 6 still have the forms (26.2ab), and since 
the proof of (26.6) does not utilize (26.2c) it continues to hold, and so does 
(26.7). By (24.8) 6 and 7 are both simple. We state explicitly for reference: 

(27.1) Derivation of a simple complex is a subdivision and so it alters neither 
the homology nor the cohomology groups. 

It is a direct consequence of the definition of the derived (25.1) that 
dim Dz? S p. On the other hand réx? = x”? > 6x” ¥ 0, and so Dz’ contains 
the nonzero,p-chain 62°. It follows that dim Dz” 2 p, and so dim Dz” = p. 
Thus as for simplicial complexes (26.10): 

(27.2) Derivation does not alter the dimension of a simple complex. 

Finally we have the following complementary result: 

(27.3) If X is finite, dim x 2 0 and (Cl z)q ts acyclic then (27.1) still holds. 

For no#ther properties than those stated are needed in the proof. 

28. Partitions of polyhedral complexes. Let 1 = {£}, M, = {£,} be poly- 
hedral complexes. We say that I is a partition of II whenever every £; is 
contained in some E and every E is the union of a finite set of cells £,. If 
II; is an Euclidean complex the partition is said to be s:mpliczal. 


(28.1) THeoreM. A partition 1 of a polyhedral complex 1s a subdwision 
of Il and hence II, Ii have the same homology and cohomology groups. 
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To prove (28.1) it will also be necessary to derive the following result which 
is interesting for its own sake: 

(28.2) A polyhedral complex is simple. 

Let the partition operation S be defined as the replacement of each cell EZ 
by the set of cells HE; whose union is E. To prove (28.1) it is sufficient to show 
that S is a set-subdivision. 

Referring to (III, 6.1, 6.14) II may be in an Euclidean space or in the Hilbert 
parallelotope P*. In any case, however, it is identified with a subset of a 
linear variety DL in a real vector space ¥. Each E” will then span a definite 
subspace %’ and %/ n L will be a unique linear n-dimensional variety ©” deter- 
mined by E”. We refer to &" as the space of E”. When II is in an Euclidean 
space then ©” is a subspace of that space. 

Let then &" be the space of a given cell E” of 1. If G*' C G" is a subspace 
meeting £", it decomposes the latter into two convex n-cells E’", E’’” and an 
(n — 1)-cell E””*. It decomposes also similarly BE” into a polyhedral complex 
lI"’. The replacement of Cl E” by 1" u {E”, E’", E”} is a partition Sy of 
II. Suppose &"™ is such that @EZ" = 1""'. Then Sp consists merely in re- 
placing E” by {E’", E’’", E”"}. Such a partition operation will be called 
elementary. 

(28.3) Every partition TI; of Il may be further parnnoned to II, which may be 
obtained from TI or I, by a succession of elementary partition operations. 

In the space ©" of E” take the intersection of Cl E” with all the subspaces 
of all the H* c E”", and repeat the process for all E ¢ II. Let S’ be the com- 
bined operation which is a partition operation and let I, = S’II. If II isthe 
g-section of II, and If = S’II’, it is clear that we can pass from II’ to Iz by a 
succession of elementary partition operations. Suppose this also proved re- 
garding the passage from II” to Iz. It is evident from the construction 
that we can then pass from II” to Iz , by a succession of elementary partition 
operations applied to the n-cells of II” one at atime. The resulting operation 
on II is S’. 

At the same time as Cl E" is being partitioned by the subspaces of the E,C E"’, 
these £; themselves are also partitioned and so the combined operation on IT, 
is likewise a partition operation S; :1; > Tz. As above Tz is shown to be 
obtainable by a succession of elementary partition operations from II; and so 
(28.3) follows. 

(28.4) An elementary partition T is a set-subdivision. 

The proof is by means of (24.8). We notice that: 

(28.5) II 1s augmentable and with a zero-cocycle yo = >, A‘, where { A;} are the 
vertices. 

For these properties depend solely upon the one-section, which possesses 
them since it is an Euclidean complex and hence isomorphic with a simplicial 
compiex. 

Among the conditions which (24.8) requires, (24.8ab) are clearly fulfilled 
and the rest will follow if we can prove (28.2) and 

(28.6) (TCI E), ts acyclic. 
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Let (28.2), denote (28.2) for dim IIT = n, and (28.6), denote (28.6) for E = E”. 
Since (28.2), , (28.6), are trivial for n = 0 we may assume them for n — 1 
and prove them for n. 

In order to prove (28.2), all that is lacking, in view of (28.5), is to show that 
(Cl E"), is acyclic. Since this is obvious for n = 0, 1 we may assume n > 1. 
Then the asserted property is equivalent to: Cl E” is zero-cyclic (III, 47.5). 
It will also follow from: 

(28.7) BE", n > 1, ts (0, nm — 1)-cyelic. 

For if (28.7) holds SE” has an integral (n — 1)-cycle y" such that every 
other is a multiple of y”. In particular FE” = ty”’. Let {E27'} be the 
(n — 1)-facesof E”. By definition [E*:E7'] = ¢' = +1, hence FE” = ¢ Et # 
0 since BE" is (0, n — 1)-cyclic and so must have (n — 1)-faces. We also 
havey” = »'E?’. Hencesay ¢ = tn’ = +1, andsot = +1. It follows that 
y" > = +FE”, and so the (n — 1)-cycles of Cl EZ”, which are the same as those 
of BE", are all ~ 0. Since Fi” = +ty””’ ~ 0, tH” cannot be a cycle. For 
dimensions less than n — 1 the homology groups of Cl E” and SE” are the 
same and so Cl E” is zero-cyclic. Thus (28.2) is reduced to (28.7). 

Take a point A e« E” and choose an Euclidean simplex o® (III, 6.9) such that 
Aeo, CE". Let &" be the space of FE”. Each face of o; or of E” defines to- 
gether with A a certain subspace of ©”. The set of subspaces thus obtained, 
whose number is finite, is readily shown to cause isomorphic partitions of 
Bo; and BE”. Therefore the two partitions have the same homology groups. 
Under the hypothesis of the induction these groups are the same as those of 
Bo? and of BE”. Hence the latter is (0, n — 1)-cyclic like Bo;. This proves 
(28.7) and hence (28.2). 

There remains to prove (28.6),. We assume then E” replaced by E”” 
together with two other convex cells Ej , E; and so we have to show that if 
K, = (CI EY)a, Ke = (Cl Ey),, K = Kivu Ke, then K is acyclic. Since Kisa 
finite complex it is sufficient to show that all the integral homology groups 
of K are zero, i.e., that every integral cycle y’ bounds. Now we may write 
y? = CP? +C2,C? CK;. Wehavetheny’’ = FC? = —FC? C Kin Kz = 
(Cl E””),. Since the latter is acyclic y? = FC”, C? C Kin Kz. Hence 
yay tysyt = CP — C72 = C2? + C’, 7? acycle of K;. Since K; is 
acyclic y? = FC?"', C?*! Cc K;. Hence y? = F(C?™ + C?™). Thus K 
is acyclic, and (28.6), follows. This completes the proof of (28.6) and also 
of (28.4). 

(28.8) There remains to show that any partition operation S is a subdivision. 
We apply again (24.8). All that it requires is to prove: 

(28.9) (S Cl E)q ts acyclic. 

By (28.3) there are two products of elementary partitions JT; , T2 such that 
T:S ClE = T, Cl E. By (28.4) and (24.5) both T,, T2 are set-subdivisions 
and so they do not modify the homology groups. Therefore those of (Cl £), 
and (S Cl E), are the same. Since (Cl F£), has just been proved acyclic (28.9) 
follows and (28.1) is proved. 

29. Barycentric subdivision. Let K. = {o.} be a finite Euclidean complex 
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and let ’c, be the centroid of o,. Define an operation D on K, formally as 
follows: 


(29.1) Do? ='ci = 0;; De? =' 2 (DBa?)a, p> 0. 


Thus D is iecpnesal the analogue of derivation applied to K,. 

(29.2) D ts a simplicial partition of K, . 

Let K? denote the p-section of K,. Clearly (29.2) holds for K? ; so we 
assume it for K?™ and prove it for K?. Since the simplexes of Do? are dis- 
joint from those of DK?~", all that is required is to show that: 

(a) each x ¢ o? is in a simplex of Do? ; 

(b) the simplexes of Do? are disjoint. 

Since (a) holds for ‘o? we may assume x ~ ’o?. Since of is convex the 
segment ‘gx meets | Bo? i ina point 2’. Under me hypothesis of the induction 
x’ «| DBo? | and so 2’ € o!; C | DBo? | , x € | 0? DBo? p which is (a). 

Since D induces a partition of Be? , the simplexes o2; of DBo? are disjoint 
and hence this holds also for the set {’o? , ‘o302;}, which proves (b) and there- 
fore (29.2). 

(29.3) The analogy of D with the operation of (26.2a) is obvious, and so we 
call it barycentric subdivision. If K is a simplicial antecedent of K, (III, 6.12) 
then K’ is an antecedent of DK,. Owing to this DK, is called a barycentric 
derived of K,, and denoted by K,. The nth barycentric derived K‘” is defined 
as D"K,. As a partition D is a subdivision and the related chain-subdivision 
and reciprocal are 6 given by (26.2b) with o, in place of o, and 7 defined in (26.2c). 

(29.4) The fact that ’c, has been chosen as the centroid of o, played no role 
whatever, and it could equally be any other point of o,. The partition then 
obtained is merely called a derived of K,. However, unless otherwise stated 
“derived” will be understood to refer to the barycentric derived. 

(29.5) Choose the points {'c?} such that 'o? ¢ 6? and also that ot < o? — 
‘ot = ‘ao? . Then D defined by (29.1) is still a simplicial partition of K,. . 

The proof is the same as before and need not be repeated. 

Finally the same proof yields: 

(29.6) Let 1 = {E£} bea polyhedral complex and 'E the centroid of E. Then D 
defined by (29.1) with E in place of o, defines a simplicial partition of Tl = IT’ 

= the derived of 11), and called the barycentric derwed of I. 

For convenience DII is identified henceforth with IT’. 

30. Application to the duals of simplicial complexes. 

(80.1) Let first o"*? = Ao--- Angi, m > 1, and let S" = Bo" = {ot}, 
where we suppose that in S” the incidence numbers are as in (III, 5.7) 
({(cA:o] = 1). For convenience if A, o” are opposite one another then we 
suppose o” so oriented that o"A = o”*’. 

If o? ¢ S" we denote by ¢7 ” the face opposite o? so oriented that off; ? = 
o”"*'. By the convention just made this merely yields as the ¢{ the vertices .4, . 
Let So = {¢; "} with the incidence numbers defined in the usual way 
({Ag:¢] = 1). Thus Sg is simply S” reoriented in a definite way. 
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(30.2) The dual of S” is designated as usual by (S”)* and its elements by 
{o>}. Now it is an elementary matter to show that o}, — ¢?-” preserves the 
incidences in (S”)* and merely raises dimensions n units. Therefore it defines 
& weak isomorphism 6:(S")* — S> with dimensions raised n units. Thus S” 
1s weakly isomorphic with its own dual, the dimensions being raised n units. 

(30.3) Let now K be any finite simplicial complex and let its vertices be 
augmented by at least two thus producing a set {A;}, 7 = 0,---, +1, 
where the first r S n — 1 are the vertices of K. We construct o”* = 
Ao +++ Ans, then S” as before and so we have K immersed as a subcomplex 
in S". We adopt in K the incidences of S”, i.e., it is to be a subcomplex of S” 
itself. Then again 6K* = Koy is a subcomplex of S} (i.e., with the incidence 
numbers of S%) which is a weak isomorph of K* with dimensions raised n units. 
Thus: 

(30.4) Given any finite simplicial complex K, and an integer n above a certain 
value, then S” contains an isomorph of K and also a weak isomorph Ko of K* with 
dimensions raised n units. 

(30.5) We shall adopt naturally enough the same incidence numbers of 
(III, 5.7) for the derived of S”, and also for those of K, asin S” and K. The 
only change required in (26) is in the replacement of (26.2b) as the definition 


of 6 by: 
(30.5a) bo = 6, 80° = (6Fo”)’o’, p> 0. 


It is easily seen that this affects no ulterior argument in (26). 

(30.6) Take now the first derived (S")’ of S”. The vertex mapping 
‘of — ’¢?? defines an isomorphism ¢ of (S”)’ with (S>)’ under which ’o; --- ’e;, 
oi < +--+ <;, of (S")’ goes into ’¢;--- '&;, 0) < --- < &;, of (So)’. In other 
words the set of simplexes beginning with ‘co; goes into the set of those ending 
with ‘¢;. Under ¢ there corresponds to the set of simplexes of the derived 
(7° 7)' of CF? (ie., with ‘¢7"? as last vertex) the set n; ” of the simplexes 
beginning with ’o? . Since ¢ is an isomorphism, if we introduce in {n; 7} the 
dimensions and incidence relations of Sg , there is obtained an isomorph S; of 
So such that (S7f)’ = (So)’. By (380.4) Sy is a weak isomorph of (S")* with 
dimensions raised n units and in Sj the image of o}, has for derived the set of 
simplexes of (S")’ beginning with ’o? . 

Notice that (0?)’ and nj; * have common simplexes when and only when 
there are simplexes whose first vertex is ‘0? and last vertex ’o? , i.e., when and 
only when of < o? , and all such simplexes are common to both. Thus we have: 

(30.7) (o?)' and nj * have common simplexes (elements of (S")’) when and only 
when a} < a? , and their common simplexes consist then of all those beginning with 
’o? and ending with 'o? . 

(30.8) Suppose now K immersed as a subcomplex in S". Then K, = 
{n; °|o? €K} is a weak isomorph of A* with dimensions raised n units and 
(30.7) continues to hold as between the o? e¢ K and the corresponding n; 7 « K,. 
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Since »; consists of all the simplexes of (S")’ which begin with the vertex 
‘a? ¢ K’ we have: 


K; = St K’, (star in (8")’). 


31. Let us take now an Euclidean (n + 1)-simplex, and to simplify matters 
let us preserve the notations of (30). Thus the Euclidean simplex will be 
written o”*, and we write throughout o”, --- instead of of , --- for the Eu- 
clidean elements. It is then an elementary matter to verify: 

(31.1) Let &"** be the space of o”*! and if o? < o*', p S n, let G2” be the 
subspace of &"*' defined by ? and'o"**. Then (S")’ ts the partition of S" caused 
by tts intersections with the G?™’. 

(31.2) n?~? consists of all the simplexes of (S")' with the vertex ‘af and otherwise 
exterior to o? . The set n?” is in the space defined by ‘o? and the complement 

"~? of o? ina”. 

Owing to this property one may also describe nj” as a cell transverse to o”. 
Notice that if o”*' is regular (in the sense of elementary geometry) then 7” 
is in the @"~?*? orthogonal to the space of of in G** at ‘o?. From (30.7, 30.8) 
we deduce also: 

(31.3) o? n n° * ¥ @ when and only when of < of and the intersection ts the 
union of the Euclidean simplexes of (S")! whose extreme vertices are ‘of and ‘of . 
The same property holds for a subcomplex K of S” as regards the of ¢ K and the 
related elements n?? ¢ K, (related to K as in 30). 

This property will provide valuable indications regarding chain-intersec- 
tions (V, 4). 


CHAPTER V 


COMPLEXES: MULTIPLICATIONS AND INTERSECTIONS. 
FIXED ELEMENTS. MANIFOLDS 


The present chapter brings to a close the general theory of complexes. Multi 
plications for finite complexes are introduced in a general form and then spe- 
cialized to intersections. The complements required by infinite complexes will 
be found in (3,18). The algebraic treatment of fixed elements of chain-mappings 
and the related question of coincidences follow and the chapter concludes with 
an extensive treatment of combinatorial manifolds. 

General references: Alexander [c, d, e], Alexandroff [f], Cech [f], Kclmogoroff 
[b, c], Lefschetz [a; L, III-VI], Newman [b], Pontrjagin [d], Tucker [a], Veblen 
[V], Whitehead [a], Whitney [d]. 


§1. MULTIPLICATIONS 


1. (1.1) We shall be dealing for the time being with three basic complexes X, 
Y, Z which are assumed finite unless otherwise stated. In addition we shall 
have two groups G, H commutatively paired to a third group J. Occasionally 
also we may have G = H = J = p, a commutative ring. 

(1.2) Let » be a chain-mapping X X Y — Z given by u(t? X y}) = 
utj(p, gen,7 = p+q. If we have chains ?” = g'2? , " = h’yj of X, Y over G, 
H then 


(1.3) ul? X a) = gui, Da = 7, 
is a chain of Z over J, also denoted by 
(1.4) coe Xr. 


The operation X, thus defined is known as a multiplication of X, Y to Z, or 
merely a multiplication whenever X, Y, Z are clear from the context. 

Let the notations be those of (IV, 5). From the fact that » is a chain-mapping 
together with (IV, 5.3, --- , 5.9) we deduce: 

(1.5) p is a multiplication pairing G(X, G), CY, H) to @ (7, J). 


(1.6) F(e? X, 0°) = (Fe) Xa 0° + (— 1"? X, Frat. 


(1.7) 7? X, 8 ts a (p + q)-cycle. 

(1.8) y? or 5° ~ O07 X, 8 ~ O. 

(1.9) If y? eT? and 5 ¢ A’ then y” X, & is in a fixed homology class written 
T? x, A’ and this operation is a multiplication pairing $°(X, G), O'(Y, H) to 
9°""(Z, J). 

(1.10) Multiplication ring. Consider the special case X = Y = Z and 
G = H = J =p. Then we only have cycles y over p and their classes T. Let 
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©(X, p) = PH?(X, p). The group S(X, p) may be identified with the additive 
group generated by all the homology classes over p. Between the generating 
elements {I'?} we have relations of the form I? x, Ir’ = r?**, They may be 
considered as defining a distributive but not necessarily associative operation of 
multiplication between the elements of S(X, p), thus turning the group into a 
ring R(X, p, »). Such a ring was introduced (in connection with intersections, 
(8.8c) by J. W. Alexander [d] and Gordon [a]. See also the Pontrjagin ring of 


(VIII, 53.1). 
(1.11) Suppose that there is merely given a chain-transformation uw: X X Y + Z 


and we wish to find if it is a multiplication. This requires that we show that 
pF = Fy, or by (IV, 5.5) that: 


Fu(é? X n°) = wF(e? X n*) = wl (FE?) X of + (-1)8? K Fa’}. 
If we write » as a product X, this reduces to (1.6). Therefore: 


(1.12) A n.a.s.c. that a chain-transformation u:X X Y — Z be a multiplica- 
tion is that it satisfy the boundary relation (1.6). : 

(1.13) AN ExaAMPLE. The following noteworthy example is due to W. W. 
Flexner (c]. It will be of interest in another connection later. We choose X 
locally finite but otherwise arbitrary and define a multiplication » of X, X* 
to X’, the derived of X (IV, 25) as follows. Set 


[z? za?) = AF, = [xp-1:25], 
and let the designations for the simplexes of X’ be those of (IV, 25). Then the 
relations defining ¢ are: 
(1.14) g(x? X xh) = B(p)8i'2? ; 


(1.148) p<q: o(z? X zi) = 0; 


B(p — 1)d¥,’x?’x?', where x?" < z?, 


1.15) (2? X 24) = 
( 7 = 0 otherwise; 


atl, Ply — 


(1.16) q<p-— lig(x? X x}) = >, B(Q)AR AE Bes sot Ney Fy ae en 


where r = p — g — 1 and the summation is over all k,, --- , k, such that 
a? > af’ > ++. > at. We must verify (1.6). It is trivial for (1.14) and 
immediate for (1.15). The relation FF = 0 yields: 


p—st+l \?5° oss 
L Neg-ik, A Keket+. ~ 0. 


From this follows for g < p — 1: 
atl, p—l Val 


F(a? X29) = DO BQ)Me °° MG aE os ‘af 

+ (-1)?* DY) BAR, 00° MEE? oe ett, 
The term in the first sum is at once reduced to (Fz?) X, 2). The term in the 
second sum is 


(1.17) 
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(—1)?“B(q)B(g-+ 1){B(g + UM, + MES EP + af} = (—1)?a? X, Fai. 
Substituting in (1.17) we obtain (1.6) for y, and so ¢ is a multiplication. 

2. Let again » be asin (1.1). Since it is a chain-mapping X X Y — Z, yw has 
a chain-graph I which is a zero-cycle of X* X Y* X Z (IV, 11). We-propose to 
utilize T' to show that there are in general certain new multiplications related to p. 
Referring to (IV, 11) we have: 


(2.1) T= 2) B(r)uilp, Qtr X ya X eh, r=p+q. 


By permuting, if possible, the factors X*, Y*, Z we shall obtain new expressions 
for T and hence the new multiplications. These permutations are only possible 
when the factors to be permuted are disjoint and so we have to examine several © 
cases. | 

(a) X, Y are disjoint. Then X*n Y* = @ and permutation of the two factors 
X*,.Y* is the same as applying to X* xX Y* X Z an orientation function 
a(x, X yi X 2) = (—1)™ (IV, 1.4). Therefore by (III, 10.1) I’ as a cycle of 
Y* X X* X Z is to be written: 


(2.2) . T= Dd (—1)"* Br) uitp, Dy X ti, X zh. 


Psd 


Consequently (IV, 11) I determines a chain-mapping Y XK X — Z, written 
likewise as a u-multiplication, and given by: 


(2.3) . YF Xe ak = (—1)"uis(p, De. 
That is to say, 
yi Xu ee = (—1)a? Xy yj, 


and therefore for a product of chains 


(2.4) ot XP = (-)"" X, 
(b) Y*, Z are disjoint. We may then write I as a cycle of X* K Z X Y?*: 
(2.5) T = 55 B(—g) {B(p)uii(p, @}ah X eh X yi. 


From this expression of I we infer that there exists a chain-mapping 
X X Z* — Y*, which written as a y-multiplication, is given by: | 
(2.6) xP Xu ee = B(p)uisP, DYa- 

(c) Z disjoint from X*, Y*. Proceeding as under (a) we obtain a multiplica- 
tion ¢, X, & given by: 
(2.7) oe Ky EP = (- 1)" 8 Xa, 


which may be viewed as giving the commutation rule for the operation (2.6). 
(d) X and Y u Z* are disjoint. Then I may be written as a cycle of 
¥* x2 XX: 
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(2.8) = >) B(—p){ B(p)B(r) us s(P, Q}y; X ah X x. 


This yields the chain-mapping Y X Z* —» X* which written as a miultiplica- 
tion reads: 


(2.9) | y! Ku Zs 7 B(p)B(r) ui s(p, Q2X> : 


If in addition Y, Z* are disjoint there is obtained for this last multiplication | 
the commutation rule | 


(2.10) & Xin = (—1)""7" Ku br. 


(2.11) To sum up then, in addition to the initial multiplication » there may 
exist two more with possible commutation of the factors under the cireum- 
stances which have just been described. 

(2.12) In similar manner we may introduce a multiplication of n — 1 com-— 
plexes X1, -:- , Xn_-1 to yield chains of an nth complex X,. It will be a chain- 
mapping AX x -X Xan — Xn with a graph nich is a zero-cycle in 
XTX ++) X XR xX X, 

3. 3.1) The situation is 5 ar acalaly interesting when the three factors X,. 
Y, Z coincide or else are one of X, X*. The complexes which.are geometrically 
significant are the simple complexes or their duals, and for these dim x = 0 or 
else < 0. Hence on dimensional grounds we may exclude chain-mappings of 
type X’ > X* as of little significance. This leaves the types X° — X and 
X* — X*. They are really the same with X, X* interchanged and so we will 
describe them as dual to one another. The results obtained for the one may be 
applied to the other provided that all the elements are replaced by their duals. 
It will be sufficient therefore to concentrate upon the second type. This is the 
one which interests us primarily since it includes intersections. 

It may be observed that X n X* = @, and so the disjunction properties 
required in (2) are easily verified here. 

(3.2) We shall then discuss principally the multiplication of X*, X* to X*. 
The associated graph is a zero-cycle I of XX X*. The elements of the complex 
are the triples (x3, xj , 2), written 2? X 2, X x}, , and ordered with respect to 
xi, 2x;,. To be precise the element just written is distinct from x, X x? X z,. 
On the other hand if we write the complex as X K X* K X we are supposed to 
replace 13 X x, X x by x} X x, X a, the effect being the same as applying an 
orientation function whose value on the element under considerationis (—1)””. 


Thus 

(3.3) — ai xX 2 & a, = (—1)" 23 & ah xX zh. | 
Similarly as regards replacing X X X* xX X by X* X X°. Thus the commuta-_ 
tion rules of (2) will only be applicable to the admissible commutations, namely 
of X* with one of the other factors. As a consequence we have only two basic 


distinct equivalent forms for T. In the first form it appears as a cycle of 
KF SON: 
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(3.4) T= 2) (-1)?ui*G@, rep X af X ah, q¢r= 
qr 


In the second form I appears as a cycle of X° X X*: 
(3.5) r= >> ui*(q, r)ai X th X x. 
gr 


The expression of I as a cycle of X X X* X X is not needed since it merely 
yields a commutation rule that may be written down directly. 

As in (2) we read off the multiplications from the expressions of T. Since 
X* xX X* = (X X X*)* X X, (3.4) yields the chain-mapping w1:X XK X*—> X 
defined by: 


(3.6) mila? X 23) = (—1)?B(r)ui"]@ rah - 
Since X, X* can be commuted, if yu: is written as an operation X,, we have 
(3.7) Ey Xt = (- 1)?*¢? Kus Eq: 


Similarly from (3.5) there comes the chain-mapping py; :X*’ > X* defined by: 
(3.8) pa (4 X zr) = B(—p)ui"(q, r)a5 - 


This time there is no commutation rule such as (3.7). 

(3.9) The graph Y determines two multiplications .:X X X* — X and 
ue .X*? — X*, and each of 1, wz , T determines the other two uniquely. 

(3.10) A pair of multiplications » = (u:, #2) such as just considered, deter- 
mined by the same graph I, will be called a multiplication in X, and m1, un 
will be referred to as the first and second component of uy. 

(3.11) Side by side with us we shall also consider on occasion its dual pe 
which is a chain-mapping X — X’. 

(3.12) Multiplications in infinite complexes. Going back to the situation of 
(1) we may consider multiplications of X, Y to Z of f-, 7-, or fi-types in the 
sense of (IV, 19) and there is no difficulty in extending to them the results of (1, 2). 
We may also restrict the chains of X or Y or both to being finite with appro- 
priate modifications of the paired groups. 

(3.13) A more interesting situation concerns multiplications in a complex X. 
Suppose first X closure-finite. Only finite chains are admissible and so “ must 
ee of type f. We learn from (3.6) that when g, 7, 7, j are given then 

pi(q, r) ¥ 0 for at most a finite number of values of h. Suppose that we have a 
#1 With the property just asserted. In order to have a ua which is an 7-chain- 
mapping we find from (3.8) that given 7, q, 7 then ul*(q, 7) ¥ 0 for at most a 
finite number of values of j, h. Therefore in order that we have a multiplica- 
tion » = (m1, u2) in X the matrices || u3"(q, r) || (7, q, 7 fixed) must have at 
most a finite number of terms different from 0 in each row or column. 

The treatment of a star-finite X is the same with chains and cochains inter- 
changed and otherwise obvious modifications. The locally finite type partakes 
of the properties of both and its discussion is safely omitted. 
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§2. INTERSECTIONS 


4. We shall now assume that the basic complex X is finite and simple and, 
by specializing the multiplication u, obtain intersections in X. The concentra- 
tion upon simple complexes is amply justified on geometric grounds since they 
include simplicial and polyhedral complexes. The extension to infinite com- 
plexes will be taken up later (18). 

From our earlier intersection theory (see notably [L, IV]) we are already 
led to associating intersections of chains with certain bilinear functions of 
chains, i.e., with multiplications. On the other hand returning to the situation 
and notations of (IV, 31) we have seen that of and the transverse nj‘ of of 
intersect when and only when of < of. If we think of nj as an image of the 
dual o/ then we may expect an intersection of o? with o) only when of < o?, 
and its dimension will be less than or equal to p — q (IV, 31.3). 

On the strength of the preceding remarks we introduce for the finite simple 
complex X a multiplication » = (4, u:), written as a dot-product: x20, 
Lp'Xq, Lp'x", and satisfying the following two conditions: 

(4.1) 2?-x2, = a (p — q)-chain of Cl x” which is zero whenever x* K 2°; 

(4.2) x?-rp = B(p)x’, x° a vertex of x”. 

(4.3) The important condition is (4.1), and it is patterned after a “‘local”’ 
condition due to Whitney [d]. Condition (4.2) has an interesting consequence 
as regards the Kronecker index. We have already defined in (III, 28): 
KI(x?, x») = B(p). On the other hand as a zero-chain x”-z, has likewise a 
Kronecker index which is 


KI(8(p)z’) = B(p) = KI(z’, 25). 


Hence from (4.2) for any pair £, np: 
(4.4) KI(&?, mp) = KI("- m5). 


(4.5) It is to be noted that x”-z, is not completely determined by (4.2) when 
p > 0, since x’ is an unspecified vertex of x’. A similar remark will apply 
regarding the vertices present in certain expressions below. 

(4.6) Conditions (4.1, 4.2) refer to the component y: alone. Suppose that 
there has been found a y: satisfying (4.1, 4.2). Writing this operation »; as a 
dot-product we will have (3.6): 


(4.7) xP xy = (—1)B(r)ul"(q, r)zh, qtr=p. 
For the particular value g = p condition (4.2) yields explicitly 

(4.8) x?-xi, = B(p)dixy , a < 2}, 
and is equivalent to: 


(—1)’ 6(p) for one h such that 2, < 2? ; 


4,9 “(p, 0) = 
a2) par 0 otherwise. 
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The operation u2 written as a dot-product is: 
: (4.10) | ech = B(—p)ui*(q, r)xy ’ p=qtr, 


and (4.1, 4.2) are equivalent to the following conditions on py: : 

(4.11) 2-2, is a (q + r)-cochain of St x7 St 2’. 

(4.12) 2,-x20 = xp for a certain x > xp, and = O for all other 1%. 

We recall that the fundamental cocycle of X is yo = ),2$. A consequence 
of (4.12) is the noteworthy relation: 


(4.13) LpYo = Lp. 
5. Since (4.1, 4.2) and (4.11, 4.12) are equivalent we introduce the 


(5.1) Derinirion. By a chain-intersection or merely intersection in a simple 
complex X is meant a multiplication u = (11, 2) written as a dot-product, which 
satisfies any one of the two sets of conditions (4.1, 4.2) or (4.11, 4.12), and therefore 
both sets. More explicitly, an intersection in X is a pair of chain-mappings 
witX X X*— X, wy X* > X* related as in (3) by their common graph and which 
satisfy, respectively, the equivalent pairs of conditions (4.1, 4.2) and (4.11, 4.12). 


(5.2) In everything that precedes, the basic convention prevails that X* is 
so oriented that [x?:2?~*] = [z3_,:23]. We shall find it convenient at times to 
adopt a different orientation for the dual complex. If it is subjected to an 
orientation function a(z,) then X X X* will be subjected to the orientation 
function a’(x? X x4) = a(x) and so we will have to replace z”-2z, and x, by 
a(%)x” +2, a(%_)t,. Incidentally we recall that KI(z’, x,) will then also go 
into a(x,)KI(xz”, xy) (III, 28.4). 

6. Before proceeding we require suitable carriers for the components jn, ps 
of intersection. 

(6.1) 2” X 2, — 2” defines a set-transformation T;:X * X* — X which is a 
closed carrier for wn. 

The carrier property is obvious. To prove 7; closed, observe that (2 X x, < 
eK 2,7 2? <x) > 7, Cl” XK x.) C Cl Til(x’ XK z.). On the other hand 
Cl Tix’ XX a.) = Cla’ = {2?|a? K a} C Tix? X a, |2” < 2a, > 2} = 
T, Cl(x" X x,). Hence 7; Cl = Cl 71, or 7; is closed. 

(6.2) x — Cl(x X x) defines a set-transformation T,:X — X’ whith is a closed 
carrier for u2. Hence (IV, 8.4) T> is a closed carrier for Me 

The proof of T, Cl = Cl T2 is elementary. By (4.11) uz Maps 2, X 2, into 
a cochain of elements xz, such that x’, x” < 2”. Therefore ue maps x” into a 
chain of Cl(x” X 2”) and so it has the carrier T; . 


7. (7.1) ExisTENCE AND UNIQUENESS THEOREM. A chain-intersection may be 
introduced in every simple complex and 1s unique to within contiguity in the carriers 
of the components (Whitney [d)]). 
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We first observe that u: is to be a chain-mapping X X X* — X which 
vanishes on the negative-dimensional elements and also on the set Yi = 
fa” X ayia? K a}. Now2?Xa,<uxXu7 a? < 2',2° < x*. Therefore 
aX gm at o> x * 2, or Yi is a closed subcomplex of X X X*. Since 
the zero-section Y° of X & X™ is likewise a closed subcomplex, the same holds 
for Y = Y°u Y;. Thus the requirements on ji may be formulated as: (a) it is 
to have the carrier 71 ; (b) it is to be zero on all but the zero-elements of Y, 
and on the zero-elements it is to receive values in accordance with (4.1, 4.2). 
Since (Cl Tit” X 2,)e = (Cl 2”)q is acyclic, and the elements of X K X wee 4 
are positive-dimensional, and X is simple, by (IV, 18.1a) there will exista 
suitable 4, provided that the values on the zero-dimensional elements satisfy 


7.2) KI (mF (x? X 23-1)) = 0. 
This relation reduces at once to 
(7.3) KI (u((Fx?) X 25-1)) + (—1)’KI (i(ai X Fri-1)) = 0. 
p-l 


By (4.1) the indices in (7.3) have the respective values B(p — 1)[x?:2?7], 
and (—1)°6(p)(x’,-1:2°,], and as they are equal and opposite in signs (7.2) holds. 
Thus 4, and hence a chain-intersection » = (u:, u2), does exist in X. 

Suppose that there are two chain-intersections np = (41, us), uw’ = (a1, uz"). 
We have to prove that », and uy; are contiguous in 7’, and us : u* are contiguous 
in T3.. Since the contiguity of ree : uo* in T> is equivalent to that of ue, Me 
in T2, in the last analysis it is to be shown that yu; , u; (t = 1, 2) are contiguous 
in T;. Since (Cl Tit” X 2q)a, (Cl Tor), are acyclic and yu; , u,; map the negative- 
dimensional elements into zero, the required result will follow by (IV, 18.7), 
if given any finite zero-chain of the complex upon which yp; operates we have 


(7.4) KI (uit?) = KI (uit’). 
Take first 1, wu. By (4.2) the value of KI(ui(z? X z’,)) is the same for all 
intersections, hence also the same for 41, ui. Therefore (7.4) holds and so 


1, #1 are contiguous in 7. 
Referring to (4.11, 4.12) the transforms of the zero-cochains under pu: are 


defined by: 

(7.5) wa (xi X a) = 0, 25; ua (mo X 2) = 2D. 
Hence the transforms of the zero-chains under ye are defined by 
(7.0) mot, = 2; X ry. 


Once more KI(y2t®) = 1 and so it is independent of uz. Thus (7.4) holds 
fori = 2also. It follows that ue, #2 are contiguous in 72 and the proof of (7.1) 
is completed. 

8. Multiplicative properties of intersections. They are first of all those of 
intersections as multiplications. In addition, however, there are important 
complementary properties which will require separate treatment. 
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(8.1) Notations. We will consider groups G, H, J and the ring p as in (1). 
We write: 


£ = a chain or cochain over G; 
y = acycle or.cocycle over G; 
, Tr = the class of 7; 

n, 5,4 the same as é, y, I over H; 


if G = H = J = p the only designations will be &, y, I. 

Let then p = (m1, uz) be an intersection in X. Since yz and uy are, respec- 
tively multiplications of X, X* to X and X*, X* to X*, we have from (1.5, ---, 
1.9, 3.7): 

(8.2) Intersections pair G(X, G), ©,(X, H) to @ *(X, J), and ©,(X, G), 
G(X, H) to Gp4(X, J). 

(8.3) Na = (—1)™E?-n,. 

(8.4) F(é-n) = (Fé)-9 + (—1)"™ €-F . 

(8.5) y?-5,, ¥p°5" are (p — q)-cycles over J and yp-5, 1s a (p + g)-cocycle over J. 

(8.6) yori ~O~> 7:5 ~ 0. 

(8.7) The class of y-6 depends solely upon the classes T, A ofy,6. Its written 
I-A and called the class intersection of T, A. 

With class intersections at our disposal we are in position to give the following 


comprehensive theorem: 


(8.8) THEorREM. The class intersection T’-A, pairs $°(X, G), G(X, H) to 
$’*(X, J) and the class intersection T,-A, pairs $,(X, G), D(X, H) to 
Dp+e(X, J). Furthermore: 

(a) (Commutation rule) A-T = (—1) 

(b) If the classes are over a ring p then their intersections are associative. 

(c) If the cocycles are over a ring p then T',-T, considered as a formal product 
gencrates an associative but not necessarily commutative ring R(X, p). 


dim ['-dim Or.a 


We call R(X, p) the cohomology ring over p, or merely the cohomology ring, 
written R(X), when p is the ring of the integers. (Regarding this ring, see Alex- 
ander [c, d, e], Gordon [a], also Freudenthal [a].) 

(8.9) AN EXAMPLE. Consider the sphere S* = Bo"*!, o"*! = Ao-++ Anyi. Referring to 
(III, 22.4, 27.5) S" is (0, n)-cocyclic and if yo = » At,yn = A®--- A* then every zero- 
cocycle is of the form gyo , and every n-cocycle ~ gyn (III, 27.7). The only intersections 
of the elements yo , yn which are ~ 0 are yo-yo and yeryn = Yun‘yo, and we shall calculate 
these. We have from (4.11): A‘-A‘' = A‘, A'-Ai = Oforj #7. Hence 

 yovo = > A’-Ai =o. 
We also have on-0* = B(—n)A; and yo-'yn ~ Aon - Hence 


yorvatyn ~ Ayo: (Gn-o") = AB(—N)yo Ai = AB(—N)A; | 


yorrny® = Ly Aie(yy") = B(—n)AG 


182 - COMPLEXES [V] 


Hence \6(—n)A; = 8(—n)A;, and soy = 1. Therefore yon ~ Yn « Thus if fs, I, are - 
the classes of yo , yn the class intersections are fully determined by the relations: le Tom Te, 
ToDsn = TacTo = Tn. 

(8.10) Outline of the proof of (8.8). The pairing properties are a consequence 
of (8.7) and the ring properties follow from (1.10) and (8.8b). There remain 
(8.8ab) which we will prove separately by means of certain auxiliary chain- 
mappings. 

9. Proof of (8.8a). For I?-A,, that is to say for 1, it is a consequence of 
(8.3), so we only have to consider I,:A,, 1.e., ug. This operation has been 
defined as a chain-mapping X** — X* which satisfies (4.11, 4.12). The condi- 
tion that u* be a chain-mapping is usF = Fur . If the resulting relations are 
written down for the relations (3.8) they are still found to be verified when 
ui*(q, r) is replaced by (—1)*ui*(q, r) and x) X 2; by 2 X z?. It follows that 


pr (ai X xt) = (-1)"B(—p)ui'(r, @)2s 
is a chain-mapping f,:X2 —> X*. The conditions (4.11, 4.12) are readily 
verified for 2% and so it is a second component of an intersection in X. Hence 


by (7.1) a ~ das a chain-mapping X *? _.X*, Therefore if y, , 7, are cocycles, 
* _* 
we have ps (yo X Yr) ~ die (vq X 7+), Or finally 


Yate ~ (Wy Va» 
and this is (8.8a). 
10. Proof of (8.8b) (associativity). This property, soit must be kept in mind, 
applies only to cycles and cocycles, and to within homology. It requires that 
we prove the four relations: 


(10.1) (YP va) Ye ~ Y (Va°Y2)} 
(10.2) (ye) %e ~ Va (Ve); 
(10.3) (Yp°Vq)*¥r ™ Vp" (Ya°Yr)3 
(10.4) (yar¥r)*Y” ~ Yat (¥e°7"): 


The last reduces immediately to the first by permutation of the elements. For 
by (10.1) and (8.1a) we have: 


(Yo°¥r)*¥" = (— 1)? y? « (-Y9-¥r) a (—1)PeTPr ty? (ve Ve), 
va (Vey) = (HI ae) a (Yar ¥e) 7" 


Thus we need only to prove (10.1), (10.2), (10.3). 

11. To prove (10.1) introduce the two chain-mappings 11 , miX XX" +X 
defined by 71(2” X tq X ar) = (2° +%q)-2r, 72(x” X tq X Le) = 2?-(Xq'Z,). They 
have the common carrier t:X X X** — X such that t(z” X rq X 2) = xz’. We 
prove as for T1 in (6.1) that ¢ is closed and we notice that (Cl t(x” & xq X 2r))e= 
(Cl x”), is acyclic. Since both 7, 72 map the negative-dimensional elements 
into zero, by (IV, 18.7) they are contiguous in ¢ provided that: 
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(11.1) KI (r(x? X 23 X xt) = KI (n(x? X 2 x 24), 
or that 
(11.2) KI((2?-2i), at) = KI(2?, (x?-24)). 


Referring to (4.7, 4.8, 4.10) the two sides of (11.2) are found to be 
KI((—1)’8(r)ui*(q, r)ae , zr) = (—1)"u!*(q, r), 
KI (2? ’ B(—p)ui "(q, r)zp) = (—1)?n CE r). 
This proves (11.2) and hence (10.1). 
The same argument reduces (10.2) to: 
(11.3) KI (xj , (w?-2t)) = KI((24-2?), 27). 
Here again the two sides are found to be 
KI (xi, (—1)"8(q)u*(r, g)2f) = (—1)'u(r, 9), 
KI((—1)""7B(r)ui*(q, rz, Zr) = (—1)"ut"(r, 9), 
which proves (11.3), and hence (10.2). 
12. A slightly different argument is required for (10.3). The chain-mappings 
6; , 6: to be proved contiguous will be X** — X*, and are defined by: 


OF (xi, X ci x zt) = (2h -ai) ak = vilF(p, g, rat, 


tok 


ver = B(—p — 9)B(—s)ui(p, g)um(p + 9,7), 


63 (xp xX a xX xf) = x -(xi-2;) = vit (p, q; r)xy ’ 


vee 7 B(— s)B(— q—- r) uk *(q, r) be (p, q + r); 


where s = p+ q +7, and v = Ounless x, x), x < x7. Therefore the duals 
are chain-mappings 6;:X — X° with the common carrier T such that Tz = 2°. 
It is immediately seen that 7 is simple. If we can show that 6, (o = 1, 2) are 
contiguous in 7’, the 6° will be proved contiguous in 7* (IV, 15.9) and (10.3) 
will follow. As before, everything reduces to showing that the transforms of 

0 : : ag ‘ 
any x; by the 6, have equal Kronecker indices. Now we have: 

O,tm = Dy vm (p,q, ra? X af X ai, 
Pp 


+qtrens 
and hence 
O,tm = vais (0, 0, O)x} X 2} X a. 
From the expression of the v’s and since, in (4.9) as applied here we have h =:, 
there comes 
Or, = ry X aX ay. 


Hence KI(6,2}), is the same for p = 1 and p = 2. Therefore the @, are con- 
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tiguous in T and (10.3) follows. This completes the proof of associativity and 
also of Theorem (8.8). 

13. Induced intersections. The notations being as in (4, 6), let X, be a 
closed subcomplex of X and Xo = X — Xi. The product X:1 X X* = Viis 
closed in X & X* and we set Yo = X XK X* — Yy = Xo K X*. We verify 
immediately that wi, 7, send Y; into X,. In fact 7:,Y: = X,. To indicate 
explicitly the complex in which u, --- operate we shall designate these opera- 
tions by u(X)---. The operations w:(X), 7, induce w(X, X;:), T1:: Yi X; 
(IV, 22) and in particular wi(X, X:) is a suitable ui(X1) for X1, and 71, is the 
analogue of 7, for X;. 

A slightly different argument is required for the second multiplication yu . 
Here also it is more convenient to pass to wz, T2:X — X’. We define separately 
M20 , a1. Since X1, Xj are closed in X, X’ and both pe, T2 transform the first 
into the second, there are corresponding induced elements p2(X, X1), T'1. Since 
X% is open in X’, its complement Z,; = X”’ — X is closed and it contains Xj. 
It follows that ye, 72 transform X, into Z; and so we may define induced trans- 
formations Tx , j120(X, Xo):Xo0 > Xo. The duals are then taken, thus leading 
to T2; , a (X, X;). The couples 


u(X, @) a {ui(X, Xi), pa (X, X;)} 


are called the chain-intersections induced in the X; by the intersection u(X). 
We notice the following properties: 

(13.1) The induced intersections possess properties (4.1, 4.11) it being under- 
stood that Cl, St are taken relative to X; in each case. 


(13.2) wi(X, X1) = ws(X) on Xi; 
(13.3) wi(X, Xo) = ui(X) mod X; on Xo ; 
(13.4) we (X, Xi) = wa (X) mod Xo on Xi; 
(13.5) w2(X, Xo) = ue(X) on Xo. 


From these relations follow immediately: 
(13.6) Property (4.2) is unchanged for X1 , but for Xo tt 18 to be replaced by 


z”:2, = B(p)x’ mod X,, zt < 2’, 
(13.7) Property (4.12) is unchanged for Xo , but for X; it 1s replaced by 


i 


* 0 
Lp'%o = Xp Mod Xo forsomez < 2’. 


Observe that since X; is closed in X it is simple. In view of (13.1, 13.6) 
ui(X, X1) possesses the properties (4.1, 4.2), and so by (7.1): 

(13.8) wi(X, X1) ts the component (Xi) of an intersection p(X) in X1. 

14. Chain-mappings and intersections. Let Y, Y be simple complexes and 
let there be adopted a chain-intersection for each, denoted by a dot-product. 
Let I, A designate the classes in X, Y. We prove: 
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(14.1) Tuzorem. Let + be a simple chain-mapping X — Y with a simple 
carrier t and let r* be the dual of r. Denote also for simplicity by +, r* theinduced 
Sia aa in the homology and cohomology groups. Then: 

(a) r(T?-7*A,) = (rI")-Ag. | 
(b) T*A,-T*A, = T*(A,-A,). 

(c) r* is both an additive and multiplicative homomorphism of the cohomology 
ring R(Y, p) into the cohomology ring R(X, p). 

(d) The preceding properties hold when X, Y, + are simplicial. 

(e) Let (Xo, X1) and (Yo, Y1) be dissections of X and Y. Then wf t, r both 
send X, into Y; the relations (a, b) still hold for the induced intersections provided 
of course that 7, 7* are replaced by the induced chain-mappings 7; , 7; (IV, 22). 


Property (c) is implicit in (b); (d) is obvious; (e) is a consequence of (a, b) 
and (13). There remains then to prove (a, b). 
Consider the chain-mappings X x Y* — Y defined by: 
me XYq= r(x”- r*y,), Tox” X Yq = (7x”) - Yq 


with the common carrier s defined by: s(x” X y,) = tz”. It is an elementary 
matter to show that s is closed and:‘simple. We first prove: 

(14.2) The chain-mappings 71, 12 are contiguous in the carrier s. 

Since the dimensions in X are greater than or equal to 0, by (IV, 18.7) we 


merely need to show that: 
(14.3) KI(r(2?, r*y5)) = KI(r2?,y5). 


Since 7 is simple, the first index is equal to KI(x?, 7*y}); so (14.3) may be 
reduced to: 


(14.4) KI(2?, r*y’,) = KI(r2?, y}). 
Let the explicit equations of 7, r* be: 
(14.5) rx? = ai(p)y?, — t*y, = ai(p)zp. 
By an elementary computation there comes: 
KI (2?, r*y,) = B(p)ai(p) = KI (r2?, y>); 

so (14.4) is proved, hence also (14.2). Then (14.la) is a direct consequence 
of (14.2). 

15. Consider now the two chain-mappings Y*” — X* defined by 
(15.1) OF (yi X yt) = rey rtyt; Yd X Ur = T*(ya-yr); 


and let « be the simple set-transformation X — Y’ defined by uz = tx X tx. 


We prove: 
(15.2) 6; , 03 have the carrier u* and are contiguous in this carrer. 
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It is clear that (14.1b) will be a consequence of (15.2). To prove (15.2) it is 
sufficient (IV, 15.9) to show that the dual chain-mappings 6;:X — Y* have the 
simple carrier u and are contiguous in w. 

Let chain-intersection in Y be denoted by the same notations as in X, but 
with 7 in place of u throughout. The defining relations of 6; , 6: are found to be: 


(15.3) 0, 2? = ai(g)am(r)us™(g, ry} X yh 
us™(q, r) (raf) X (r2n); 
(15.4) Ox? = a;(p)ai*(g, ry} X yh. 


Since rx} , 7x, & Cl tx? , 6 has the asserted carrier property. Regarding 62 , 

ai"(q, r) ¥ 0 only when yf, yk < y?, so the coefficient of a;(p) is a chain of 
Cl y? xX Cly?. Since Cl y? CtCla? C Clt Cla? = Cliaf, bez? is a chain 
of Cl (tz? XX tz?) so 62 has likewise the carrier u. Since u is simple the con- 
— tiguity of 6,, 62 in u and hence the proof of (14.3), is reduced again to showing 
that 6, , 6 transform the indices of zero-chains in the same way, or in the last 
analysis to proving: 


(15.5) KI(6,29) = KI(6:23). 
Now p = 0 q =r = 0, and | 


Lm _ Jl whenl = m = 1, 
a ‘0 otherwise; 
_jh _ jl wheng = h = 1, 
peel : otherwise. 


Furthermore since 7 is simple it preserves the Kronecker index and hence 
= KI (xj) = KI (rai) = KI(ai(0)y$) = Do af(0). 
7 


If we calculate the indices in (15.5) we find then 
KI(@23) = 1 = KI(624); 


so (14.1b) is proved. 

16. Application to subdivisions. Let X, Y be simple, with Y a subdivision 
of X. Then chain-subdivision o and its reciprocal 7 are likewise simple and so 
(14.1) is applicable to the chain-mapping o. By (IV, 24.2) if r, 4 denote the 
classes in X, Y then oF”? = A? and o*A, = I, are unique classes of Y*, X*, 
and {A}, {I} include all the elements of the pth homology and gth cohomology 
groups. If we choose a as the r of (14.1) we obtain: 


(16.1) o(f”-T,) = A’-A, ’ i ‘Ty = o*(A, -A,). 


If we combine this with (8.8) we find: 
(16.2) Let X, Y be simple and Y a subdivision of X, with o as the chain-sub- 
division. Then oc, o* set up isomorphisms between the class intesections in X, 
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Y and furthermore o* maps the ring R(Y, p) tsomorphically on R(X, p). In 
particular these properties are true when X is simplicial and Y is any derived of X. 
Furthermore they hold equally for the induced intersections in open or closed sub- 
complexes of X and the (induced) subdivisions. 

17. Intersections in a product. Let X, Y be simple with intersections (denoted 
by dot-products), which are multiplications » = (u1, ua) in X and py = (mn, ve ) 
in Y. We will set Z = X X Y. We assume X, X* disjoint from Y, Y*. 

Since yi, »: are chain-mappings X K X* > X, Y X Y* YY, by (IV, 21.1) 
1 X v1 = pi is a chain-mapping X XK X* KX Y X Y*—X ™& Y defined by: 


(17.1) p(x” X ty X y" K ys) = (x?-2_) X (yy). 


The effect of permuting X* and Y in X X X* X Y X Y* (a permissible opera- 
tion since X* and Y are disjoint) is the same as applying the orientation function 
a(z” X 2, X y’ X ys) = (—1)”. Therefore, by (IV, 9.17), (17.1) yields the 
chain-mapping p1:Z X Z* — Z defined by 


(17.2) plz” X y’ X tq K ys) = (—1)" (2? +t) X (y"- ys). 


Since z?-x, = 0 when 2° X x’ and y’-y, = 0 when y’ « y’, we have p(x” X y" X 
Zq X ys.) = O whenever x* X y’ K x” X y’. Moreover dim (z?-2,) X (y"-y:) = 
P-qtr—s=prtr-—(q+s). Thus p; satisfies (4.1) relative toZ. We 
also have from (4.2) for X, and Y, and (17.2): 


(17.8) p(a” X y" X Zp X yr) = (—1)"B(p)B(r)z” X 
=B(ptrxc xy 


where x’ X y° is a vertex of x” X y’. Therefore yw satisfies also (4.2). Thus 
it is the first component of a chain-intersection in X X Y. Let this inter- 
section in X X Y be also designated by a dot-product. We will then have 
from (17.2): 


(17.4) (2? X y'): (te X Ys) = (—1)" (2? -a_) X (y"-ys). 


The relation (17.4) expresses the identity of two chain-mappings Z xX Z* —> Z. 
Therefore the induced mappings on the homology classes are the same. Let 
Tr, A denote the classes in X, Y. It is to be understood throughout that the 
coefficient groups are to be such that the indicated chain-multiplications have 
a meaning. For instance this will be the case if aJl the coefficient groups are 
the same commutative ring p. From (17.4) there comes then: 


(17.5) (T? X A,)-(T, X As) = (—1)"(T?-T,) X (A’-A,). 
A wholly similar argument yields 
(17.6) (T, xX A,) (Tg x A,) = (—1)*(T,-T,) xX (A, A,). 


We may also combine (17.5), (17.6) as: 
(17.7) (TX A)-(I’ & A’) = (—- 18M) X& (A- A’). 
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The importance of these formulas lies in the fact that they express intersections 
in @ product in terms of those in the factors. 

(17.8) Kronecker indices in a product. By means of (III, 28.1), first applied 
to products of elements then to products of chains and cochains, with & C X, 
n < Y, we findin X X Y: 


(17.9) KI(t? Xn", Ep X ne) = (—1)"*K1(e?, &,)KI(n*, n¢), 
(17.10) KI(¢? x n', f, x ns) = 0, Dp ye r, p + q=?r + 8 


Both results are valid for any pair of complexes X, Y (not necessarily simple) 
provided only that in any index of a chain and cochain in (17.9) or (17.10) one 
of the two is finite. 

18. Intersections in infinite complexes. The extension of the results ob- 
tained so far offers no serious difficulty and few novel features. 

Suppose first that X is an arbitrary simple complex and hence merely closure- 
finite. Then the groups of chains and cycles must be finite and hence discrete 
and everything said so far may be preserved provided that we add to (4.12) 
the condition that 2x,:2x, is to be finite. 

Suppose now X locally finite. If a multiplication yu: of X, X* to X satisfies 
(4.1) it will then be of fi-type, and if a yz satisfies (4.11) it will be likewise of 
fi-type. In view of this it is an elementary matter to show that the situation 
of (4) carries over without modifications and all the results obtained are directly 
applicable to locally finite complexes. It is merely to be observed that wherever 
in (8) there are paired groups, if one of them is a group of finite chains or cycles, 
the intersections are finite also. As a consequence there are two kinds of rings 
over p: the ring R(X, p) of the infinite cocycles, and the ring R;(X, p) of the 
finite cocycles. 

19. A second method for intersections. The multiplication of W. W. Flexner 
considered in Example (1.13) may be utilized to advantage for defining inter- 
sections. For if X is simple then we have a simple chain-mapping r:X’ — X, 
the reciprocal of chain-derivation (IV, 27). As a consequence py, = 7¢ is 
a chain-mapping X K X* — X. Referring to the relations (1.14, 1.15, 1.16) 
defining y, the simplexes of y(z” X xz,) have as their extreme vertices ‘xz’, ’z*, 
Therefore y(x” X z,) = 0 when x’ < 2”, and when o(z” X 2,) ¥ 0 it consists 
of simplexes of (Cl x”)’, since these include all the simplexes of X’ with ‘x’ 
as their last vertex. Let, on the other hand, D be set-derivation in X (IV, 
26.28, 27). The chain-mapping 7 has the carrier D™ and from the relations 
defining D we verify that D™“(Cl x)’ = Cl z. Hence r(Cl x)’ C Cl z, and so 
re(z” X x.) is zero whenever x* € x”, and re(x” X z,) is a chain of Cl 2” other- 
wise. In other words, yu; satisfies (4.1). 

Regarding (4.2), we have r’x” = x, a vertex of x’, and so from (1.14): 
w(x? X 2),) = B(p)iiz’, x < x?. Thus (4.2) holds likewise and so: 

(19.1) yw: = ry ts a first component of a chain-intersection in X. 

As we know (3.9) mm will determine the second component yz , and hence 
i, determines an intersection in X. It is not difficult to recognize in this type of 
intersection the analogue of those developed for a manifold in [L, IV]. 
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20. Special method for intersections in simplicial complexes (third method). 

In recent years Cech [f] and Whitney {d], perfecting a scheme due to Alexander 
and Kolmogoroff have introduced a special type of intersections for simplicial 
complexes which is particularly convenient for computations. 

Let then K = {oc} be any simplicial complex whatever and let {Aa} be its 
vertices ranged in some simple order. The simplexes of K are oriented by 
naming their vertices in the increasing order of the indices and they will be so 
designated throughout. The duals of the vertices are written A* and the duals 
of the simplexes are likewise named in the increasing order of the indices. We 
will introduce the two components 4, uw, of an intersection in K. However 
following essentially Whitney we will denote u:, by ~ and uw: by ~ (“cap” 
and “cup” products). 

(20.1) The operation w is defined as follows: 

(a) if op = opiA*, og = A%oy-1, then 


sz A? ; 
Tp ~ Og = Fp-141 Og-1 ; 


(b) in all other cases op ~ o, = 0; . . 
(c) if G, H are commutatively paired to J and & = 9JiPy » Nq = hjoq then 


fp = gh jo, — o% : 
Similarly A~ is defined as follows: 
(d) if og = o91A%, o = of “A,o” *", then 


ono = B(—q@)Aao” *”; 


(e) in all other cases o, ~ o” = 0; 

(f) analogous to (c). 

(Notice that our ~ differs from Whitney’s by the presence of the factor 
8(—q) = +1, but this is immaterial.) 

We shall now show that VY, A are chain-multiplications. Given a let {Ag} 
be the vertices such that 8B < a and {A,} those such that y > a. We have 
then under (a) (III, 10.4): 


F(op oq) = (0) AP + YS Ap 1A %og-1 

(Do AXop1A*)oq-1 + (—1)?"op1A"(> A%G,-1) 
(Fo,) Gog + (-1)P Pop 1A® VC A* > A% oo 
= Fo, Uo, + (—1)o” — Foy. 


Thus in the present instance: 
(20.2) Flo, ~ oq) = Fop V og + (—1)’0, — Foy. 


Consider now (b) and let ¢, = 714°, ¢, = A’o,-1. If 8 > y then all the terms 
in (20.2) are zero and so it holds identically. 
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Suppose B < y. Then 
(Foy) Gog = (—1)? 0, 14°AT VG A%og = (—1)? 0p A°ATe—-1; 
(—1)?op ~ Fo, = (—1)?op1A® © APA%G 1 = (—1)?op 1A ATo¢-4, 
and since F(¢, ~ o,) = 0, (20.2) holds here also. 
Thus by (1.12) ~ is a multiplication of X*, X* to X*. In other words TU 
is an operation yz in the sense of (3). We verify immediately that it satisfies 
(4.11, 4.12), and so ~ is the second component of an intersection » = (1, us) 


in K. To find the corresponding ,, it is best to write down the graph (3.5). 
In a convenient form for our present purpose it is with p = q +r: 


T= >) B(—p)o* Aa X Aao”? X o9-1A%G;-1 
= > B(r)B(—g)o" Ae X oqtA*on1 X Ago”. 
Hence the operation 1 is given by: 
wit,-1A* X o* ‘Ago’ = B(—-qg)Aas’; 


pug, X o” = O in all other cases. 

Written as it satisfies (d, e, f). This proves: 

(20.3) A, ~ are respectively the components u, pa of an intersection in K. 

(20.4) In view of (20.3) one may introduce the products ~, ~ for the classes. 
Since the results are the same for all intersections they are the same for K~, 
~ as for the dot-product. In particular the same rings are obtained and 
generally the basic theorem (8.8) is applicable. An important consequence 
is that the class products ~, ~ are independent of the ordering of the vertices. 
To be precise if ~’, ~’ are a similar system corresponding to a different ordering 
of the vertices {Aa} then 


Ve Ve OO Ve OMe 
YY ~ ar. 


(20.5) Examp.e. Consider again the sphere S* of (8.9) and let the notations remain 
those of (8.9). We have at once 


yen= DAL Di Ai = Di Ab =; 
re se (S> 4°) we Adee At me AS Alves A® myn, 
Hence as loc. cit.: 
Tolo= To, Vola = UnTo= Tn. 


(20.6) Remark. Strictly speaking Whitney’s operations ~, AW are applied 
to the simplexes themselves: where we write op ~ 07, 6p ~ o*, Whitney writes 
o” ~ oa", 6” ~o"’, and applies on the other hand his two boundary and coboundary 
operators 0, 5. Thus in his notation 


(20.6a) d(a” ~ ao’) = 60” Vo" + (—1)*e" WV Se", 
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(20.6b) d(a” Ao") = 80" No? + (—1)’e” W— 00%. 
See again in this connection the remarks of (III, 26). 
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21. To simplify matters we will suppose again all complexes finite, although 
a much more general situation could well be considered. 
Let first o be a chain-transformation X — X given by 


(21.1) ox? = al(p)x? . 
We say that 2? is a fixed element of o if it actually occurs in oz? , i.e., if aj(p) ¥ 0 


(sunsummed). More generally, consider two chain-mappings r:X — Y, 6:Y > 
A given by 


(21.2) rx? = al(p)y?, Oy? = Dj(p)a? . 
If y? occurs in 7x? and at the same time x? occurs in 6y? , i.e., if ai(p)b}(p) ¥ 0 


(t, j unsummed) then the pair (x? , y?) is said to be a coincidence of r, 6. If we 
introduce the dual 6*:X* — Y%, 

(21.3) Ox, = b;(p)y> 

then we may also define a coincidence (2? , y’,) of r, 6* by the condition that 
y? C 7x? at the same time as y, C 6*x},. The condition for its occurrence 
is still that a3(p)bi(p) * O (4, j unsummed). Clearly the coincidences of +, 0 
and 7, 6* are thus in one-one correspondence. 

We propose to derive expressions which yield important information regarding 
the coincidences and fixed elements. Notice first that the search for coin- 
cidences and fixed elements are equivalent problems. For if we choose Y = X, 
and @ = 1, the coincidences of oc, 1 are the fixed elements of ¢. And on the other 
hand the coincidences of 7, 6 are (in many-one) correspondence with the fixed 


elements of 67:X — X. | 
22. First method. Referring to (IV, 11) the graphs of 7, 6 are: 


(22.1) rT = D) B(p)ai(p)x, X y?, in X* X Y; 
Pp 

(22,2) 6:1’ = >> B(p)bi(p)yi, X 2?, in Y* X X. 
P 

Observe now that Y* X X is merely (X* X Y)* reoriented by the orientation 

function a(z? XK y3) = (—1)”. Therefore 

KI (xi, X y?, y X af) = (-1)? 8, 
and consequently: 
(22.3) KI(ai(p)a, X y?, bi(p)y’> X 22) = (—1)? al (p)bx(p)o: 8;, 


(no summation on 7, j, h, k). 
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It follows that the crossings of I, I’ (III, 28) correspond to k = i,h = J, 
and ai(p), bi(p) not both zero, that is to say, the crossings are in one-one cor- 
respondence with the coincidences. Thus KI(I, I’) is the weighted number of 
crossings in the sense of (III, 28). It is natural to take this number as a measure 
for what may be termed the weighted number of coincidences. Its value is 
then by (22.3): | 


(22.4) g(r, 0) = »e (—1)?ai(p)bx(p) 6.8; = 2 (—1)? ai(p)b5(p). 


The weight of the coincidence (x? , y?): 
(—1)? ai(p)b}(p) = KI(ai(p)x, X y?, bj(p)yi, X xP), (i, j unsummed) 


is also called the algebraic multiplicity or merely multiplicity of the coincidence. 
If we introduce the matrices 


(22.5) a” = || ai(p) ||, 6” = || bi(p) |, 
we have from (22.4) 
(22.6) g(r, 0) = >> (—1)” trace (a7b’). 


This expression is known as the algebraic number of coincidences of r and @. 

Since 6* has the same graph as @, if we define the coincidences of 1, @ through 
the intermediary of 6*, we are led again to KI(T, I’) as an enumeration for 
them. As a function of 7, 6* it is to be designated by ¢:(7, 6*), but clearly 
gi(r, 6*) = g(r, 4). 

We may introduce ¥(c) = ¢(c, 1) to measure the number of fixed elements. 
Denote by I the graph of o and by lo the graph of 1. Then ¥(o) = KI(T,T»). 
Since b” = 1, the algebraic multiplicity of the “coincidence” (2? , 2?) for o, 
1 is (—1)’aj(p) and we define it as the algebraic multiplicity or merely mul- 
tiplicity of x? as a fixed element. The algebraic number of fixed elements 
is then obtained from (22.6) with b’ = 1, and it yields: 


(22.7) ¥(c) = >> (—1)” trace a”. 


(22.8) (a) If o(7, 6) # O then 1, 6 have at least one coincidence. 

(b) Similarly of g:(7, 6*) = 0 then 7, 6* have at least one coincidence. 

(c) If ¥(o) # 0 then a has at least one fixed element. 

Clearly if in (a) ¢(7, 6) ¥ Othen not every product a}(p)b}(p) (4, junsummed) 
may be zero and hence there must be a coincidence. Similarly in (b). In 
(c), ¥(c) * 0 implies that not every a;(p) (¢ unsummed) is zero and so there 
must be a fixed element. 


(22.9) e(t, 6) = y(6r) = (78). 


(22. 10) Let us change the bases for the chains of X, Y to the new set {Z?}, 
{77} related to the old set by 


GP = mi(p)x?, 9? = wilp)y?. 
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The equations of 7, 6 in terms of the new bases have the same form with new 
matrices expressed in obvious notations in the form: 


G(p) = m(p)a(p)w (p), —(p) = w(p)b(p)r (p). 


Hence trace d(p)b(p) = trace r(p)a(p)b(p)r ‘(p) = trace a?b’. Similarly 
for o and the change of bases in X alone. Therefore: 

(22.11) The numbers trace a’, trace a*b’, o(7, 8), ¢(7, 6*), w(o) depend solely 
upon 7, 0, 6*, o but not upon the choice of bases for the complexes. 

23. Second method. Consider again o: X — X given by (21.1). We have 
defined x? as a fixed element whenever a}(p) ~ 0. Therefore we may choose 
(—1)’a}(p) as a measure of the weight or multiplicity of z? as a fixed element. 
The factor (—1)” which came naturally before is now justified on grounds of 
expediency. The sum y¥(c) of all the multiplicities is chosen as an algebraic 
measure of the fixed elements and it is directly found to be (22.7). 

If we have 7, 6 and consider their coincidences, we use the property of (22), 
that the algebraic multiplicity of the coincidences corresponds to that of the 
fixed elements of 67. Since a’b” are the transformation matrices of the latter, 
we obtain an algebraic estimate of the coincidences by means of ¥(6r), and if 
this is denoted by ¢(r, 6) it yields (22.4). As for g,(7, 6*) its coincidences are 
the same as those of 7, 0, hence (22.4) is again its expression. | 

24. Application to chain-mappings. When 7, 0, o are chain-mappings we 
will find that ¢, ¢: , ¥y may be expressed in terms of the induced homomorphisms | 
on the rational homology groups. The reduction will be by means of the 
canonical bases. Certain preliminary observations are first necessary. 

(24.1) Generally speaking an integral cycle or cocycle y in a complex X is 
said to be a torsion cycle or torsion cocycle if a multiple my ~ 0, 1.e., if the class 
of y is of finite order. We will also write in that case y = 0, or y = 6 when 
y —6=0. We notice that if y’ = 0 so that my’ ~ 0, then KI(7’, 6,) = 
(1/m)KI(my’, 5,) = 0 whatever the cocycle 6, , and similarly with y, 6 inter- 
changed. , 

(24.2) According to (III, 33.11) we may apply unimodular transformations 
on the bases in X, Y, X*, Y*, reducing them simultaneously to the canonical 
form. By (IV, 11.5) the relation between the chain-mappings and their graphs 
continue to remain the same after the transformations. Let then af, --- , e? 
and a? , --- , ef be the canonical bases for X and Y, and let the corresponding 
dual bases be a}, , --- and a, --:. One must bear in mind that the torsion 
cycles in the bases are the b? , B? and the torsion cocycles the dj, , 5% (III, 
14.2, 33.9). It follows that the reduced zero-cycles of X* & Y (IV, 6.1) are 
the products cp X y’, Cp X 8’, dp X vy", dp X 8”, and of these all but c, X 7’ 
are torsion cycles (IV, 6.16). Hence I expressed in terms of the canonical 
bases is of the form: | 


(24.3) T= Do B(p)ri(p)cy Xv? + A, 


where A is a torsion cycle. Thus 
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(24.4) T =D B(p)ri(p)cy X 7} - 
We have: 
A= Sic xk 2 +A, 


where A; contains no term in cp X y’. From the relation between a chain- 
mapping and its graph there results: 


rep = ri(p)y; 1 , 


where 7»? is the difference of two cycles and hence a cycle; moreover it contains 
no y’ and so it is a torsion cycle. Therefore 


(24.5) ref = ri(p)77 . 
Similarly regarding I’ and 6 we will have: 

(24.6) I’ = 56 (p)Oi(p)v, X c? . 

(24.7) Oy? = 6;(p)c? . 
If we set 

(24.8) 7 = || ri(p) |], 6 = || 65(p) Il, 

the same calculation as in (22) yields now: 

(24.9) o(r, 0) = >, (—1)? trace 76”. 
If o:X — X is as before, then we will have: 

(24.10) oc? = ai(p)c} , 

and hence as in (22) we derive from (24.9) with 7 = o, @ = land o” = || o/(p) ||: 

(24.11) vic) = >> (—1)? trace o”. 


(24.12) The {c?}, {y?} are bases for the rational p-cycles of X, Y (III, 17). 
By the same argument as in (22.9) one shows now that the traces in (24.9, 
24.11) and the numbers ¢, ¢:, ¥ depend solely upon the chain-mappings and 
not upon the special bases selected for the rational groups. That is to say, 
if {c?}, --- are replaced by other homology bases and the corresponding rela- 
tions (24.5, 24.7, 24.10) written, the expressions (24.9, 24.11) preserve their 
form. . : 

(24.122) We shall indicate an alternate and more direct way of deriving 
(24.11), and hence by a previous argument, (24.9). In the canonical bases 
let us lump together the terms a? and b? , likewise the terms d? and e? . The 
basic relations of (III, 14) assume then the form: 


Fd?*' = tPb?, Fc? = 0, Fd? = tP oP", 


where the ?’s are torsion coefficients, or unity. The defining relations of ¢ 
assume the form: 
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ob? a 83 (p)b? ’ 
oo? = »-- + vil), 
od? = --- + 8:(p)d? . 


The first two have the form indicated since ¢ maps a cycle [bounding cycle] 
into a cycle [bounding cycle]. Since ¥(c) is independent of the choice of the 
bases, we have: | 


v(o) = DY (—1)?(Bi(p) + vi(p) + 8i(p)). 


Since « commutes with F we also have oFd? = Fod; .. Identifying the co- 
efficients of b?~’ on both sides we find 83(p — 1) = 6;(p). Hence the terms 
in B, 6 cancel in the sum and so in view of yi(p) = ai(p): 


Wo) = Do (—1)"¥i(p) = Do (—1)’oi(p) 


which is (24.11). 
To sum up then we may state: 


(24.13) THEorEM. (a) Let X, Y be finite complexes and let r, @ be chain- 
mappings X - Y and Y — X, with matrices of transformations 7”, 6” of a set of 
bases for the rational cycles, or of bases for the Betti groups. Then af y(r, 6) given 
by (24.9) is not zero, r and 6 hate coincidences. 

(b) The same properties hold as regards the coincidences of + and 6* relative 
to oi(r, 0*) defined in terms of o(7, 6) as in (21). 

(ce) Let o be a chain-mapping X — X with o° as the matrices of the transforma- 
tions of the bases for the rational cycles or of those for the Bettt groups. Then if 
¥(c) given by (24.11) is not zero o has fixed elements. 


Evidently also (IV, 12.3): 

(24.14) The numbers y(7, 9) and W(c) depend solely upon the homology classes 
of +, O ora. 

(24.15) LetX ~ Y,Xi~ V1. If 7, 1 are chain-mappings X — X;, X17 X 
and 0, 6, congruent chain-mappings Y > Y,, Y1 > Y (IV, 12.7) then g(7, 1) = 
g(8, 6). 

(24.16) If X ~ Y and 7, 6 are congruent chain-mappings X — X, Y— Y 
then y(r) = y(6) (proof elementary). 

Properties (24.15, 24.16) may be summarized in the statement: (7, 11) 
and y¥(7) are congruence invariants. 

(24.17) AppiicaTion (Tucker). Let X, X1 be simple with X’, X; as their 
derived. If 5, 7 are chain-derivation and a reciprocal in X, and 6; , 7; analogues 
for X; then o:X — X1, 0/:X’ — Xj, o’ = 4,07, are congruent. If ¢, ¢’ are 
another congruent pair of this type then 


g(a, g) = g(o’, ¢”) 
and if X; = X then y(c) = Yo’). 
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25. Ixampies. (25.1) Let r be the identity mapping of the finite complex X into 
itself, and let a? be the number of p-elements. Each p-element has the multiplicity (—1)? 
as a fixed element. Therefore 


vil) = 2 (—1)ea9, 


On the other hand in (24.11) every v? = 1, hence trace »? = order vy? = Rr, Therefore 


YQ) = Dy (“Lear = Dy (—1)R?. 


This is the Euler-Poincaré formula (III, 15.2) for which we have thus obtained a new proof. 
(25.2). Let X be p-cyclic and o a chain-mapping X — X. The only matrix »* is v?, and 
it consists of a single term, ». It corresponds to the sole equation of transformation 


oc? = pc?P, 


The number » is the order of o and we have ¥(c) = (—1)?». Therefore a chain-mapping of a 
p-cyclic finite complex into itself whose order is different from 0 always has a fized element. 

(25.3) Let X be (p, g)-cyclic and o again a rational chain-mapping X — X. Here we 
have two equations 


ocP = yc?P, act = p’¢a 
and hence 
v(o) = (—1)?» + (—1)%’, 


so that no simple result may be stated in the present instance. 
(25.4) Let X be (0, p)-cyclic and o« a chain-mapping X — X which preserves the 
Kronecker index of the zero-chains. Then 


oc® = c°, oc? = ycP 
are the only equations and hence 
v(o) = 1 + (—1)?». 


» is called the degree of o (Brouwer) and we see that if p is even and v 2 0, o possesses a 


fixed element. 
The results obtained in (25.2, 25.4) are at the root of Brouwer’s fixed point theorems 


(see VIII, 30). 
§4. COMBINATORIAL MANIFOLDS 


26. Combinatorial manifolds arise out of the search for analogues among 
complexes of structures with the local smoothness of an Euclidean space. Our 
basic definition will be ‘‘in the large,’’ by means of a comparison with the dual. 
A local equivalent frequently more convenient, if less elegent, will also be given 
afterward. | 

Special references for this topic: Lefschetz [L], Tucker [a], Whitney [d]. 


(26.1) Derinitions. Let X = Y — Z be an open simple complex, where Y 
is closed simple and Z is a closed subcomplex of Y. We say that X is an orientable 
combinatorial manifold whenever the following two conditions are fulfilled. 

ul. The dual X* of X has a closed simple weak isomorph X. 

u2. If x, x' are distinct elements of X then Cl zn St x’ ts acyclic or void. 
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It will be noticed that if Y is increased by any closed simple complex Y1 
disjoint from X, X continues to satisfy »12. In other words y12 depend 
strictly upon Cl X (closure in Y) and nothing more. In particular if C1X = X, 
or again if Z may be chosen null the manifold is said to be absolute; otherwise 
it is said to be relative, or Y is called a manifold mod Z. The complex BX = 
Cl X — X is known as the boundary of the manifold, and the latter (when 
BX x G) is also called a manifold with boundary. 

The role of the two conditions 112 may be described thus: yl is the source 
of the special duality properties of manifolds, while 42 causes invariance under 
subdivision, that is to say, it marks out manifolds as geometrically significant. 

(26.2) Let X, in 1, be obtained by raising the dimensions in X* by n units, 
and let Z be the image in X of x*, the dual of z. 

We have then dim = dim x* + n = —dim xz +n. Since X is simple, 
dim z = 0, and some dim ¢ = 0. Therefore 0 S dimz Sn, and some dim x 
= n. In other words, 7 is precisely dim X, and in particular X is fintte- 
dimensional. We call X an n-dimensional manifold, or more simply n-manifold, 
with the generic designation M". 

Suppose now that X is an absolute M”. Then likewise dim x 2 0 and some 
dim + = 0. Therefore 0 < dim < < n and both extremes are reached. In 
particular, X is likewise a simple n-complex. 

(26.3) Remark. Non-orientable manifolds will be considered in (34). 

27. Digression: Reciprocal complexes. Let X denote for the present any 
n-complex. There corresponds to X* a unique weak isomorph X obtained by 
raising by n units the dimensions in X*. We call X the reciprocal of X. To 
x? ¢X there corresponds z’, in X*, and to zi, an (n — p)-element in X, the re- 
ciprocal of x? , denoted by Z; ”. 

(27.1) The correspondence x? <> ;'° is one-one, incidence reversing and such 
that the sum of the dimensions of any two corresponding elements 18 7. 

Let ‘x, ‘£ denote the vertices of the derived X’, X’ associated with z,Z. Then: 

(27.2) 'x — '& defines an isomorphism with X’ of X' reoriented by a(x") = 


—p). 

By (IV, 25.5): ‘x — ‘z* defines an isomorphism with X *’ of X’ reoriented by 
a(x”) = B(—p), while ‘x* — ’Z detines an isomorphism X* — X’, and from 
this to (27.2) is but a step. 

(27.3) If dim x = 0 for some x, hence af X is an absolute M aA then X =X. 

For under the circumstances dim X = n,0 S$ dimz S 7, the extreme values 
being reached, and the asserted isomorphism is obvious. 

Notice that when X has no vertices (27.3) need not hold. Thus if X = o", 
n > 0, then X is a point and so is X. Hence the latter is not isomorphic with X. 

(27.4) Given two finite-dimensional complexes X, Y with dim X = n, we 
readily verify that X xX Y reoriented by a(x? X y*) = (—1)" is in an orienta- 
tion preserving isomorphism with X X Y, which clearly exists under the cir- 
cumstances. For convenience the two are henceforth identified, so that X X Y 
= X x Y reoriented as stated. | 
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(27.5) It is clear that reciprocation may serve in place of dualization. Its 
mechanism is substantially the same save that instead of passing from the 
dimension p:p to the dimension — p, we must pass to the dimension n — p. This 
will be more fully developed in connection with the Kronecker index and inter- 
sections. 

(27.6) Referring again to the comparison of X and X, when X is an M", 
we may say that the absolute orientable MM” is characterized by the fact that 
the complex X and its reciprocal are both closed simple and n-dimensional. 

(27.7) Remark. In view of (27.1), in dealing with a pair of complexes X, 
X, we shall adopt the summation notation relative to repeated lower indices. 
Thus a,j? X #4 shall stand for >.;,;0:;2? X 2%, ete. 

28. The characterization of X as an M” given in definition (26.1) has the 
disadvantage of not being intrinsic, and also of masking, as it were, the im- 
portant local properties of manifolds. We shall now give a characterization 
free from these defects. 

Since X is simple: (a) every Cl z is zero-cyclic; (b) the sum of the duals of 
its zero-faces is a zero-cocycle of X. Since the homology groups of Cl Z” are 
the cohomology groups of St x” ” by (III, 21.3) (a) is equivalent to the condition 
that every St z is n-cyclic. Since the system of the p-cochains of X is in an 
isomorphic boundary preserving correspondence with the system of the (n — p)- 
chains of X, (b) is equivalent to the condition that the sum of the n-elements 
of X is an n-cycle. Coupling this with the fact that X itself is to be simple 
(open or closed), we replace w12 by the equivalent conditions for a manifold 
expressed in terms of X alone: 

Mnl. X is an open or a closed simple complex. 

Mn2. Every St x is n-cyclic. 

Mn3. In Cl X every Clan St x’, « ¥ x’ ts acyclic or void. 

Mn+. The sum of the n-faces suttably oriented 1s an integral n-cycle. 

The four conditions together characterize X as an orientable M", or equiv- 
alently Y as an orientable M” mod Z. If only the first three hold then X is 
called a non-orientable M", or equivalently Y a non-orientable M" mod Z. Un- 
less otherwise stated it will be understood that the manifold 1s orrentable. Non- 
orientable manifolds are discussed in (34, 35). 

Conditions Mn24 state that X is simple while Mn3 is u2 of (26.1). We 
notice also that when X is a relative manifold the n-cycle in Mn4 is a relative 
cycle (cycle of Y mod 2). ao 

In the applications one may frequently require a certain regularity of the 
boundary BX. It is said to be regular whenever the following supplementary 
conditions hold: 

Mnd. When x ¢ BX then St x ts n-cyclic mod Z. 

Mn6. BX is an absolute M"™. 


SoME EXAMPLES. (28.1) X is an n-simplex o*, Y = Clo". X* has for weak isomorph a 
point so ul is fulfilled. Regarding u2 the sets different from iy) occurring in it are all of 
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the form o/(Cl o’’)a , where o’, o’’ have no common vertices. By (IV, 6.21) all such sets 
are acyclic and so u2 holds. Therefore o* is an M" mod Se". 

(28.2) X = Bont!. We have seen (IV, 30.2) that X* is weakly isomorphic with X, dimen- 
sions being raised by n, i.e., X & X. Therefore X is an absolute n-manifold. 

(28.3) The ‘‘reciprocal” of a regular convex polyhedron in 3-space (in the sense of 
elementary geometry) is a regular convex polyhedron. Therefore the polyhedral com- 
plexes defined by such convex polyhedra are absolute 2-manifolds. 

(28.4) The decomposition of a plane into equal squares furnishes an example of an 


absolute infinite M?. 

(28.5) Clearly o*, n > 0, is an M" with regular boundary. Take the boundaries of two 
tetrahedra in 3-space intersecting in a polygon Z and thus giving rise to a polyhedral 2- 
complex Y. Then X = Y — Z is an M? with the boundary Z. If Z is an edge with its 
end points neither Mn5 nor Mn6 holds, while if Z is the perimeter of a triangle Mn6 will 
hold but not Mn85. 

29. We shall now consider a series of properties of orientable combinatorial 
manifolds. 

(29.1) N.a.s.c. for X to be an absolute orientable manifold is that both X and 
X be simple and that Mn3 holds. Hence if one of X, X is an absolute orientable 
M" so is the other. 

This follows immediately from 12 of (26). 

Suppose X simplicial (open or closed) and n-dimensional. Then Mnl3 
are fulfilled. This is clear for Mnl. Regarding Mn3 it asserts here that the 
stars in a closed simplex are acyclic, and this has been shown to hold in (28.1). 
Therefore 

(29.2) For a simplicial complex the manifold conditions Mn1234 reduce to Mn24. 

It is an elementary matter to prove: 

(29.3) Every component of an M” [of an absolute M"] is an M” [an absolute M"]. 

From Mn2 follows: 

(29.4) Every element of an M” is the face of an n-element. Hence we find once 
more dim X = n. 

We also have: 

(29.5) Every (n — 1)-element of an M” is the face of exactly twon-elements. 

For the incidences between the (n — 1)- and the n-elements of X are the 
same as between the zero- and one-elements of X, and since X is simple, (29.5) 
is a consequence of (III, 47.4). 

(29.5a) IMPORTANT REMARK. When JM" is simplicial (29.5) is a consequence 


of Mn2 alone. For let oc” be a face of of , ---, or. We may assume 
the orientations such that [of:0" = 1. Then the integral n-cycles of Sto” 
are the linear combinations a'(o; — of), and St o” can only be n-cyclic if 
r= 2. ? 


(29.6) An orientable M" is locally finite. 

For Y and X are simple and hence closure-finite. Since X is a subcomplex 
of Y and weakly isomorphic with the reciprocal of X it is both closure- and 
star-finite, hence locally finite. | 

(29.7) The incidence numbers in Cl X are as follows: if x?" < x” then [2?:2? "|= 
[x ':2?] = +1; all the other incidence numbers are zero. 

Since the one-section of Cl X is simplicial the property is true for p = 1, 
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so we assume it for p — 1 > O and prove it for p. Leta’ < 2? eClX. By 
(III, 47.4) there is an x”? < 2?” and, in view of Mn3, St 2” in Cl 2? 
is acyclic. As in (29.5a) we show that there are only two (p — 1)-elements 
in the star. Thus in G2” each x” ”’ is the common face of exactly two elements. 
Hence Sz” is the union of a finite set of simple (p — 1)-circuits X;, ---, X,, 
where X; n X; is of dimension less than p — 2. However by (III, 47. 10) Ba? 
is (0, p — 1)-cyclic and so consists of a single simple circuit. Furthermore, 
(loc. cit.) its p-cycles are of the form gF x” and also, as in a simple circuit, of the 
form g(e'x?~"), where {z?7"} are all the (p — 1)-faces of x? and e& = +1. From 
this follows + Fx” = e'x?™’ and finally [2?:2?~'] = +1 which suffices to prove 
(29.7). 

(29.8) If x? « Cl X then Bx” is an absolute orientable M?*. 

Since Y is simple Mn! holds in $2”. Then Mn in X implies Mn23 in $2” 
while Mn4 in Sz” is a consequence of (29.7), the (p — 1)-cycle being Fz’. 

(29.9) A connected orientable n-manifold mod Z 1s a simple orientable n-circutt 
mod Z. When the manifold is absolute so is the circutt (29.4, 29.5; III, 40.2a, 24). 

(29.10) If Y is an M" mod Z then Y™ (kth derived) is an M” mod ZY. 

It is evidently sufficient to prove that Y’ is an M” mod Z’. In view of (29.2) 
we merely have to verify Mn24. 

Consider first Mn2. By (IV, 25.2) any simplex of X’ is of the form: 


ge eee cg gig eee xara eX. 
Therefore the star of o in Y’ is: 
St g= fo. | a1 — pPOL 6, Ma PO80 PL PyPLL 1 MyPr ly Prt . IPrae, 
i ee Oe rad 
Consider the following sets of simplexes of St oc: 
Yo —_ {/a Pol... rPos0} y: pas {¢aPrt ee ad Y, oe {’x Pir... Myris 


From the expressions just written it is clear that Yo, Y, , Y; are closed simplicial 
complexes and we have the expression of St o as a join (IV, 4): 


St C= Yoa ans VY. 'x" eet fg Pt 


Referring to (IV, 6.17) we readily verify that if we can show that whenever 
the complexes under consideration below are different from @ then: - 

(a) You is (pi — 1)-cyclic; 

(b) Ya, 0 < 1 <7, is (pir — pi — 2)-cyclic; 

(c) Yr is (1 — p, — 1)-cyclic, 
there will follow that St o is n-cyclic, which will prove Mn2. 

Proor oF (a). Yo consists of all the simplexes ‘x; +--+ 'r;, 2; < +--+ < 2; <2", 
x; ~ x”, or Yoo = (Bx). Hence You has the homology groups of (Gzx”'), 
(IV, 26.7) and so it is (p: — 1)-cyclic (III, 47.10). 

Proor or (b). By Mn8, St x” in Cl 2?**! is acyclic. Since St x”* a Cl x?**! 
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contains a single p;,:-element a paraphrase of the proof of (III, 21.4) will show 
that St 27° a Cl a?'*!? — 2?**! igs (p44, — 1)-cyclic. That is to say, the star of 
x”* in ®x?*+1, which we will denote by St: x”*, is (pis. — 1)-cyclic. If we lower 
all dimensions in St; 2”* by p:+, units it becomes a complex Z; such that Z;. is 
(Diz. — p; — 2)-cyclic. The closures of the elements of Z; are obtained by the 
same process from sets Cl x n St x”* and so they are acyclic (Mn3). Hence (IV, 
27.3) Zia is likewise (pis: — p; — 2)-cyclic. It is easily seen however that 
) ere Vi and so (b) follows. 

Proor oF (c). This time Z, is St x" in X with dimensions lowered p, + 1 
units. Hence by Mn2, Z, is (n — p, — 1)-cyclic, and the rest is as in the proof 
of (b). 

We have thus shown that Mn2 is fulfilled by Y’ — 2’. 

Consider now the operation 6 (chain-derivation) of (IV, 26.2b, 27). By means 
of (IV, 26.2b) and (29.7) we may show that 6z” is the sum of the p-elements 
of (x”)’ each taken with a coefficient +1. Since >) 2” = I” is an n-cycle of X, 
>> dx” will be an n-cycle of X’. Therefore the sum of the n-elements of X’ 
suitably oriented is an n-cycle. This proves Mn4 for Y’ — Z’ and hence 
(29.10). 

(29.11) Under the same conditions as in (29.8) if Y is an M” mod Z with regular 
boundary then Y™ is likewise an M” mod Z™ with regular boundary. 

We may here also merely consider the case k = 1. Furthermore we may 
assume Y = Cl X and then Z is the boundary. It is to be shown this time 
that Mn56 are preserved under derivation. Regarding Mné6 this is a conse- 
quence of (29.10) and for Mn5 the proof is essentially like the proof just given 
that Mn2 is preserved, and so we omit it. 

(29.12) If X, X1 are both open subcomplexes of Y with X, C X, and X isan 
M” so is X, (obvious). 

(29.13) The product of an M? by an M‘ is an M’" and tf the factors are absolute 
so is the product. 

Let X = M’, X: = M*. Since X, X; are simple so is X X X. and hence 
also X & X, (27.4). If X, X: are simple so is X X X:. Hence by (29.1) all 
that is required is to verify Mn3 (or 42) for X KX X,. And this follows from 
Mn3 for X, X: together with: (Cl « X 21) n (St 2’ X 21) = (Clan St2x’')xX 
(Cl 2, 2 St 2). 


30. Elementary manifolds. We refer thereby to the well known finite absolute sim- 
plicial manifolds. The following considerations are valid for both orientable and non- 
orientable manifolds (see 34). Since it is sufficient to characterize the components, by 
(29.3) we may suppose the manifolds connected. Consider first a connected M'!. By 
(29.4, 29.5) we find readily that it has the structure of a partition of the circumference. 

Take now an M?. By (29.5) every edge of M? is a face of two triangles. From this 
follows that about every vertex the triangles and edges fall into circular systems consisting 
of alternating edges and triangles. Then by means of Mn2 we may show that about each 
vertex there is just one circular system. With this preliminary characterization as a 
basis, one may proceed to a complete classification of the absolute M? into types by means 
of the homology characters (Betti numbers and torsion coefficients). Each type corre- 
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sponds to a unique topological class of polyhedra, and the polyhedra of distinct types are 
topologically distinct. For details see Veblen [V, II]. 


31. Kronecker index. For the proper formulation of the duality relations 
we require an extension of the Kronecker index. This is done chiefly by re- 
placing everywhere dual elements by reciprocal elements. 

For the dimensions p, n — p automatically: 


(31.1) KI(é?, 9°") = KI(é’, ap), 


where 7, is the (—p)-chain of X* (p-cochain of X) corresponding to 4” in 
the weak isomorphism X* <> X. From (III, 28.2) we have explicitly, 


(31.2) KI (2? , 47°") = B(p)6.; 


where 6;; = 6. 
If we consider X as the basic complex we have from (31.2) 


KI(z}"*, 2?) = B(n — p)éi;, 
and therefore 
KI(z”, 2"”) = B(n)(—1)"” ”KI1(z"”, 2”). 
The commutation rule is thus 
(31.3) KI(e, 9") = B(n)(—1)"" KI (4"”, 2). 


We observe now that under the weak isomorphism X* — X, », and Fn, 
go over into 4" ” and Fa” ”. Hence from (III, 29.1) and under the assumption 
that one of ¢”*', 4"? is finite we have [L, 169]: 


(31.4) KU(Fe", a7), = (—1)?K1"", Fa”). 


It is a consequence of our definitions that the new Kronecker index may 
serve aS a group multiplication under the same conditions as the earlier index 
(III, 29, 40). Moreover with (31.4) at our disposal we may introduce wherever 
need be a class index KI(I’, !”-”) and related multiplication of the corresponding 
groups. This is the multiplication implicit in the statements of the duality 
- theorems given below. 

(31.5) Linking coefficients. Whenever M” is (p — 1, p)-acyclic a linking coeff- 
cient Lk (7 ’, 7” ”) and related class linking coefficient Lk (f?", I””) may be 
defined directly by mere paraphrase of (III, 35).: They may also be defined 
indirectly in terms of Lk (y’’, y,) in the same way as we have just introduced 
the Kronecker index. 

32. Duality theorems. The duality theorems for manifolds will all be ob- 
tained from those for complexes by transfer from pth cohomology groups to 
(n — p)th homology groups. The situation being simpler for absolute mani- 
folds we will consider them first. 

Suppose then that X is an absolute M”. Since the weak isomorphism of X* 
with X raises dimensions n units, the (—p)th homology groups of X*, or the 
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pth cohomology groups of X are isomorphic with the (n — p)th homology 
groups of X of the same kind. By this we mean that if the cohomology groups 
are those of the finite [infinite] cocycles over G, then the homology groups are 
understood to be those of the finite [infinite] cycles over G and vice versa. Since 
X, X are simple and X’ = X’ reoriented, X and X have the same homology 
groups and so: 

(32.1) The pth sohonidlegy groups of an absolute M” are isomorphic with the 
(n — p)th homology groups of the same kind. 

Let now Y be an M* mod Z with X = Y — Z. The best formulation is in 
terms of the derived X’, Y’, Z’. Since X’ = X’ and X is simple closed, X’ is a 
closed simplicial complex. The open simplicial complex Y’ — X’ consists of 
all the simplexes ‘x; --- ’x; (4; < --- < 2,) of Y’ such that one of 2;,---, 
x;eZ, hence such that x;¢Z. These elements of Y’ make up St Z’ in Y’, so 
that X’ = Y’ — St Z’. Since X is closed and simple its homology groups are 
isomorphic with those of its derived X’ and hence with those of X’ = Y’ — St 2’. 
On the other hand, owing to the weak isomorphism between X* and X, the pth 
cohomology groups of X are the isomorphs of the corresponding (n — p)th 
homology groups of X. Therefore 

(32.2) If Y is an M” mod Z then the pth absolute cohomology group of X 1s 
isomorphic with the (n — p)th homology group of X’ = Y' — St Z' which 1s of the 
same kind. | 

The analogues of dual categories (III, 31) are given by: 


(32.3) DerFinition. Two categories A, B of cycles of M" are said to be quasi- 
dual whenever if (G, H) is a normal couple, S°(A, G) and $""?(B, H) are dually 
paired and with the class Kronecker index for multiplication. 


33. In view of (32.1, 32.2) the duality theorems for complexes (III, 30, 31, 32, 
38, 39, 41) yield here: 


(33.1) DUALITY THEOREM OF POINCARE. When M" is finite the Betts groups 
for the dimensions p and n — p, and likewise the torsion groups for the dimensions 
pandn — p — lareisomorphic. Asa consequence the Bettt numbers and torsion 


coefficients satisfy: 
(33.1a) hk? = RR: 
(33.1b) Pay. 


(33.2) The following are quasi-dual categories: 

(a) Finite absolute M". The cycles repeated (one category repeated). 

(b) Infinite absolute M". The infinite and the finite cycles. 

(c) Finite relative M,. Y is an M” mod Z, X = Y — Z: The cycles of Y 
mod Z and the absolute cycles of X’. 

(d) Infinite relative M”. In the same notations the infinite cycles of X" [of Y 
mod Z] and the finite cycles of Y mod Z [of X"]. (Lefschetz [L, 142, 314].) 
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(33.3) If A, B are quasi-dual categories in M, and J a field of characteristic x 
then: 


(a) R*(A, r) = R""(B, =). 


(b) If {y?} ts an independent set of r-cycles of A over J there may be selected a 
set of r independent cycles {6;°”} of B over J such that 


KI (y? , 67°”) = 85. 


(c) If the Bettt numbers for dimensions p and n — p are finite and {y?}, {6;°7} 
are maximal independent sets then: 


| KI? , 67°”) | 4 0 


[L, 178, 314]. 

(33.4) Alexander duality. The duality theorems of this type hold when Y is 
simple with a dissection (X, Z) such that Y is an M” mod Z, the transfer being 
always: 

pth cohomology group of X — (n — p)th homology group of X’. 
_ We state explicitly the following simple case: 

(33.5) If Y is finite (p — 1, p)-acyclic and (G, H) is a normal couple, then the 
groups $" *(Z, G) and $" ?(X', H) are dually paired with the class linking coeffi- 
cient as the group multiplication (Alexander [a)}). 

(33.6) Weak manifolds. The proofs of (33.1, 33.2ab) rest solely upon the 
symmetry between X and X and do not depend upon p2 of (26.1), (or which is 
the same, upon Mn3). If we call weak absolute M” a complex satisfying Mn 
124, we have: 

(33.7) Properties (33.1, 33.2ab) hold for a weak absolute manifold. 

34. Non-orientable manifolds. For simplicity we will only discuss the 
simplicial types. Thus X is now an open simplicial complex which merely 
satisfies Mn2 but not Mn4. In an obvious sense M” may be absolute, relative, 
with regular boundary (orientable or otherwise). | 

(34.1) All the properties of (29) except (29.9) hold for a nenorieniable M”. 

For they do not involve Mn4. In place of (29.9) we now have: 

(34.2) A connected non-orientable M” is a simple non-orientable n-circuit. 

(34.3) The duality theorems for groups mod 2 hold also for non-ortentable 
manifolds. 

35. In view of (34.3) one could expect to lose in a non-orientable M” all the 
homology properties except those mod 2. The loss is restored by means of a 
device due to De Rham [c]. Corresponding to the elements {27} of every 
Cl x" introduce two new sets {2x7;}, {x2;} where in each set the order and the 
incidence numbers not involving x7, are the same as in Cl 2x", and take 
[xz ‘aa ‘| = —[x":27"]. Suppose that x”, x’” have a common face x” ", and 
let 21? , 12? have the obvious meaning for x’/”. There are then two images 
a zz for x” as a face of x”, and similarly my", 2 2” for 2” as a face 
of ’”. If [x":2""] = —[x’":2"], we identify Cl ap” iti Cl 2,”"' (h = 1, 2), 
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otherwise Cl 2? with Cl 22”! and Cl 27? with Cl 21”. The result is readily 
‘shown to be a new orientable (simplicial) n-manifold M? . It is known as the 
doubly-covering manifold of M". The same process applied to an orientable M” 
yields an M¢ which consists merely of two isomorphs of M”. For many pur- 
poses My may very well replace its non-orientable companion. In particular 
its homology and intersection properties may be viewed as properties of M” 
itself. 

36. Intersections. Owing to the possible transfer from cochains to chains 
there may be defined intersections of chains by chains in an M”. We will first 
introduce those for an absolute, orientable n-manifold X, and consider relative 
manifolds afterward. 

(36.1) Several important auxiliary operations will be required. Let 6, 7 be 
chain-derivation and a reciprocal in X, and 5, 7 the same for X. We will con- 
veniently identify the vertices 'z, 'Z of X’, X’, so that X’ is now X’ reoriented 
by a(x”) = B(—p), (2 «€ X’). Let this operation be considered as a chain- 
mapping «:X’ or X’ — X’. Clearly a? = 1. The operations 7 = 7aéd, 
| = rad are, respectively, chain-mappings X — X, X — X. From the known 
relations 6r ~ 1, 75 ~ 1, 5 ~ 1, 75 ~ 1 (IV, 23.5) there follows: 


(36.2) m~i1, an~l. 


We may even state a more precise result. For if D, D are derivations in X, 
X (IV, 26.2a), then 5r is contiguous to the identity in DD™ (IV, 26.2c, 23.1) 
and similarly for 5+ in DD™’. From this follows readily that: @ is contiguous 
to the identity in D’-DD™D. Furthermore we also verify that if A is the set- 
transformation z — Cl St Cl z then D'DD™'Dz c Az. Hence n@ is con- 
tiguous to the identity in A. Thus if A is the analogue of A for X we have: 

(36.3) nf, fn are contiguous to the identity in A, A. 

(36.4) In addition to the preceding operations we shall need an operation ¢ 
whose effect on any complex merely consists in lowering all dimensions by n 
units. Thus (X = X*, ¢X = X*, etc. Evidently ¢ is a weak isomorphism. 

(36.5) Consider the multiplication ¢ of (1.13), of X, X* to X’. We recall 
that by (19.1), if 7 is a reciprocal of chain-derivation in X then ry = pw: is the 
first component of an intersection in X. We may thus freely assume that we 
have an intersection nu = (m1, Us ) in X which we will also denote by a dot- 
product. Thus 

ae, = (0 Ke 2): 
Let us suppose the 2; so oriented that the basic n-cycle of M”, whose class I” 
is the basic class, is: 


(36.6) y" = B(—n) Diz. 
From (1.14, 1.15, 1.16) we have: 
y" Xo tn = B(—n)B(n)'x? , 
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Dp < niy” Xe xs = B(—7)B(p) 2 Newke °° i NEM ze, ors ‘x? ° 
Referring to the expressions of the \’s as incidence numbers we verify by means 
of (IV, 26.2b, 27): 


Ly Xe” = B(p — nbz”. 


Hence 
(36.7) (tp Xe v") = ayy" = A” 
The relation just written may also be put in the form 
(Sa5")-y" = Har”. 
Hence for any chain &" ” of X: 
(36.8) (SE?) ey” = HEP. 
: Me : a chain of X over G then 7? will be a chain of X over G, and so from 


(36.9) (fné")-y” = Ang? 


(36.10) Let &,—p = ¢nt”. Since 7 is a chain-mapping and ¢ is a weak iso- 
morphism, if ¢” is a cycle y” in a fixed homology class ” over G then yn-p = (17 
is a cocycle in a fixed cohomology class [,-, over G. From (36.2, 36.9) there 
results: 


(36.11) Ye ~Y3 Tap I" = I”. 


(36.12) Since 7 is an isomorphism (36.2) and ¢ is a weak isomorphism, I > 
I’,-p defines an isomorphism w:$?(X, G) — Gn_p(X, G). It follows that w 
is likewise an isomorphism. Thus 

(36.128) Given T,_», there is a unique 1? = w 'T,_, such that T,_p-T” = Y?. 

For later purposes we also require some information regarding what may be 
described as a carrier of fn. We recall that 6x consists of simplexes with ’z as 
last vertex, i.e., of form o = 'x; +--+ ‘t/t, 4 < +++ < 43 < x. Whena is con- 
sidered as a simplex of X’ its last vertex is ‘zx; = ‘%;. Hence no = fac is an 
element of Cl #; = St zx; C St Cl x (the bar denotes reciprocation). It follows 
that nx = tadx C St Cl x and hence {nx C (St Cl x)*. Therefore 

(36.13) (nx 1s a cochain of St Cl z. 

In an evident sense we could also say that the set-transformation t:X — X* 
defined by x — St Cl x is a carrier of [n. 

Observe finally that since w is an isomorphism, we have: 


(36.14) | lr =0—>T,_p = 0. 


37. We are now ready for the chain-chain-intersections. Two types will be 
considered, a direct one which operates upon the chains of X alone, and another 
which is more suitable for relative manifolds. We will deal at length with the 
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finite absolute 1/” and then complete the treatment with a few remarks about 


the general case. 
We assume then that X is a finite, absolute, orientable M” and take G, H, J, p 


as in (1.1). 

A. Intersections of the first type. Given two chains ¢”, & over G, H we define 
as their intersection the (p + q — n)-chain over J, denoted by £’o€" and given by: - 
(37.1) Poet = yp. 

From (8.2, --- , 8.7) there results then: 

(37.2) The operation o pairs G(X, G), ©"(X, H) to C7 "(X, J). 

(37.3) F(é?og") = (Fe?) og" + (—1)” "eo F £". 


(37.4) yoy" is a (p + q — n)-cycle over J. 

(37.5) The class of yoy’ depends solely upon the classes YT”, I* of y’, vf". It is 
written T?oI and called the class intersection of TY”, I 

We have clearly by (36.8): 


En—p'En—a'y” = EPonnt’, 
and therefore by (36.2): 
, , n ? a 
Ya—p'Yn—-c°'Y ™ Y °Y; 
or equivalently | 
(37.6) Tap Tag I” = I°or, 
In terms of the operation w of (36.12) the last relation may also be written 
(37.6a) TL? oD? = we (wl? wT). 
By combining (37.6) with (8.8) we have the comprehensive 


(37.7) THrorEeM. The class intersection T’ol in the finite absolute orientable 

n-manifold X pairs 
§°(X, G), S(X, H) to SH’ "(X, J). 

Furthermore: | 

(a) (Commutation rule) T?oT = (—1)? ?Ptor?, 

(b) If the classes are over a ring p then their intersections are associative. 

(c) Under the same conditions as in (b), T’oT considered as a formal product 
generates an associative but not necessarily commutative ring R(X, p),the homology 
ring of the manifold over p. 


(37.8) We may define the Kronecker index of ¢”, &”? as 
KI(é?, €”?) = KI (En-p, &””), 


and we have from (4.4): 
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KI(é”, &"-”) = KI(g?og"”) 
where the last index is the index of the zero-chain &0&” ”. 
Given two classes ’’, r'”~” over G, there are two possible ways of defining the 
elass index. First in the notations of (36.10) we may set 


(37.9) Kr’, r””) = KI(I,—p:T'””). 


Second we may choose any y’? eI”. Then 77’ is in a fixed class I? of X and we 
define: 
KI(r?, ©" ”) = KI(I’, r”’”) 


= B(n)(—1)"" "KIT", I”), 


where the last two indices are the class indices as defined in (31). It is only 
necessary, however, to refer to the definitions of the index in (31) to show that 
the two values of KI(r’, f'”~”) are in fact the same. Furthermore (37.6) yields 


(37.11) KI(r?, ©" ”) = KI(oy” ”), y eI’ vy” eT” ”. 


(37.12) It is also a consequence of (37.10) that KI(I’, [" ”) may be chosen 
as the group multiplication of (33.2a) and KI(7’, y” ”) in the sense of (37.8) 
as the index of (33.3) (in place of the indices KI(y’, 5” ”) there considered). 

B. Intersections of the second type. This time we only have the intersections 
of a chain £ of X over G with a chain & of X over H. It will be once more a 
(p + gq — n)-chain of X over J, written £’** and given by 


(37.10) 


(37.13) EPae? = Epp b", Exp = ce. 
This new operation is related to o by: 
(37.14) £? of" = ne ee. 


We notice explicitly that: 
(37.15) Properties (37.2, --- , 37.5) hold for * with the appropriate (and obvious) 


modifications. 
We also have with the Kronecker index defined as in (31.1): 
(37.16) KI(#, &" ”) = KI(g?#t"™). 


(37.17) Intersections in a product. If X, Y are finite absolute orientable mani- 
folds of dimensions n, n’ then X X Y is an absolute orientable M n*n" (29.13). 
Let the previous notations: ¢, y, T apply to X, and let n, 6, A be the analogues 
for Y. To simplify matters all chains are over a ring p. We have now by 


(37.1, 17:4) | 
(¢” x n’)o(é xX 1) oe (En—p x Mnt—r) * (E" xX n) 
= (—1)" "(Eng E) X (narere’), 
and so 
(37.18) (EX n)o(& X n°) = (—1)""” (Hof) X (non), 
(37.19) (T? x A’)o(P*? X A’) = (—1)"" 7 (Te I) XK (A’0Ad’). 
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Assuming, in particular, 7 = n’ we have from (37.16) the following relation on 
the Kronecker index which is required below: 


(37.20) KI(#” X 9’, &°? X 9") = (- 1)" PRB, &” *) KI (7, 0””). 


38. So much for the finite absolute orientable M”; for the other cases a few 
complementary remarks will suffice. _ 

(38.1) Infinite absolute orientable M". For this case all the considerations of 
(37) may be repeated, with the complement that if one of the intersecting chains 
is finite so is the intersection. The ring property (37.7c) is only preserved as 
regards intersections between classes of finite cycles or between classes of infinite 
cycles. 

(38.2) Relative orientable M". Suppose X = Y — Z = an orientable M : 
mod Z. Then we may only define the operation * of (37.13), it being understood 
that the intersections at the right in (37.14) are the intersections induced in X 
by those in Y in the sense of (13). Properties (37.2, --- , 37.5) hold with the 
obvious modifications. We merely notice that as regards the cycles we are 
taking the intersection of an absolute p-cycle of X with a g-cycle of X mod Z 
and obtain an absolute (p + q — n)-cycle of X as the intersection. The index 
is as defined in (31.1) and satisfies (37.16). 


Appications. (38.3) Take as orientable M! the complex X obtained from the sub- 
division of the real line L: ~~» < u < +o by the points A; : u = 1, the elements being 
the vertices A; and the one-simplexes A;Ai41. Let Bs denote the midpoint of A;Ai41 or 
vertex of X’ in A;Ai,1. We may then identify X with the analogue of X corresponding 
to the subdivision points B;. However we will orient X so that A; = B,B._., which 
corresponds to reorienting it by means of a(#"~?) = B(n — p). The operation r is defined 
by Bi > Aw, Aim As. 

The vertices A: are homologous finite integral zero-cycles of X and we will denote by 
A their common class (element of the homology group of the finite integral zero-chains) . 
The cycle >> A;Ai41 is basic for X and its class (element of the homology group of the 


infinite integral one-chains), which is a basic class, will also be written L for convenience. 
Using the above data we find readily from (36, 37) the class intersections in X: 


(38.4) AeA = 0, AeL = LeA = A, LeL = L. 
>» 


(38.5) Take now 7 real lines {L;}, 7 = 1, 2,--° , 7; Li: -2° < u< +, and turn L; 
into a complex X; such as just considered. The complex X = X1 X --: X Xn 18 an orient- 
able M". Let L; be the basic class of X, and A, the class of its vertices. Now Tr? = 
Li X% +++ XK Lp X Apes K++ X Anand [2% = Ai X °°: XK Ag X Los: X +-> X Ln are the 
basic classes for the submanifolds: : 


Bp = Xi Ke K Xp XK Apt X + KX An, 
RE ou A ee KAY Kea ew Xs 


Applying (37.19) we find if qg < p: 


(38.6) re,re-s = Tee = Ay X °°: X A, X Loui KX +++ &X Ly X Aput X +++ X An. 
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Therefore: 
(88.7) The intersection of the basic homology classes of XK «++ KX Xp XK Apyr Xoo KX An 
and Ai X +++ K Ag KX Xout KX +s X Xn t8 the basis homology class of 


Ai Xs+ K Ag K Koes K oe K Xp K Apsr Ks K An. 


The analogy of this intersection rule with the initial rules of Lefschetz [a] (for convex 
polyhedral cells) and of [L, IV] is obvious enough. It will become completely obvious in 
the topological applications in (VIII, 27.10, 47). 

If p + q = n the intersection is A; X «+: X An and so 


(38.8) Kl(r?, r~?) = 1, 


It is hardly necessary to point out that the preceding results have obvious extensions 
to the case where the X; are arbitrarily scattered among the A,, but as the explicit forms 
are not required we will not derive them here. 


39. Chain-mappings and their graphs. Let again X, Y be absolute orientable 
manifolds. We will suppose them this time of the same dimension n. A chain- 
mapping 7:X —> Y will be written 
(39.1) rx? = aby? 
with summation on the lower indices. We wish to associate with r a chain- 
graph which will be an n-cycle rin X X Y. We first write the usual graph 
as a cycle of Y K X* 

= >) B(—p)atiy? X x). | 
Under the weak isomorphism Y K X* — Y X X raising dimensions n units r 
goes into an ae of Y x X: 


(39.2) = >) B(—p)aty? K £2°? = 9) B(—p)(rz?) & Ff. 


It is clear that + and I" determine one another uniquely. 
Consider now a second chain-mapping 6: X — Y given by 


(39.3) be? = bFi97 

with its graph in Y X X 

(39.4) = 5 B(—p)big? x af”. 
Written as a cycle of vers by (27.4) I’ assumes the form: 
(39.5) =D B(—p)bi(- I)" X a. 


This form will be utilized in a moment. 
40. Coincidences. | 
(40.1) The results of (§3) are of course applicable to manifolds. However, 
by utilizing the transfer from cocycles to cycles it will be found possible to 
extend them to a pair of chain-mappings 7, 6 both proceeding in the same 
direction (from X to Y). 
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(40.2) Consider first the two chain-mappings 7, 6. By mere transfer from 
(21) (for the r, 6* of 21), we define a coincidence of 7, 6 as a pair (x? , y?) such 
that y? is found in rz? and g}” in 6z7'”. The number of signed coincidences 
is then naturally defined as : 

(40.3) x(r, 6) = KI(r", Tr”). 
Since Y x X is an absolute orientable M°” (29.13) we have from (31): 
KI (y? X 27°”, y? X #7”) = B(n), 
and whenever other pairs of elements are involved: 
KI (y} X 27°, yf X Te") = 0. 
Referring to the properties of 8(p) (Introduction to IIT) we find then: 
x(7, 6) = DY (—1)?aj; 709; . 
If we set 
a?’ = | aj; I; b? = | bf; lI, 
there comes: 
x(7, 6) = > (—1)” trace a” ?(b")’. 


Let {cP}, {@?} be bases for the rational homology groups of X, X and {d?}, 
{d?} the same for Y, Y. The chain-mappings 7, 6 induce homomorphisms on 
the groups in question represented by: 


(40.4) mes = Tijd, or = || 74; |, 
(40.5) ber = Fd? , = = || 6; |]. 
The same argument as in (24) yields then: 

(40.6) x(r,6) = >> (—1)? trace r” °(6)’. 


The expression x(7, 9) is by definition the number of signed coincidences of 7, 6. 
(40.7) Consider now two chain-mappings 7, 6:X — Y, where we suppose + 
as before and @ such that 


(40.8) Bc? = Fd? , & = || 6; |l. 


Let », 7 be the same as in (36.1) for X and 7’, 9’ the analogues for Y. The 
chain-mapping # induces an isomorphism } on the rational homology groups 


given by 
Me? = ACF, = MW = AG Il 


and by (36.2), 7 induces \’. Similarly 7’ induces » given by 
ud? = wid?, vw” = | we; Il, 


and #’ induces p -. 
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To 6:X — Y there corresponds the congruent chain-mapping (in the sense of 
IV, 12.7) 6:X& — Y given by 6 = »/64. This chain-mapping induces the homo- 
morphisms on the rational homology groups defined by: 


bc? = 6P.d?, 6 = || bP; || = w?or?. 
In the light of (24.15) it is rather natural to define directly the number of 


signed coincidences of 1, 0 as w(r, 0) = x(r7, 8). We have at once from (40.6) 
after replacing the product of matrices by its transverse: 


w(r, 6) = >> (—1)? trace w?6"?(r")’, 


Since X, X have the same Betti numbers, (83.1a) yields R(X) = R"-?(X), 
and similarly for Y, Y. Hence the é, d may be chosen such that 


KI(c? *a?-?) = 8, KI(d? *d}~”) = 6. 
Now from (37.12, 37.14) and (31) there follow: 
KI (Gf o¢}"”) = AKI (chae7?) = B(n — pr‘; , 
KI(d?od??) = wi KI(df+d7-”) = B(n — p)ul; , 
where the indices are taken, respectively, in X and Y. Hence if we set 
a” = || KI@?,é;*) ||, 8” = || KI(d?, dF”) |l, 
then 
(40.9) w(r, 0) = > (—1)? trace B°0?a?(r” *)’. 


This expression is wholly similar to the coincidence formula (24) of [L, 269]. 

(40.10) Fixed elements. If Y = X and o is a chain-mapping X — X then 
x(o, 1) = ¥(c) where y is as in (24). Thus the number of signed fixed elements 
is the same as for any finite complex and this is as might be expected. 


CHAPTER VI 
NETS OF COMPLEXES 


The passage from finite complexes to infinite complexes or topological spaces 
necessitates some limiting process, and the theory of nets will provide the 
necessary mechanism. In its general form it may be viewed as abstracted from 
the Cech homology theory for topological spaces (Cech [a]), which will be 
adopted as the basic theory in (VII). An important special type of net, the 
sequential spectrum, was already utilized by Alexandroff [a], for a aa like- 
wise for infinite complexes and compacta in [L, VII]. 

A close parallel will be found between nets and finite complexes and we shall 
have here also open and closed subnets, their projections and injections. In the 
general net there are no chains and so the operations bear directly upon the 
cycles. However for a spectrum chains may again be introduced, the similarity 
with complexes being greatly increased thereby. 

By combining the subnets there will be obtained a noteworthy complementary 
mechanism, the web, which will have important applications in (VII). 

The general theory of nets and webs will be applied to infinite complexes, 
and in particular to a type which we have termed metric. Such complexes will 
be shown to have a special “metric’’ homology theory, which includes the well 
known Vietoris theory for compacta, but has other applications as well. 

General references: Alexandroff [a, f], Cech [a, b], Chevalley [a], Freudenthal 
[b], Lefschetz [L; , XVII], Steenrod [a]. 


§1. DEFINITION OF NETS AND THEIR GROUPS 


1. A net is a collection of complexes with special relations. A good point of 
departure is therefore a suitable type of infinite product of complexes. Since 
these infinite products have as yet but few applications we will not dwell upon 
them very long. | 

(1.1) Consider then a system {X),} of finite complexes indexed by A = {X} 
and let ¥ = PX), be the product of the complexes as sets of elements. It is 
not our purpose to turn X into a complex in the sense of (III, 1)—such a complex 
would be, in fact, irrelevant here. We may, however, introduce the groups of 


chains, --- of ¥ over a given coefficient group G in the following way. Write 
CP, BP, BP, Gr for ©'(X,, G), --- , where the groups are as in (III, 7, 8). 
Define now the groups @’(X, G), 3°(X, G), §’(%, G) as 

(1.2) C(%,G)= PQ, 37%, G) = PZ, 


B(x, G) = PR. 
213 
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By (I, 12.5) we have then 
¥(%, G) = PRY : 
and we readily show that 
(1.8) §°(#, @) = B(z, @)/F'(E, G) = PHY. 


There is an obvious parallel development in the direction of ‘‘weak’”’ products 
whose details are omitted. 

2. The next step is essentially analogous to the passage from products of 
groups to inverse or direct systems (II, 13, 14). 


(2.1) Derinirion. A net X is a system of finite complexes {X,} indexed by a 
directed set A = {X; >} and with the following properties: 

N1. When ) > p there exist one or more chain-mappings, also called ‘“projec- 
tions,” mi:X, > X,. | 

N2. When dX > » > vand ™, ; ™ are projections so is xin. . 

N3. Any two projections x, x, ’, \ > u, are homologous (x. yR ~ x, y 8 for 
every cycle v3 of X)). 


(2.2) Let N*z denote Ni with > replaced by <. If X, still indexed by 
A = {\; >}, has properties N*7 it is known as a conet. In one or the other case 
a convenient designation is X = {X) ; a}. Unless otherwise stated, in such a 
designation X will be understood to be a net. 

(2. 3) Let XX denote as usual the dual of & , and m": xi xt , the dual 
of r.. Then if one of X = {X; wm}, X* = {XX ; m"} is a net the other is 
a conet. 

(2.4) Special designations. The net X is called 

simplicial if the X, and the o are simplicial; 

simple if the X, and the r\ are simple and in addition the r) have simple 
carriers; 

sequential if A = {1, 2,--> }; 

a spectrum if the 7 are unique; 

a sequential spectrum if the net is both sequential and a spectrum. 

Evidently a simplicial net 1s simple. 

The dimension of X, written dim X, is sup dim X). 

3. Since there may occur multiple projections 7} , a", it will be necessary 
for the groups 8, § to have recourse to the mechanism of (II, 13.7, 14.8). Not 
so, however, as we shall see, for the groups 5. Since the cycles and cocycles, 
and not their classes, are the elements usually arising in the applications their 
properties will be examined in some detail. | 

As a consequence of N3 we have: 

(3.1) Any two projections 7 ; r, [m” , a “],X > pn, induce the same simulta- 
neous homomorphism #: OK _ Dx [ax : ©", — §*] so that there is a unique in- 
verse [direct] system {SP ; #} [{H 5 tX"}] in the sense of (II, 13.1) [(II, 14.1)]. 

We have then limit-groups of the two systems and we lay down: 
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(3.2) Derinitions. §” = lim {6? ; #.} and H, = lim {6% - #"} are, respec- 
tively, the pth homology and pth cohomology groups of the net over G. The elements 
Yr’, I, of the two groups are the homology and conomagy classes over G; the terms 


will be justified presently. 


An element of §° is a collection Tf? = {IY} where PP? e Hf, and\ > p= 
#.r? = T?. The If are the coordinates of Y?. Furthermore referring to 
(I, 38.2) if u, is any open set in Hy , and Uy = {T? | TY ew}, the aggregate {U,} 
is a base for §”. 

(3.3) Let now a p-cycle y’ of X over G be defined as follows: y’ = {yy}, where 
vie 3? andX > wo my ~ vy? in X,. The vf are the coordinates of y’. 
Define y’ = 0 when every 7? = 0, and if y” = {7,7}, set-y? + y’” = fy? + 1°}. 
As a consequence 3° = {y’} is a group, the group of the p-cycles over G. The 
topology in 38” is assigned by means of a subbase as follows: take any open set 

hin 3? and let Vi = {y’ |v? € Ux}. The collection {V,} is chosen as a sub- 
base for 3”. 

(3.4) 3? is a closed subgroup of 3°(%, G) = P3?, the group of (1.2) (II, 13.7). 

Among the cycles of the net are found the collections 6° = {df | 6” ~ 0} 
known as bounding cycles. The terminology is justified by (3.5). If y’ — 7” 
is a bounding cycle we write the usual homology 7? ~ 7’. Evidently §? = 
{6°} = $°(%, G) (group of 1.2) is a subgroup of 3”. 

(3.5) %? 2s closed in 3’. 

For §” is closed in 3°(%, G) D 3’. 

(3.6) 6° = 2’/F (II, 13.7). 

Henceforth §” is identified with 3”/%’, I’? being identified with the coset of 
y’ mod §”. It is also called the homology class of y’. 

(3.7) When G is compact so are 3”, § and §”. 

For 3%(X, G) is then compact and (3.7) is a consequence of (II, 13.7d). 

(3.8) Let G be a dwision-closure group and Gy a discrete group isomorphic with G 
in the algebraic sense. Then the groups 3”, §°, H° over G are isomorphic in the 
algebraic sense with the corresponding groups over Go. In other words, when G is a 
division-closure group its topology may be disregarded without modifying 3°, §’, S” 
algebraically. 

Let y” = {7x} be a cycle over G. Owing to the division-closure property 
(III, 17.2): (a) h> pomy? — vy? = FC?" (b) y’ ~ 0 x? = FC,”"; the 
chains C?™’, C, >t! are chains of X, , X, over G. Since chains over G are likevtige 
chains over Go ,Y’ is a cycle over Gp and conversely, if y” is a cycle over Gp it is 
likewise a cycle over G. If vy? ~ 0 as a cycle over one of G, G then also y”? ~ 0 
as a cycle over the other. Since the identification of y’ as a cycle over G with 
itself as a cycle over Gp manifestly defines an isomorphism in the algebraic sense 
of the groups 3”, §” overG with the corresponding groups over Gp , (3.8) follows. 

(3.9) If y? = {yx} ts a cycle and y? ~ 0 for all elements of {v} cofinal in {X} 
then y” ~ 0. 

Given \ there isa v > X and so yy ~ my? ~ 0. Hence vy’ ~ 0. 
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(3.10) If dim X = n is finite then all the groups §”, p > n, are zero (2.4, 3.9) 

(3.11) Essential cycles. Following Cech, vy; is defined as essential for Ki 
whenever \ > yu implies the existence in X) of a yx such that ry? ~vyp in X,. 
Under these conditions I’? is an essential element of $? in the sense of (IT, 27.11). 

(3.12) If G is a field then for every w there is a Xo such that if yx, € Bx then 
roy? is an essential cycle for X, and hence the u coordinate of a cycle of X (Cech 
(a]; II, 27.13). 

By (II, 27.13) there exists for given » and every p S dim Xx, = nm an index 
Ap > w such that wT RP is essential, and hence such that w Pry, is essential. 
Since n is finite we may choose a \) > 1, °° , An, and then every wo Yr, (all p) 
will be essential. 

(3.13) Betti and Alexandroff numbers. If G is a field the pth Betti number 
of X over G is R?(X, G) = dim §°(X, G), when the latter is finite, and 
R?(X, G) = o otherwise. 

Since the X) are finite so are their Betti numbers. Hence the Alexandroff 
numbers of X (i.e., of the 6’(X, G)) are equal to the corresponding Betti numbers 
of the net. 

4. (4.1) We now pass to the cocycles y, and their classes T', over a discrete 
group G. The groups > over G have already been defined. Any I, is a 
collection of elements I’, , the representatives of rT, , such that if [% and VT; 
exist then for some A > yu, v we have mT, = #,’I’,. A p-cocycle yp over G 
is now a maximal collection of cocycles y*, over G, “the Ei acide of y,, 
such that if 75 and 7p exist then for some \ > yp, v we have m "7" = Ty *y> in Xy. 
The cocycles vy, = 0 are representatives of a unique yp, denoted by 0. If 
{yo}; {y.’} are the representatives of yp, ¥» choose corresponding to My any 
) > uw, v. Then one may show that the cocycles farytyt, + mm yp} are 
representatives of a unique cocycle written yp + y>- Under these conditions 
3p = {yp} is a group, the group of the cocycles over G, and it is taken discrete. 
The cocycles 5, which have a representative 6, such that for some 4 > wwe 
have ,."64, ~ 0 are known as bounding cocycles. If yp — 7p is a bounding 


cocycle we write the usual homology yp) ~ y,. Evidently §, = {6} is a sub- 
group of 3,. 
(4.2) Gp = 3p/Bp (II, 14.8a). 


We may now identify , with 3,/%, and thus consider I, as the coset of 
vp mod %,. It is also called the cohomology class of > . 

(4.3) If Gis a field we define the dual Betti numbers as R (xX, G) = 
dim ,(X, G), when the latter is finite, and R,(X, G) = « otherwise. The 
“dual’’ Alexandroff numbers of X (i.e. those of the p(X, @)) are, as in (3.13), 
the same as the dual Betti numbers. 

(4.4) If dim X = n is finite then all the groups Dp, p > Nn, are zero (2.4). 

(4.5) Yp or Tp have representatwes Jor some {u} cofinal in An}. 

For if say I, is a representative of I’, then so is every ge uae eos 

(4.6) Conan: All the results obtained for nets carry over to conets with 
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cycles and cocycles interchanged. In particular in conets the discrete groups are 
those of the cycles. | 

5. Application to connectedness in simplicial nets. We shall find here again 
the same general relations between connectedness and the zero-dimensional 
groups as in simplicial and simple complexes (III, 20, 47.7). In point of fact 
we could develop the same considerations for simple nets, but the simplicial case 
is sufficient for the topological applications. 

Let then X = {X) ; +3} be simplicial and let {X,,;} be the components of X,. 
Since each contains a vertex and homologous vertices are mapped by 7% into 
homologous vertices mp Xni is connected and hence in some X,;. We shall say 
that the component X,; is essential whenever if \ > y» there exists an X), such 
that X); C X,;. A component of X is a collection X’ = { Xi} where Xv isa 
component of X) , (one of the sets X);), and where \ > n> mXy Cc X,- Evi- 
dently X’ itself is a net, (a subnet of X in the terminology of 12). We shall 
denote by p the cardinal number of the components of X. 

(5.1) The component X’ is uniquely determined by its coordinates X, for {v} 
cofinal in {i}. 

For X; is umauey determined by X,, v > X. 

(5.2) If X', --- ,X’ are distinct components of X (r finite), with X* = {X}}, 
then for some u the x! * are distinct components of X, . 

Take any pair x "xi, } 4 ~j. For some index y(i, j) we must have Xian ¥ 
>. NE Therefore ‘whatever y > u(t, j) necessarily X} + X/, for otherwise 
their projections Xic,;) , Xi, in X,u.) would coincide. Since the number of 
indices (7, 7) is finite there is a » > every y(i, j), and the X; will then all be 
distinct. 

(5.3) The Betti numbers R°(X, G), over any field G, are all equal to p when pis 
finite, and infinite otherwise. 

Their common value is designated by R°(X) or R°, and known as the zero- 
dimensional Betti number of the net. 

The notations remaining the same choose a vertex Ay; on X};. Since 4A); 
is a vertex of X, in the same component as A,; , we have mAy; ~ Ays. There- 
fore y? = {Ai} is an integral zero-cycleof X* and hence of X. Similarly 
{gAy;}, g eG, is a zero-cycle of X‘ over G and it is denoted by gy; . 

The 7{ are independent. For suppose g ye’ ~ 0 and ehoose yz as in (5.2). We 
must have g‘A,: ~ 0 in X,, which implies g‘ = 0, since the A,; are in ela 
components of X,. It follows that R°(G) = p, so if p = © likewise R°(G) = 
There remains then to dispose of the finite case. 

We assume then p finite and r = p, so that {X*} is now a maximal set of dis- 
tinct components of X. Choose again » as in (5.2), so that now the p compo- 
nents X} of X, are distinct, and of course essential. Moreover clearly no other 
component of X, may be essential. It follows that for »y > u there are exactly p 
essential components of X,. For there can be no more, and there are at least 
that many, else there would be fewer than pin X,. The p essential components 
of X, must be the X‘ and they are thus distinct. If & = {8} is a zero-cycle 
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we have then ~N grAvs and 7795A,i~ gAui~ giA,y:. Since the A,; are inde- 
pendent ce = gi = g’ is independent of ». Thus BN 9 *A,;. Therefore 
8 — g'y¥f has its vy coordinate ~ 0, and so (3.9), 8 ~ g’yy. It follows that 
R°(G) S p, and finally 


R°(G) = p. 
We have also proved the complementary property: 


(5.4) When R° is finite {yj}, where v¢ = {vx} is a zero-cycle of X, is a base 
for the zero-cycles over any group G and so 


(5.5) ©°(X, G) = Pay). 
More generally: 
(5.6) When R° is finite, 
§°(X, G) = Pg(X', G). 
For if y? = {yx} is any cycle over G we have y; = »s v?;, v2; C Xi, and 
vy ~0->yy; ~ Oin X,. From this and the fact that {v} is cofinal in {\} 
follows readily that y? = {y?;} is a cycle of X* with y’ = >> 7? , and also that 


vy’ ~ 0 in X when and only when every y¥? ~ 0 in X*. From this to (5.6) is 
but a step. 


§2. DUALITY AND INTERSECTIONS 


6. For the duality relations a Kronecker index is required. Keeping nets and 
conets together for the present let the groups G, H be commutatively paired 
to J, and let Tr’, ©, be over G, H. If \ > wand I, in the net, I” in the conet 
have J, u representatives we find from (IV, 10.5) with r = 7, the permanence 
relation for the index: 


(6.1) KI(ry , T>) = KI(T?, I). 
Their common value is defined as the class index KI(Y’, Tp). One may like- 


wise introduce KI(I, , ['’) and one finds from the commutation rule (III, 29.3) 
for the index in X) : 


(6.2) KI(r’, Tp) = (—1)’KI(T,, r”). 
If y? el’, yp eT we define . 
(6.3) KI (y’, v2) = (—1)?KI (7p, 7”) = KI(I”, I). 


Clearly KI(y’, yp) = KI(y?, y',) for the for which y, has a representative 
when X is a net, or y” has one when X is a conet. 

Referring to (II, 16.4, 17.7), and the known pairing of the groups 6? , 
and 3? , 3% (III, 29.4, 29.10) we find; 

(6.4) KI(1r?, T',) 7s a multiplication pairing $°(X, G), ©,(X, H) to J, and 
similarly for KI(y’, yp) and 3’(X, G), 3By(X, H). 
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Referring now to (II, 20.7, 33) and (III, 31.1) we have the basic 


(6.5) DuaLiry THEOREM. The cycles and cocycles of a net [cocycles and cycles 
of a conet] are dual categories. | 


7. Application to the Betti numbers. It follows from (6.5) that for any 
field J we have the duality relation for the Betti numbers: 


(7.1) R*(X, J) = R,(X, J). 

We extend the universal theorem for fields (III, 17.8) to nets and prove: 

(7.2) The Betti numbers depend solely upon the characteristic of the field. 
Owing to (7.1) it is sufficient to consider only one of R’, R,. We will assume 

that X is a net and consider R,. Fora conet the reasoning would be the same 

with R? and cycles in place of R, and cocycles. To prove (7.2) we merely need 

to show that if J; is an extension of J we have 


(7.3) R,(X, Ji) = Rp(X, J). 


Let then {T‘,} be a base for §,(X, J) and {T*} a maximal subset of elements 
of this base with linearly independent representatives {I**} for a given fixed A. 
Since every I, ¢ p(X, , J) represents a cohomology class of X linearly de- 
pendent upon ihe {r**}, a base may be obtained for 6,(X, , J) consisting of 
{r¥4} and of a set {’I’} whose elements are representatives of the zero of 
$,(X, J). It is now a consequence of (III, 17.8) that if A, e p(X, J1) has the 


representative A’, then 
Ay = aN + B,'T7; an, By € Ji. 
Since the ‘I’ are representatives of the zero of §,(X, J ) and finite in mre 


there exists a vy > \ such that #**/r’ = 0 and hence #,(8;I’) = 6;#, TY! is 
in the zero of ©,(X, J1), or 


A, = aT *). 
Thus every A, depends upon the [',. On the other hand a non-trivial relation 
of the form 


aT, = 0, Gp € Ji, 
means that for some A we have 
Qh i = 0. 


By (III, 17.8) the r** are linearly dependent elements of 6,(X), J). Hence 
the r** are linearly dependent elements of 6,(X, J), which is ruled out since 
they are elements of a base for this vector space. This contradiction proves 
(7.3) and hence (7.2). 

Since R’(X, J) depends solely upon the characteristic + we designate hence- 
forth by R?(X, 7) its value for all fields of characteristic r and similarly for 
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R,(X, J) and R,(X, wr). For the Betti numbers over the rationals (char- 
acteristic zero) we write as usual R?(X), R,(X). 

8. Intersections. The only permanence relations available are those based 
upon (V, 14.1) for simple complexes. We must therefore assume X to be goes 
as a special case simplicial. The groups being as before let ©? = {TY}, 

= {I} be over G, H. Then (V, 14.1ab) yield the permanence anions for 
Nad 


(8.1) r?-ry = #(ry-T)), 
(8.2) Per = a(rs- 1%). 


It is understood of course that \, » are such that, wherever need be, representa- 
tives are available and this may always be assumed to be the case for some 
cofinal subset of {d}. | 

Suppose now that X is a net and let H be discrete. By (II, 17.2) and (8.1) 
the set {T'?-I°} defines a class of (p — g)-cycles of X over J which is by defini- 
tion the intersection of I”, ©, and is written I’?-T,. Similarly when G, H, J 
are discrete by (II, 17.4) and (8.2) {I-T} defines a class of (p + q)-cocycles 
of X over J which is the intersection of [, , I, and is written [, -I',. There 
are obvious modifications for conets which we eave to the reader. From these 
definitions follows immediately: 

(8.3) Theorem (V, 8.8) holds for intersections in simple and a fortiori in sim- 
plicial nets and conets. 


§3. FURTHER PROPERTIES OF NETS 


9. Partial nets. Let X = {X,; rt} be a net [conet] and let {u} C {nd}. 
Then.X’ = {X, ; 74} is likewise a net [conet], said to be a part of X or a partial 
net {conet] of X. When {x} is cofinal in {A} then X’ is said to be cofinal in X. 
In the statement to follow we shall take cycles over G, cocycles over H, where 
G, H are commutatively paired to J. In the net case the groups of cycles are 
topologized and those of the cocycles discrete, while in the conet case it is the 
other way around. The classes in X, X’ are, respectively, denoted by I, I’. 

(9.1) If X’ is a partial net [conet] of X then there are the simultaneous homo- 
morphisms of (II, 18.3, 14.5): 


A > Hy 


(9.2) Ti H°(X, G) > H°(X’, G), 

(9.3) 7*:§,(X’, H) > 9,(X, 4), 

and there subsists the permanence relation for the index: 

(9.4) KI(rr?, T,) = KI(I’, 7*P,). 
Furthermore tf there are intersections in X and hence in X' then: 
(9.5) | (rT?)-Ty = 7(T?-7*D)), 


(9.6) mri tr, = 7*(T,-T,). 
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(9.7) It is a consequence of (9.6) that 7* induces a homomorphism of the co- 
homology rings of X’ into the corresponding rings for X. 

(9.8) When X’ is cofinal in X then X and X’ have the same homology theory. 

(9.9) Remark. Let X, X’ be nets and G, H a normal couple. Since 
§°(X, G), p(X, H) are then dually paired with the Kronecker index as the group 
multiplication (6.5), the class r*I, is uniquely determined by the values of 
KI(r’, r*1,) forall ©”. Therefore in view of (9.4), r* is uniquely determined by r. 
Similarly in the conet case 7 is uniquely determined by r*. Thus as regards 
the homology and cohomology groups 7 and 7* are related like dual chain- 
mappings of complexes. For this reason we shall say that 7, r* are dual. 

_ The relations (9.2), (9.3), (9.4) are the analogues of the permanence relations 
for the index and intersections under chain-mappings (IV, 10.4; V, 14.1). 

The proofs are very simple. Assume X to be a net. Then if I’ = 
{IXY} € 9°(X, G) the subcollection {172} of {T%} consists of the coordinates of 
a I’? ¢ ©(X’, G) and by (II, 13.3) ©’ — I” defines a simultaneous homo- 
morphism 7 (9.2). Similarly if t, e §,(X’, G) has for representatives (re } 
then the latter are also representatives of a T, e 5,(X, G) and by (II, 14.5) 
I’, — I, defines a simultaneous homomorphism 7* (9.3). Thus the coordinates 
of I” include those of rT? and the representatives of I’, are also representatives 
of 7*I,. Since the Kronecker index KI(I’, I',) in X is defined by its values 
for any coordinate \ such that I’, exists we may choose a coordinate pu for which 
I" exists. Then the two sides in (9.4) become both equal to KI(I?, I) 
and so they are equal. A similar argument applies to (9.5), (9.6). This proves 
(9.1) for nets. The modifications needed for conets are obvious. 

If {u} is cofinal in {A}, by (II, 18.3, 14.5) 7 and 7* become isomorphisms and 
(9.8) follows. 

APPLICATION. Suppose that {A} has an upper bound do, that is to say, 
there is a last complex X,, in X. Then ois in fact cofinal in {A}. The homology 
theory of X), as a “‘net’’ is obviously the same as its homology theory as a 
complex. Therefore (9.8) yields here: 

(9.10) If {A} has an upper bound {do}, the homology theory of X is the same as 
the homology theory of its last complex X), . 

10. Augmentation. 

(10.1) Let our usual net be simple. If y° = {7} then since r., > uy, is 
simple we have KI (ary) = KI(y,) and since my, ~ 7, , also KI (3ry}) = KI(y). 
Thus KI(y,) = KI(y,). If u, v are any two indices there isa \ > yw, v and then 
KI(y,) = KI(y;) = KI(7?). Thus KI(yy) is independent of d and its fixed 
value is defined as the index KI(y’). 

(10.2) Let yo be the fundamental zero-cocycle of X, (the sum of the duals of 
the vertices of X,). According to (IV, 10.8) the constancy of KI(y$) implies 
for \ > pi mys = yh. Hence yo = {yo} isa zero-cocycle of X. We call it the 
fundamental zero-cocycle of the net. From KI (y°) = KI(y), and KI(y7’, yo) = 
KI(y, 0), follows KI(y’) = KI(7’, 0). 
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(10.3) Let us now augment X) to X. by the addition of a (—1)-element 
e,, then extend ri, \ > yw, to a chain-mapping m,:Xa —> X. by imposing 
mye = ¢, (IV, 9.10). It is an elementary matter to verify that properties Ni 
of (2.1) continue to hold and so X. = {Xa 3 mu} is still a net. It is known as 
A augmented. 

(10.4) We observe that a zero-cycle of X:y° = {y} is also a zero-cycle of Xa 
when and only when 7} is a cycle of Xa, i.e., when and only when KI(y,) = 
KI(y°) = 0. 

(10.5) It is an elementary matter to verify that the properties of components 
developed in (5) for simplicial complexes are also valid for simple complexes. 
If {X} is a component of X and A, is a vertex of X, then y° = {Aj} is a zero- 
cycle of X such that KI(y’) = 1. From this follows readily as in (III, 42), 
with T° as the class of 7’: 


(10.6) — G'(Xa, G) = HX, G)/4T", 
(10.7) R°(X) = R(X.) + 1. 

(10.8) To sum up, we may say that as regards augmentation in simple nets 
the situation is the same as for simple complexes (see notably (III, 42.1, ---, 
42.5, 42.7)). | 


11. Products of nets. Let X = {X,;m)-}, Y = {¥,; 0%} be two nets and 
A = {\; >},M = {u; >} their indexing sets. The product A X M = {(, »)} 
ordered by (A, u) > (A\’, nu’) >A > A’, u > w’ isdirected by >. Hence {X, X Y,,; 
wy X wi} is a net known as the product of X, Y and denoted by X X Y. 

(11.1) If X, Y are both simple, spectra or countable spectra, so is X X Y. 
However, af X, Y are both simplicial and of dimension greater than 0 then X XY 
is not simplicial. | 

(For simple nets (V, 17.8) is needed.) 

(11.2) Suppose now that for dimensions not exceeding s both X, Y have finite 
Betti numbers mod x, R(X, 3), R*(Y, 7), p, g S 8, and that the dimensions of 
the elements of the Xy, Y, are above a certain fixed t. Then: 

(11.3) R(X X Y,x) = 2 R?(X, )R'(Y, 2). 

. prg=8 
If one of the numbers R’(X, +), R°(Y, +), p, g & 8, ts infinite so is R'(X X Y,r). 
Thus the relations for the Betti numbers are the same as for products of finite 
complexes (IV, 6.9, 6.10). If all the Betti numbers mod 7 of the two nets 
are finite we may write down formal Poincaré power series (analogous to the 
Poincaré polynomials) and (IV, 6.11, 6.12) will hold here also. All that is 
necessary, however, is to prove (11.3). 

If y? = {yx}, & = {52} are cycles of X, Y mod 7m, we verify at once that 
{yx X 62} is a (p + qg)-cycle of X X Y mod x which we call the product of 
y’, 6’ and denote by y? X 6°. Moreover 7” X 6° ~ 0 — every yx X 62 ~ 0. 
If say y” ~ 0 then some yx, ~ 0 and hence every 6; ~ 0 (IV, 6.18a), or 
5’7~ 0. Thusy” * 6° ~ 0 > one of y? , 6° ~ 0. The same remarks apply with 
obvious modifications to cocycles. 
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(11.4) Assuming then that the Betti numbers at the right in (11.3) are finite 
we can find maximal nneenly andependen) sets of p-cycles and ete of 


X mod z, {y?}, {v,} where y? = {yA}, 7> = {vp} and i = 1, 2, , R(X, mr). 
Furthermore (III, 32.3) the sets may be so chosen that 
(11.5) | KI? , 73) || = 


The substitutions X — Y, y —- 6, p > q, \ — uv yield similar elements for Y. 
Hence (IV, 6.7, 6.8; V, 17.9, 17.10) 


(11.6) fy? x 84}, = {v5 X 83} 
are sets such that 
(11.7) | KI? X 44, >’ x 5, ‘) | = +1, ptq=ptd =s. 


From this we conclude that the elements in the respective sets (11.6) are in- 
dependent. Hence if p’ is the sum at the right in (11.3) we have R’(X X Y) 2 p’. 

If say R’(X, x) = ©, p Ss, the same argument with z running to any integer 
m shows that R’(X X Y, r) 2 m, and R’°(X X Y, 7) = @ also. 

Returning now to the case where the Betti numbers at the right in (11.3) 
are all finite, suppose that there exists an s-cocycle d, of X X Y mod m in- 
dependent of those in the second set (11.6). This cocycle will have a representa- 
tive d\, a cocycle of X, X Y, mod z, which will be ~ 0 mod 7. From the 
definition of the y, we infer that a maximal linearly independent set of p- 
cocycles of X, mod = is obtained by augmenting {y>} by a set {7} consisting 
of representatives of the zero pth cohomology class of X. Thus for each h, 
and hence for all together since their number is finite, there exists a XN) > A 
such that my, ~ 0. Similarly a maximal linearly independent set for Y, 
is obtained by augmenting {6’“} by a set {5;"} such that for some yo > uw we have 

wtih ~ 0. 


Now by (IV, 6.8) we have 
dat ~" Do asp, ayn X bq" + terms y X 8, 7 X 8, 7 Xb. 


From this follows 


™. x wo, (d — » a;(p, gaye xX 52) ed 0, 
and so finally 
d. ~~ Di ailp, > X 8. 
Consequently R’(X X Y) S p’, hence both are equal. This proves (11.3). 

12. Open or closed subnets. Dissections. 

(12.1) The various concepts centering around dissections in complexes 
(III, 23) will now be extended to nets. The only limitation, caused by the fact 
that projections need not be unique, is that the operations Joc. cit. will not 
have to bear upon the cycles. Moreover the subnets can only be introduced 
for nets which satisfy in place of N3 of (2.1) the more restricted condition: 
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N3’. if m, a, A > wu, are distinct projections then they are chain-homotopic. 

That N3’ — N3 is a consequence of (IV, 15.2). Notice also that if N*3’ 
is the analogue of N3’ with > replaced by <, then N*3’ for 1," is a consequence 
of N3’ (IV, 15.7) and N*3’ — N*3 (IV, 15.2). 

Suppose then that X satisfies N3’, hence also N*3’ (relative to the 7“) and 
let (Xo , X12) be a dissection of X) , (Xo, open, Xx closed) such that: 

(a) r a ae —_ mXn Cc Xiy } ; 

(b) if rm, r, ,\ > pw, are distinct projections (hence chain-homotopic) then 
the related homotopy operator © is such that D\Xy C Xi. 

Referring to (IV, a2) there may be introduced the induced operations Ts, 
D}, and their duals ri, Dp. Then (IV, 22), ey , ro, Di, Dav are related 
like mt, ---. It follows that X; = {Xa; x:,} is a net which satisfies N12’. 
We call Xo an open subnet of X, X1 a closed subnet of X, and the pair (Xo, X1) 
(in that order) a dissection of X. The two subnets Xo, X: are also said to be 
complementary. 

We are thus in position to introduce the cycles and cocycles of the X;, their 
groups and Kronecker indices. 

(12.2) Suppose that in addition to (a, b) we have: 

(c) there is a simple set-transformation ot >X,—>X,,A> Bw, such that 2X), C 
Xy , and that any two projections wr, x, are contiguous in ¢. 

Under these conditions ts induces the st iansormaliotis Es Xn > Xi 
and their duals te Referring then to (V, 13, 14) one may repeat the con- 
siderations of (8) regarding the intersections in X; and derive (8.3) for these 
intersections. In point of fact X1 is a simple net and the intersections induced 
in X, are recognized, by reference to (V, 13), to coincide with its intersections 
as a simple net. 

(12.3) Since a cycle of Xx [cocycle of Xo] is absolute and a cycle of Xo [co- 
cycle of Xx] is a cycle of X, mod Xy [cocycle of X, mod Xq] we shall naturally 
describe the cycles of X, [cocycles of Xo] as absolute, and the cycles of X» [co- 
cycles of X;] as cycles of X mod Xi [cocycles of X mod Xo], or also as relative 
cycles [cocycles]. 

Since the X; are nets (6.5) yields 

(12.4) The cycles of X mod Xi [of X:] and the cocycles of Xo [of X mod Xo] 
are dual categories and they have intersections when (c) holds. The universal 
theorem for fields (7. 2) holds for both types. 

(12.5) Let (Xo, X:1) be a second dissection of X and let X», --- have their 
obvious meaning. If Xn C Xz throughout we will say that x i is contained 
in X1, written D, oa x t. Suppose this to be the case. Since m1, = mi| Xn, 
we have @X = m,Xn C Xj,, and since Xn is a closed Subcomplex of Xn, 
X; is in fact a closed subnet of X,. Similarly if Xo C Xo throughout we say 
that X is contained in Xq, written X») C X>. The same argument shows that 
X> is then an open subnet of Xo also. 

(12.6) If X is a spectrum or a sequential spectrum so are Xo, X1, while if X 
ts simplicial or simple so is X1. 
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13. The comparison of the groups of X with those of the subnets will yield 
certain important sets of homomorphisms associated with (Xo, X1). 


(13.1) We choose a fixed coefficient group G and denote by 3’, -:-, 3: , 
-, BP, -::, Bh, --- the groups of the cycles of X, X¥;, X, ---, Xa and 
by 3,, °°: the same for the cocycles. In the case of the latter @ 1s assumed 


discrete. We will set also: 
7m = the projection X, — Xo ; 
6, = the injection An — X); 


* 
Tr 


the injection Xo, — X; ; | 
6 = the projection Xx — Xj. 


As we recall (IV, 10.14) m, 7) , likewise @, 6X are dual chain-mappings. 

Each of the chain-mappings x. , ™, °** induces a simultaneous homomor- 
phism in the ‘ae homology or cohomology groups which will be 
denoted by iy oe ea 

(13.2) If y? a vi,} is a cycle of X, then it is also a cycle of X. The identical 
transformation y? — 7? defines a simultaneous homomorphism (imbedding) 
in the algebraic sense 0: 37 — 3°. If Uy, is open in ZY and Vy = {fy | vx € Uy} 
Wa = {v2 |v € ®U,} then W, = OV) and since {Va}, {Wa} are subbases for 
RB’, 2? , 6 is a simultaneous isomorphism (of each 37 with a subgroup of the 
corresponding 3”). Nowy? ~ Oin X17 yh ~ Oin Xn > yh ~ Oin XY > 
vP ~ Oin X > 0%? CH”. Therefore 6 induces a simultaneous homomorphism 
6:9? — S. We call 6 the injection X, > X. Its analogy with the injection 
in the case of complexes (III, 23.2) is obvious. 

Similarly the mapping Y> — Yp Of each cocycle of Xo on itself generates a 
simultaneous homomorphism r*: 3, — 3 called the injection Xo — X* which 
induces a simultaneous homomorphism 7* of the cohomology groups: $3 — Dp. 

(13.3) For the proper treatment of the projections it is advisable to deal 
with the cycles of Xo and cocycies of X; in a manner similar to (III, 23.5). 

As in loc. cit. we first identify a cycle yj, with the chains yj, + CY ,CY C Xp. 
Thus a cycle mod Xn, or cycle of Xo is now merely any chain with boundary 
in X,. A cycle of X mod X; is then defined as a collection vo = {vox}, where 
v6, is a chain with Doundery in X» such that \ > p> mryan — Yo. ~ 0 mod X;, . 
That is to say, mya — 7}, + achain of A, isin§? . Since ro. = m,mod Xi , 
it is easy to identify the groups of the cycles of X mod X, with those of the 
cycles of Xo (as a net) and this justifies the appellation “cycles mod X,’’ for 
the cycles of Xp (12.3). 

(13.4) It is an elementary matter to verify that 

A> uw 0 ~ ThuTr _ tit = TouTr « 
Hence (II, 13.5) if ©? = {Tf} «then Pf = {7ITP} € H>} and Ir — To defines 
a homomorphism 7:9° — £¢. 
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Let now y’ = {yf} ¢ I? and set yf = {my}. Since mri ¢€ ATY , we have 
vi ¢€ T§. Thus y? — 7? defines a homomorphism 1, the projection X — Xo 
(II, 13.5). Wenotice that y? ~ 0 ~yP ~0—7 ny? ~ 0 my’ ~ 0. Thus 
Ty Co. It follows in particular that 7 induces 7. 

(13.5) Similar considerations are valid, with all topological arguments 
omitted, regarding the cocycles mod X,, the projection being this time 
gr: X* —, XT, 

(13.6) Suppose now G, H commutatively paired to J and let the cycles be 
over G, the cocycles over H, and the groups of cocycles taken discrete. In 
particular H is assumed discrete. If y} has the representative 7} then by 
(IV, 10.5): 


KI (ny? yp) = KI? rev>), 
and hence from the definition of the indices in nets we obtain the relation of 
permanence: 


(13.7) KI(ry’, y>) = KI(7’, r*y3). 


Therefore +, 7* are dual. We prove similarly that 6, 6* are dual with the 
permanence relation 


(13.8) KI(6y’, ¥5) = KI(y’, 6*y5). 


If intersections are present the relations of permanence (V, 14.lab) yield 
the analogous relations here and we shall not repeat them. 

It is hardly necessary to observe that the same situation prevails regarding 
conets. 

To sum up then we have proved: 


(13.9) THroreM. With the dissection (Xo, X1) of a net or conet X (Xo open, 
AX, closed) there are associated the following simultaneous homomorphisms of the 
groups of cycles: 

(a) a projection r:X — Xo, or reduction mod X;, of the cycles of X; 

(b) an injection @:X; — X or mapping into themselves of the groups of the 
cycles of X ; 

(c) a projection 6*:X* — Xf or reduction mod Xo of the cocycles of X; 

(d) an injection r*:X : — X* or mapping into themselves of the groups of the 
cocycles of Xo; 

(e) each of 7, --- , 0* maps groups § into groups § and hence they induce 
simultaneous homomorphisms 7, --- , 6* of the appropriate homology or cohomology 
groups into one another; 

(f) each of 1, 7*, lukewise each of 6, 6* 1s dual to the other; 

(g) the permanence relations (13.7, 13.8) hold, and in case there are intersections, 
the same relations as (V, 14.lab) for 7, r* and 6, 6* are fulfilled. 


14. Special properties of subnets when G is compact or a field. In this 
special case it will be found possible to restore the chain-cochain relations 
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existing in complexes. For convenience we will denote by C, y, I" chains, 
cycles, classes related to Xo (thus y’*, for a cocycle of Xn, --:) and D, 4, A the 
same when related to X;. The other notations are as in (13.1) with the ad- 
dition of © for groups of chains. , 

(14.1) If y’ = {yP} is a cycle of X mod X,, then 6” * = {FyP} is an (absolute) 
cycle of X,, and it is denoted by 6” * = Fy’. This helds for any division-closure 
group G. 

Let 8°) = {6 "}, 62" = Fy?. Suppose \ > uw. We have 7? ~ my? 
mod Xj, in X, , and since G is a division-closure group, X, contains C?*’ such that 


yeaa = yp mys — Dj. 
Since the right-hand side is an absolute cycle and +} commutes with F, we have: 
Fyp — myFyf = a2) — 96x’ = FD, 


or 6?! ~ #6?" in Xi,. Therefore 5”* is a cycle of X:. 

(14.2) If 8 * = {6f"} is @ cycle of X; which is ~ 0 in X then & * is an Fy” 
in the sense of (14.1). 

The condition on 6” means that 62-' ~ 0 in X,, and so as before 62° = 
Fy, , where yd, is a cycle of X, mod X,. It follows that Py = F 6?" 5 0. 
Let also Q, = {IX | vx ¢ Py} and denote by 4 the natural projection Bf — HF . 
When G is compact so is Gy and since F is continuous P, is likewise compact 
(I, 23.1). From the continuity of 4 follows then that Q, is likewise compact 
(I, 23.2) and it is different from 9. Furthermore if {#\} are the induced pro- 
jections of the homology groups then \ > » > #Q, C Q,. Thus {Q,; 7} 
is an inverse system of compact spaces, and so it has a limit-element I? = {TY}. 
When G is a field Gy is finite-dimensional and hence linearly compact (II, 
27.7). We find then by reference to (II, 27.6) that the same conclusion may 
be reached. 

By assumption the class I? contains a yf such that Fyy = 62" and y’ = 
{yx} behaves as required. 

(14.3) y” ~ 0 mod Xi = Fy’ ~O0 in Xi . 

For y? ~ 0 mod Xi > 72 ~ 0 mod Xn > 72 — D? = FC?" > Fy ~0 
in Xy —@ Fy’ ~ Oin Xi. 

The same propositions may be obtained for the cocycles. This time G must 
be discrete. 

(14.4) If 6, = {6%} is a cocycle of X mod Xo then yp41 = {F 6} is an (absolute) 
cocycle of Xo and it 1s denoted by F6,. 

(14.5) If your = {[Ve41} ~ 0 in X then it is an Fé,. 

(14.6) 6, ~ 0 mod Xo > FS, ~ Oin Xo. : 

The proofs are very similar to those of (14.1, 14.2, 14.3) and are omitted. 

15. Net duality in the sense of Alexander. We shall extend to nets the 
results of (III, 38, 39) for complexes. The terms ‘‘cyclic, ---” are to receive 
the same meaning as in (III, 21.1). The notations remain those of (13, 14). 

(15.1) If X is (p — 1, p)-acyclic and G is compact or a field then 
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8P'(X1, ) = §°(X, Xi ’ G) — §?(Xo, G). 


It is to be kept in mind that the compared homology groups are those of X! 
itself at the left and the groups of X mod X, at the right. The latter are also 
the groups of the net X>. In the notations of (13) the groups are also written 
less explicitly 6? ", H2 . 
To prove (15.1) we first need 
(15.2) Under the conditions of (15.1) 8 * = Fy? ~ 0in Xi > 7’ ~ 0 mod Xi. 
Let first G be compact. Then Cf, (group of chains of X,) is compact. Owing 
to the continuity of F and of the group operations, R, = yf — (F 62") a G2 
is likewise compact and is a collection of absolute cycles. If @ is the natural 
mapping 3? — Hf, then S, = @R) is again a compact set. If ‘TY e S, and 
‘yy e€ ‘TY, then | 
yx ~ 9x — Dy 
and so 
‘yk = 7k — DE + FDR”. 
Suppose \ > uw. Since rs Xy, C Xy,, and 7’ is a cycle of Xy, we have 
rk =p — DP. 


Since +. commutes with F, the right-hand side is a cycle and so FD. = 
Fy? = 6”"' and consequently ‘T? = #,’Tf ¢ S, (#, as in 13.1). - In other words 
#S, C S,. Once more {Sj ; w.} is an inverse mapping system of compact 
spaces, and so it possesses a limit-element {/TY} = ’T”’. This limit-element 
is such that ‘IT? contains a representative (absolute) cycle ‘yy = yy + D2. 
Since X is p-acyclic, ’y” ~ 0 and hence ‘yx ~ 0, yk ~ 0 mod Xy, and finally 
vy’? ~ 0 mod X,. This proves (15.2) when Gis compact. When G is a field the 
proof is the same with compactness replaced by linear compactness. 

Proor or (15.1). Since X is (p — 1)-cyclic (14.1) and (14.2) together assert 
that FB? = 3B? ”, then (14.3) and (15.2) that this mapping induces an iso- 
morphism $} — §7? '. Since the two § groups are closed in the corresponding 
3 groups (3.5) by (II, 5.4) F induces a homomorphism 7:7 — $f which by 
(15.2) is univalent. Thus 7 is continuous and one-one. Since the two. 
groups are compact or linearly compact 7 is an isomorphism (I, 32.4; II, 27.8) 
and (15.1) is proved. . 

(15.3) Linking coefficient. Let again X be (p — 1, p)-acyclic and let (G, H) 
be a normal couple (III, 30.1). Take a cycle 6” of X; over G which is ~ 0, 
and a cocycle y, of Xo over H. By (14.2) we have 6” ' = Fy’, where 7’ is a 
cycle mod X,, and we define the linking coefficient of 6”~', yp as: | 


(15.4) Lk(8?", Yp) = KI(y’, 2). 


It is shown to have the same properties as for complexes (III, 35, 38), and in 
particular there is a class linking coefficient Lk(A”“, T',) given by 
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(15.5) Lk(A”’”, r,) = KI(Y’, I), 


where 6” * = Fy’, y’« Ql”. From the known properties of the index we infer then: 

(15.6) Lk defines a group multiplication for 8° '(X1; G) and $,(Xo ; H). 

(15.7) From this point to the duality theorem is but a step. We continue 
to assume X to be (p — 1, p)-acyclic. By (12.4) $?(X0, G) and §,(Xo, H) 
are dually paired with the Kronecker index as the multiplication. Coupling 
this with (15.1, 15.6) we obtain (III, 38.3) for nets. It is now possible to repeat 
the argument leading to the results of (III, 39.1) with simple nets instead of 
simplicial complexes, and with the vertices, loc. cit., replaced by the cycles y 
of (10.5) associated with the components of the net. We may thus state 
explicitly: 


(15.8) TurtoremM. The duality theorems of Alexander’s type for complexes 
(III, 38.3, 39) are valid for nets, it being understood that simplicial complexes are 
to be replaced by simple nets. 


§4. SPECTRA 


16. We have already defined spectra (2.4). The unique projections char- 
acteristic of a spectrum offer the advantage that chains and chain-groups may 
be introduced, thus bringing the homology theory of a spectrum one step 
nearer to the prototype, the homology theory of complexes. However, there 
is no guarantee that the homology groups based on the chains are the same as 
the net groups, and this question will be our major problem as regards spectra. 
Notice that since cocycles are determined by a single coordinate they will not 
concern us seriously in this connection. 

A “cospectrum” may of course be introduced, but will be dispensed with as 
not really useful in the sequel. 

Let then X = {X,; 2} be a spectrum. Since x} is unique if Gf , Bf , , 
§? are the usual groups of X, over a fixed G, the collection { Gy saa} is an in- 
verse system and it has a limit-group C’ whose elements c”? = {cx} are known 
as the projective p-chains over G. If c?*) = {cf} ¢« C”™ then {Fcf"'} « C’ 
and is written Fc’*’. The boundary operator F thus defined is a homo- 
morphism C?™ —+ C” (II, 13.5) and clearly FF = 0. The projective cycles, 
bounding projective cycles and their groups Z”, F” are defined as for complexes. 
The projective pth homology group over G is of course H? = Z?/F?. 

The co-elements are treated in the same way save that all the systems are 
direct, and hence all groups discrete. 

It follows immediately from the definitions that H, is the ordinary group of 
X as a net, and so the projective groups of cocycles will not require any special 
considerations. 

(16.1) The mapping 1:C’ — GP defined by c* — cx 1s a homomorphism which 
commutes with. F and so maps Z’ — 3x , F? > & (I, 13.4). 
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(16.2) Z? ds closed in C’. 

(16.3) When G is compact so are the projective groups C?, Z’, F’, H’, and when 
G is a field they are linearly compact vector spaces over G. 

When G is compact so are the groups Gf , and hence also C”, from which follows 
the same for Z’, F’, and finally for H” by (II, 5.5). When G is a field the 
groups Gy are finite-dimensional and hence linearly compact. The rest is 
then the same With ‘‘compact” replaced by “linearly compact.” 

From (II, 13.3) there follow now: 

(16.4) If {u; >} C {A; >} then X’ = {X,} is likewise a spectrum said to be 
“a part of X.” If c? = {cf} is a chain of X thenc’” = {cf} is a chain of X' 
and c’ —> c’? defines a homomorphism r of the projective groups, C”, Z?, F’, H? 
of X into the corresponding groups of X’. 

(16.5) Under the same conditions if {uy} is cofinal in {d}, 7 1s an isomorphism 
between the groups C’, Z”, F’, H” of the two spectra. 

17. Let 3”, §’, ©” denote the net groups (as defined in §1), all groups in 
question being over a fixed G. When do we have H’? = §”? Sufficient con- 
ditions, covering all requirements later, are given by the 


(17.1) THrorem. Ina spectrum the projective homology groups over a group G 
which is compact or a field are isomorphic with the corresponding net groups. 


Since in the duality theorems for a net no other types of homology groups 
occur we have: 


(17.2) Corotitary. As regards the duality theorems for a spectrum of finite 
complexes the groups of cycles may be chosen projective throughout. 


Clearly also: 

(17.3) In a spectrum the group of bounding projective cycles over a group G 
which is compact or a field is closed, i.e., we have F? = F” and hence H”? = Z”/F’. 

(17.4) Before we proceed with the proofs we shall show that 

(a) Every class T” € §” contains a projective cycle ’y’. 

(3)? =0-—=> ty? ¢ FB”. 

(17.5) Suppose first G compact. The groups Gf, 3X , §i are then all com- 
pact. Lety’? = {yx} «I? and set tf = {8% | & ~ 7X}. Evidently mt? Ce 
ford’ > u. Since $? is compact so is <2 = vy? + GP. Hence {t? ; rt} is an 
inverse mapping system of compact spaces. By (I, 39.1) there exists an ele- 
ment ’y” = {+,} in the limit-space of the system. Clearly ’y” is a projective 
eycle and ’y? « I”. This proves (a) for G compact. | 

Suppose now I’? = 0. The projective cycle ’y” just obtained will then have 
the property that ‘y? ~ 0 for every \. Since }% = Gf there exist in X, chains 


c?** such that Fe?™* = ’yP. Let (2° = {cP | Fe? = 'yP}. If c&” 
and ch\'’ are elements of ¢?** then ci" — ch” is a (p + 1)-cycle. Therefore 
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grtt = ott + BP Since 3?*' is compact, ¢?*' is likewise compact. As 
before {¢?*’: a is an inverse system of compact spaces and there is an element 
c’*) = {cP*} in its limit-space. Clearly c?* is a penieelive chain and Fc?** = 
‘y’. This proves (8) for G compact. 

(17.6) Suppose now Ga field. Since the groups G, , - - - are finite-dimensional 
vector spaces over G, they are linearly compact, ee we find by reference to 
(II, 27.6) that the proofs just given for (a, 8) are still valid in the present in- 
stance. 

(17.7) Proor or (17.1). Let + denote the homomorphism Z? — 3? in the 
algebraic sense which is the identity on Z’. Itis clear that 7F? C%”. Further- 
more here F’ is compact or linearly compact and hence closed in Z’ (I, 32.1; 
II, 27.5) and §” is always closed in 3” (3.5). Therefore + induces a homomor- 
phism 7:H” — §” in the algebraic sense and by (a, 8) this is an isomorphism 
in the algebraic sense. Since lim 3? = Z’, lim §? = F’, lim $2 = H’, we find 
by (II, 13.6) that 7 is open and hence it is an isomorphism, proving (17.1). 

18. Sequential spectra. In a sequential spectrum {X,; 77} (2.4) the x2 
determine all the projections since N3 of (2) yields 


, n+k n+l _n+2 n-+k 
(18.1) Tn — Tn TWntl eee Tn+k—-1 ° 


(18.2) The homology theory of a countable net is either that of a single complex 
of the net or else that of a sequential spectrum. 

If {X} has an upper bound » then the homology theory of X is that of X), 
(9.10). In the contrary case (I, 4.4) {A} has a cofinal sequence and so we may 
assume X = {X,, X2,---}. Select now a definite r*%~’ for each n and deter- 
mine 1. **, k > 1, by means of (18.1). The resulting net with these projections 
IS & sequential spectrum whose homology theory is the same as for the initial net. 

19. For certain sequential spectra one may strengthen (17.1) as follows: 

(19.1) If the sequential spectrum X = {X, ; rh*"} is such that every r2* is 
a mapping onto for the chatn-groups, then (17.1) holds for every division-closure 
group G. 

We first prove: 

(a) Every class T” e $° contains a projective cycle 'y” 

(8) | aa av 0 — 'y” « F’. 

The first is the same as (17.4a), the second differs from (17.48) in that F” is 
replaced by its closure. The proofs “a be different from those of (17.4a8). 


Proor or (a). Let I’ « § and 7” = {y?} « I’. Suppose that we have 
found 'y?,1 S$ r S n, such that 

ye mm yf, re< in; 

(19.2) my P = yP forsomes,1 Ss Sn; 

‘Ve PON: 5 Lars. 


I say ae a similar set may be found for n + 1, with the sames. We have in 


fact ‘“y2 ~ me year in X,. Since A, Is finite and G is a division-closure group 
> 1 . +1 +1 1. 
X, contains a chain c?~’ such that Fc?™) = ’y? — w2*"y?4,. Since 12” is 
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a mapping “onto” there exists achain c2ti such that rn 'c?2}i = ch. If we re- 
+1 +1 , 

place therefore y241 by “yaa. = yea + Fett: wehave ‘yi = wn "Yn413 ‘Yau © 

¥241 in X,41, and so the same situation as before for the set ‘vy? , -+° , vi4i- 


This gives an inductive construction for a projective cycle ‘y’. We have from 
(19.2), “v2 ~ y? for n 2 s and also for n < 8s: 95’y? = yh = whayt ~ 7 and so 
'y? ~ y?, In other words we have obtained a projective cycle ’y’ « T’ and having 
in addition an assigned coordinate in common with a given y’ « I’. In 
particular this proves (a). 

Passing now to (6), let Tf? = 0. Then ‘yi ~ 0 in X,, and so as before X,, 


contains c?*! such that Fce?*? = ’y?. Choose now c?t = atc? r <n. 


Suppose also that c?*!, --- , c2*?, m 2 n, have been found such that c?" = 
+1 1 ® e e ° 

eet 1 sr sm — 1. Since rc” is a mapping “onto,” there exists a 

chain c?t! such that c2*! = w™*c2t! . We thus obtain a chain c?* = {c2™7} 


of X itself such that Fc?*? = 'y?,1 Sr Sn. 

Let U, be any nucleus of 3% , and let 'U, be the nucleus of Z” consisting of 
the ‘y? = {’7?,} such that ‘yi, e U,. It is clear that {'U,} is a base for the 
nuclei of Z?. We have just shown that for every n there is a chain c?™ such 
that ‘y? — Fe? 2 «’U,. Therefore ’y’ is in F’. This proves (6). 

Referring to (17.7) we find that the mapping 1:Z’ — 3” there considered 
induces an isomorphism 7:H? — §? in the algebraic sense. Let now U, be 
open in 32 , and let V, be the aggregate of the I’ containing a 7’ = {yi} with 
y2 «U,, 'V, the aggregate of the I containing a projective cycle with the 
same property. The sets {V,}, {’Vn} form bases for 6”, H’. Since there is 
a ’y’ e T? with the same coordinate y? as any particular y’ « I’ we have 
V, = ’V, and so 7 is topological. This completes the proof of (19.1). 


§5. APPLICATION TO INFINITE COMPLEXES 


20. Here as in (III, §8) significant results are only obtained when the com- 
plex X = {2} is star- or closure-finite. 

Suppose first X star-finite and let {X,} be the finite open subcomplexes of X. 
We order {A} by the inclusion of the X, and so {\; >} is directed. Denote by 
the projection X, > X,, > u, and by m" its dual the injection X; > XY 
(IV, 10.13). The verification of the conditions Ni, N*? of (2) is elementary and 
since the projections are unique 2 = {X) ; w.} is a spectrum. 

Let G be a topological group and H adiscrete group. Let ©’(X,G), @°(X,,@) 
be the groups of the infinite chains of X and of the chains of X, (necessarily 
finite) over G, both topologized. Let 5 (X, H), C(X, H) be the discrete 
groups of the finite cochains of X and of the cochains of X, (necessarily finite) 
over H. From the definition of chain-groups (II, 8) we infer at once that 
6?(X, G) is the limit of the inverse system { @°(X,, G); mr} and @4(X, H) 
the limit of the direct system {€,(% , #); m"}. 

Similar results are obtained when X is closure-finite by passing to X*. 
Therefore: 
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(20.1) When X is star-finite [closure-finite] the collection of its finite open [closed] 
subcomplexes generates a spectrum [cospectrum] > whose projective groups of the 
cycles [cocycles] over G and of the cocycles [cycles] over a discrete H are the same as 
the groups of the infinite cycles [cocycles] of the complex X itself over G and of the 
finite cocycles [cycles] of X over H. 

(20.2) When X is simple and star-finite [closure-finite] the available inter- 
sections between classes of infinite cycles [cocycles] and finite cocycles [cycles] 
as defined in (V, §2) are readily identified with those obtained from the spectrum 
[cospectrum]. 

(20.3) If we combine (6.5) and (17.2) with (20.1) we obtain a second proof 
of the duality theorem (III, 41.2) for infinite complexes. 

(20.4) From (17.3) we deduce immediately that in a star-finite complex and 
when G 1s compact or a field then §” = § and hence S? = B?/%?. 

(20.5) When G is a division-closure group and X is star-finite, the net groups 
$°(Z, G) of the spectrum = and the groups S°(X, G) of the infinite cycles of X over 
G are isomorphic (Steenrod [a]). 

Since the groups of X are the direct sums of those of its components, we may 
replace X by any component and so assume it countable. This being the case 
Zz = {X)} is then countable. Let 2’ be the corresponding elementary spectrum 
constructed in the proof of (18.2) and with the same homology theory. All the 
projections of 2 existing between the complexes of 2’ are now projections of 
2’ also, since 2 is a spectrum. Therefore 2’ is cofinal in 2. As far as (20.5) 
is concerned 2’ may clearly replace 2. Since the projections in >’ are all 
“mappings onto,” (20.5) becomes a consequence of (19.1). 

(20.6) The dual of (20.5) obtained by passing to X*, is readily stated and 
left to the reader. 


§6. WEBS 


21. In the sequel we shall require a weaker analogue of the lattice, the web 
which arises out of the relations of inclusion between sets, complexes, or nets. 

(21.1) Web of sets. Let 9 be a topological space. Changing slightly our 
standard notations we designate its open sets by A, and its closed sets by B, 
with complementary indices, as A,, B’, ete. 

An open web of & is a collection %& = {A} of open sets such that given A, , 
A, there exist A,, A, such that A, C A,, A, and A, D> A,, A,. In other 
words (in an obvious sense) both {A, ; C} and {A) ; >} are directed. A closed 
web 8 = {B,} is defined in the same way with B replacing A throughout. 

If 21 = {A,} is an open web and B, = R — A, then B = {B,} is aclosed web. 
Each of %, 8 is said to be the complement of the other. 

A partial web UX’ or B’ of A or B (partial system in the sense of (I, 40)) is one 
whose sets make up a subcollection of those of Yor 8B. We say that WU’ = {A a 
is cofinal [coinitial] in W if every A) is contained in [contains] an A . If both 
occur then Y’ is said to be coterminal with Y. Similarly with B and 9%’. 
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(21.2) Web of complexes. Replace % by a complex K and subsets by sub- 
complexes of K. There result, by manifest analogy, the open and closed webs 
of subcomplexes of K, or merely webs of complexes, and everything said in (21.1) 
carries over to this case. 

(21.3) Web of nets. Let X = {X); r} be a net. In (12.5) there have been 
defined the relations of inclusion between the open subnets, those between the 
closed subnets, as well as complementation for open or closed subnets. There- 
fore we may paraphrase the definitions of (21.1) and introduce webs of open 
subnets or of closed subnets of X, (more simply called open or closed webs of nets). 
Explicitly an open web of nets is a collection & = {A,} of open subnets of X 
such that given A, , A, there is an A, C A), A, as well as an A, > A) ,A, and 
similarly for closed webs. Complementary webs and the other terms are defined 
as in (21.1). 

(21.4) Direct and inverse webs. A web U = {Ay} of any one of our types is 
said to be direct if {X} is ordered by the inclusions of the A,:\ > u#* A, DA,, 
and to be inverse if {X} is ordered in the opposite way. 

(21.5) Ideal elements. These structures chiefly designed for a closer analysis 
of the behavior of the cycles of a complex ‘‘at infinity” were already considered 
in [L, 295]. Their description in terms of webs is very simple. An open ideal 
element in a set or complex is an open web &% = {A,} such that NA, = @, 
UA, = ® or K as the case may be. Similarly for a closed ideal element. If 
%, B are complementary and one of them is an ideal element so is the other. 
The associated homology groups fall under the general category of the groups 
of webs to be taken up presently. 

22. Homology theories. As we shall see, the direct and inverse webs resulting 
from a given web of complexes or nets generally give rise to two distinct homology 
theories. 

(22.1) An important role is played by certain sets of homomorphisms which 
we shall now examine. Suppose first that we are dealing with subnets of a 
given net X. Let A, A’ be open subnets of X and let B = X — A, B' = X — A’. 
If B’ © Bthen A C A’. As we have seen (12.5) A is an open subnet of A’ 
and B’ a closed subnet of B. Referring then to (13.9) we have the following 
operations: , 

a projection 7:A’ — A or reduction mod (A’ — A) of the cycles of A’; this 
is the same as a reduction mod B of the cycles of X mod B’; 

an injection 7: B’ — B or mapping into themselves of the groups of the cycles 
of BY. 

The duals are 

an injection 7*:A* — A’, 

a projection 7*:B* — B’, 
with their obvious interpretations in terms of the cocycles. 

If we are dealing with subcomplexes of a given complex the same operations 
are to be understood in the sense of (III, 23). This common terminology will 
enable us to consider together the groups of webs of complexes and nets. 
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(22.2) Let & = {Ay}, B = {B,} be complementary webs of subcomplexes of a 
fixed complex K or of subnets of a given net X. We suppose 2% open and % 
closed. A fixed coefficient group G is chosen and will not be indicated in the 
notations for the groups of cycles. The groups 3”(B,), --- , 3p(An), --- are 


groups of absolute cycles and cocycles, while 3”(A,), --- are groups of cycles 
mod B, , and 3,(B,), ---: are groups of cocycles mod A,. We will write: 
x. = a projection | 
f ee, ts A, — A, or B, — B,. 
M4 = an injection | 


(22.3) Consider first the direct web W(A > nu # A, D A,). We have then 
(22.1) a projection x: A, — A, and its dual operation an injection »":A* — Ax . 
Suppose for the present the group of the cyeles of the A, topologized and those 
of the cocycles discrete. Referring to (13.9) the system of the cyéles and 
cocycles of the A, under consideration constitute two dual categories with the 
following properties analogous to Ni, N*7 of (2.1): 

HN1. If > yu there exists a unique simultaneous homomorphism 2%: 37(A,)— 
3°(A,), and ,37(A,) C §(A,). 

HN2. A> pr>v rr = wer. 

HN*12 the same as HN12 with x,“ instead of x, cocycles in place of cycles 
and > replaced by <. 

HN3. The relation (6.1) for permanence of the index holds. 

It may happen also that in addition we have: 

HN4. The dual categories under consideration possess intersections with the 
properties of (8) and in particular the permanence relations (8.1, 8.2) hold. 


(22.4) DeFIniTION. A system of dual categories with the properties HN123 and 
HN*12 will be called an H-net (H abridged for homology). When in addition HN4 
holds, the H-net is said to be with intersection. If the homomorphisms proceed the 
other way around there is obtained an H-conet. 


Under certain circumstances the dual categories admit only of weak duality 
(III, 31: only discrete groups and oniy field duality). We will then say that we 
have a weak H-net or H-conet as the case may be. 

We observe now that HN123, HN*12 are the only properties required in 
developing the theory of cycles, cocycles, homology groups, duality theorems in 
(3, 4,6). Moreover the only supplementary property required for intersections 
is HN4. We have therefore: 

(22.5) There may be defined cycles, cocycles and the groups3, §, Dfor H-nets 
or H-conets in the same way as for nets and conets and they have the properties 
(3.4, --- , 3.7, 4.2, 4.5, 6.1, --- , 6.5). Furthermore in the H-net [H-conet] the 
resulting cycles and cocycles [cocycles and cycles] form dual categories and they 
have intersections when HN4 holds. In the weak H-net [H-conet] the same state- 
ment holds but with weak dual categorves. 
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(22.5a) SupPLEMENTARY REMARK. Since projections are unique, the true 
analogy is with spectra, and so there may be introduced the same projective 
groups C, Z, F, H as in (§4). We will not stop, however, to compare them with 
the groups of the H-nets or conets. 

(22.6) Returning to the direct web a of (22.3) the groups of cycles and 
cocycles of the A, with the projections 7 and injections ay" make up an H-net 
which we designate by {A, ; rt}. The resulting limit-groups are called groups 
of the direct web % over G, written 37(%, G),---. In particular if +. is the 
simultaneous homomorphism in the groups 6?(A,) induced by mw, then 
{§7(Ay); #4} is an inverse system whose limit-group 67(, G) is the pth ho- 
mology group of the direct web 1 0 over G. Similarly for the cohomology group 
$4(4, G) (G discrete). 

(22.7) Suppose more particularly that % is a web of infinite open subcom- 
plexes of K and that the 3”(A,) are the groups of finite cycles of K mod B,. 
Then these groups must be taken discrete and { A) ; 7.} is a weak H-net. Our 
notation is not well designed to separate all the numerous possibilities, but the 
particular case under consideration will generally be clear from the context. 

(22.8) If 9 is taken inverse the situation is essentially the same except that 
the H-net is replaced by an H-conet, with injections for the cycles, projections 
for the cocycles, and groups 37(Y, G), ---. Finally 8 presents the same two 
possibilities with cycles and cocycles, projections and injections interchanged. 
The following table summarizes the situation. 


(22.9) TABLE 
(a): groups of cocycles discrete; 
(b): groups of cycles discrete. 
\ > » throughout. 


Web a b 
I. & direct.......... {Ay ; 9} H-net Weak H-net 
II. & inverse......... {Ay ; wy} Weak H-conet H-conet 
III. B direct.......... {By 3 ny} Weak H-conet H-conet 
IV. B inverse......... {By ; 3} H-net Weak H-net 


(22.10) If a web W’ ts cofinal [coinztral] in a web A then they have the same direct 
[inverse] groups (II, 13.3, 14.5). 

(22.11) The Bette numbers of the groups of the table over a given field depend 
solely upon the characteristic of the field. | 

Since this is true for nets or complexes the proof of (7.2) applies here also. 

(22.12) Duality. The table describes in substance eight dual categories cor re- 
sponding to each of the H-nets there occurring. 


EXAMPLES (22.13) Let K be a locally finite complex and Y the open ideal element con- 
sisting of the finite open subcomplexes of K including @. Taking % direct we have Type 
Ia of the table and the resulting H-net is merely the spectrum of (20) corresponding to the 
infinite cycles with topologized groups and finite cocycles with discrete groups. 


16] . WEBS 237 


(22.14) The complex remaining the same, let 8 denote the closed ideal element consisting 
of all the finite closed subcomplexes of K including @ and let %,; be the complement of 8. 
Taking %; inverse we have Type IIa. Since the groups are those of an H-conet, a cycle 
+” of 9, inverse is defined by a single coordinate. Therefore it is merely a cycle of Kmod B,, 
and +? ~ 0 signifies that y? ~ 0 mod B, , for some v > A, i.e., for some B, D By. Since 
we are dealing with discrete cycles, ‘‘“~ 0’’ and bounding are equivalent. Therefore +? 
is merely any chain with a finite boundary and y? ~ 0 means that y?+ a finite chain bounds. 
Let €7(K, G) be the group of the finite p-chains over a discrete G. Then the homology 
groups here considered are given by 6°(K, G) = 3°(K, G)/(§?(K, G) + G7(K, G@)). 


(22.15) We have already defined (21.1) a partial web , of WU. If M is any 
H-net associated with % then the analogue Jt; for 1 is a partial H-net of J in 
the sense of (9), and it is readily shown that the arguments of (9) carry over 
to MN, M1. 

23. Under certain conditions groups of a web of subnets may be replaced by 
those of a single net. The resulting properties have interesting topological 
applications (VII, 14, 15; VIII, 13.4). 

(23.1) Let X = {X) ; x} be our customary net and % a closed web of subnets 
of X. It will be more in keeping with the prevailing notations of the chapter 
to write 8 = {Xa}, Xe = {Xar; mi}. We denote by A the complement of 8. 

Let Y, = NXan. Since’ > p> Xa C Xa, we also have mY, C Y,. 
Therefore Y = {Yx ; 7} is a closed subnet of X. 

The two basic properties which we wish to prove are: 

(23.2) The homology theory of the web 8 taken inverse is the same as that of the 
closed subnet Y. 

(23.3) The homology theory of the web % taken direct 1s the same as that of the 
dual categories of the cycles of X mod Y and cocycles of the open subnet X — Y. 

As usual we denote cycles and cocycles by y, 6 and their classes by T, A 
affected with the same indices. The H-nets or conets defined by the inverse 
and direct webs will be denoted by YW; , %a, --- 

Proor oF (23.2). It is clear that ’S = Bu Y is likewise a closed web. Since 
'® has Y as initial element the theory of Y and the theory of ‘8; are the same. 
Therefore (23.2) reduces to proving: 

(23.4) B; and 'B; have the same homology theory. 

Every cycle of ’%; is of the form 'y” = 7” u 6’, where y’ is a cycle of 8; and 5” 
a cycle of Y. The cycle y’ is merely the set of coordinates of ‘y" in the elements 
of 8; , and 8” is its coordinate in Y. It is clear that ‘y’ — 7” defines a simulta- 
neous homomorphism 7 of the groups of cycles of 'S; into those of B;. In its 
turn 7 induces a simultaneous homomorphism 7 in the homology groups (the 
same as 7 of (9) for the H-net '%; and its partial net B;). As already observed 
we must show that: 

(23.5) 7 is an tsomorphism. 

Since X) is finite it has at most a finite number of subcomplexes X., and so 
there is a smallest X2.. Given any Xa there isan Xp CXa,Xara- Hence 
Xm = Xap GC Xa, which implies Xo, = NXa = Vo. 

We now come to the cycles. Since we have the last case in the table (22.9) 
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the basic operations in 8; are injections ng ,a > 6. In ’%, there are in addi- 
tion the injections na: Y — Xa. 

Now a cycle of Xq is a collection y2 = {y2,}, where 72, is a cycle of Xa, and 
A> um wry?y ~ vy? in Xq,. Hence a cycle of %; is a collection y? = {73}, 
where a > 8B => 372 ~ vp in Xg. From the definition of homologous cycles 
in a net (here Xs) there comes: yi, ~ Ya. in Xa. In particular if 8 = ap then 
Xm = Y,. Therefore Y, contains a cycle 6& (= y%,,) such that if a, 6B are 
replaced by a , a then 


(23.6) 6p iad ye in X ar . 


Let \ > uw and denote by a the analogue of a for u. Since v2, is a cycle of 
the closed subnet X., , (23.6) yields: 


Ap \_ Pp P wletsPps: _ 
H yOr Cd WY air nd Yaw — 6, In Dp. Fre — Y; e 


Therefore 5° = {éf} is a cycle of Y. By (23.6) & ~ y2 in X., which may 
also be written 7.d° ~ y2 in X.. Hence ’y” = y’ u & is a cycle of ’S; such 
that ry? = y’. Or explicitly: 

(23.7) Corresponding to every cycle y” = {y2} of B inverse there is a cycle 8° 
of Y such that 'y? = y’ u 8° is a cycle of ’B inverse, or equivalently such that y2 ~ 68” 
in Xo. : 

Since r'y” = y’, the mapping 1, hence also 7, is onto. 

Suppose that ‘y? = y’ u 6” is a given cycle of ‘8;. We have: r’y” ~ Oin 
Bir y? ~ 0in Bs > yi, ~ Oin Xa, > ven ~ Oin Xan > & ~ Oin Y= 
&° ~Oin Y > ’y’ ~ 0 in ’%;. Therefore 7 is univalent. 

Let U., be open in $’(Xa, , G) and set 


Van = {r? | Pre Ua}, 
Va = {'T?|/T? = F?u A’, Te Ua}. 


Since the Y, are among the X., it is readily seen that {Va}, {Van} are 
bases for §°(%:, G), 6°('B;, G), and since Van = 7V.., 7 is open. This com- 
vletes the proof of (23.5). 

The representatives of a cocycle yp of B; are likewise those of a cocycle ’y, 
of ’S; , and y, — ‘yp defines a simultaneous homomorphism +r* of the groups of 
the cocycles of 8; into those of ‘S;. In its turn 7r* induces a simultaneous 
homomorphism 7* of the cohomology groups (the analogue of 7r* of (9) for the 
two H-nets). | | 

(23.8) t* ts an isomorphism. 

Since the cohomology groups are discrete and over a discrete group H or a 
_ field J, and (9.4) holds for 8; , ‘8; , the same character-group argument as for 
(IV, 10.10) with %, % replaced by H and its character-group or both by J, will 
yield (23.8). 

Referring now to (9), property (23.4) will follow from the remaining relations 
of permanence. As already observed this proves (23.2). 
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Proor oF (23.3). It is essentially obtained by ‘“dualizing” the proof of (23.2). 
If ‘A = Wu (X — Y), then X — Y is cofinal in ‘%, , and so the dual categories 
in (23.3) have the same homology theory as ‘%,. This reduces (23.3) to: 

(23.9) M4 and ‘Ms have the same homology theory. 

Let 6, 6*, 6, 6* be the analogues of 7, --- , 7*. 

(23.10) 6 is an isomorphism. 

Since we have the first case of the table the basic operations in Y%, are pro- 

jections ws , where a > B # (X — X,.) D(X — X;3) X,C Xs. In A 
there are in addition the projections w.:X — (X — Xa4), or reduction mod X, 
of the cycles of X. 
_ Now acycle of X mod X, is a collection y2 = {ya}, where y2, is a cycle of 
A, mod Xa, and’ > p> wry?) ~ vy, in X, mod Xq,. Hence a cycle of A, 
is a collection y’ = {ya} wherea > B—wsya ~ vp in X mod Xp > yu ~ vA 
in X, mod Xs. In particular choosing a = a» and replacing 8B by a, we have a 
eycle 6f (= yi.) of X, mod-Y, (= X.,,) such that: 


(23.11) 6? ~ y?, in X, mod Xq). 


Let now A > yw and a, a as before. Since yi, is a cycle of X mod Xq, , by 
combining with (23.10) we find: 


Aap X p ° 
ROX ~ MVad ~ Vay ~ 6, in X, mod Xa, = Y,. 


Therefore 5° = {6x} is a cycle of X mod Y. By (23.11) again & ~ y2 in X 
mod X,. Therefore 'y? = y’ u 6’ is a cycle of ‘My such that 6’y” = y’. Or 
explicitly: | 

(23.12) Corresponding to every cycle y” = {y2} of U direct there is a cycle 8” 
of X mod Y such that ’y’ = 7’ u 8 is a cycle of ‘A direct, or equivalently such that 
y2 ~ & in X mod X.. 

Thus 6, hence also 6, is onto. 

If ‘y? = y’ u & is a given cycle of ‘2, we have: 6’y” ~ 0 in A, y’ ~ O in 
Wa —> yz, ~ 0 in X mod X,, -> yi. ~ O in X mod Xaa > & ~ O in X 
mod Y, > 6? ~ O0in X mod Y> ‘7’ ~ Oin ‘A,. Thus @ is univalent. 

The proof that 6 is open is the same as for 7 and (23.10) follows. 

From this point on, the conclusion of the proof of (23.9) is the same as for 
(23.4) and so (23.3) follows. 


§7. METRIC COMPLEXES 


24. Frequently complexes consist of elements represented by subsets of a 
metric space. The metric relationships thus arising may be utilized to advantage 
to introduce new significant webs and related homology groups. The following 
definition covers all the interesting types thus arising. 


(24.1) Derinitions. A metric complex is a closure-finite complex X = {x} 
such that there exists a real-valued function of the element x, called the diameter of x, 
written diam x, and subjected to the sole condition: x’ < x —> diam x’ S diam z. 


240 NETS OF COMPLEXES [VI] 


If Y 1s a subcomplex of X we may now define mesh Y = sup {diam x| x ¢Y}, 
and hence for a chain C: mesh C = mesh | C |. 


(24.2) In the applications metric complexes will usually occur as follows: 
With each x there will be associated a bounded subset | x | of a certain metric 
space ® such that 2’ < x—([2’| C |x|, and then diam x = diam | z| will 
turn X into a metric complex. If Y is a subcomplex of X and C a chain of X, 
we write | Y| = U{{x||zeY} and ||/C|| = | (|C]) |. 

(24.3) A subcomplex Y of X is made metric in the obvious way by assigning 
to its elements the same diameters as in X. 

The subcomplex Y is said to be essential if there is an « > O such that diam x 
<e~mrelY. 


(24.4) Examptes. Geometric and Euclidean complexes (VIII, §1), Vietoris complexes 
(VII, §5), singular complexes (VIII, 24) are important types of metric complexes. 


25. V-cycles. 

(25.1) An obvious web related to the metric complex X is readily defined. 
Given any e > 0, set B. = {x| diam az < e}. In view of (24.1) B. is a closed 
subcomplex of X. If «’ S ¢ then 


B,u Be = B., Bean Be = Be, 


and so 8 = {B,} is a closed web of complexes. The only interesting ordering 
is evidently {e; <}. Furthermore since X and hence the B,, are merely 
closure-finite, only finite (absolute) cycles are admissible for them. Therefore 
the appropriate web homology theory is that of the inverse closed web and IVb 
of the table (22.9). The cycles, --- are known as V-cycles,---. The “V” 
is abridged for ‘“‘Vietoris,’ as the prototype of this homology theory is the 
classical Vietoris theory for compacta (Vietoris [a]; VII, §5). Since we are 
dealing here with a weak H-net only discrete coefficient groups are admissible. 
There are two different approaches to the V-cycles, each with its advantages, 
and so both will be given here. The resulting homology groups are of course 
the same. 


(25.2) First DEFINITION. Let {€,} be a positive sequence tending to 0. Since 
it 1s coinitial in {e}, it may replace it in the definition of the groups under con- 
sideration. A V-cycle y” over a discrete G will then be a collection y? = {y?}, 
where y?, is a finite cycle of B.. andn = m—> yh ~ ym in B.,,. The cycle y”’ ~ 0 
whenever yn ~ 0 1n B., for every n. The operations on the cycles are defined in 
the natural way, and we have the usual groups of the cycles and bounding cycles 
written 3?(X, G), §?(X, G). Their topology is defined as follows: The cycles y” 
with a given coordinate v2 form an open set U, in 33(X, G) and {U,} is a base 
for the group. §5(X, G) receives the relative topology. Since “~0” > “bounding”’ 
for the finite cycles in a complex we show as for (2.8) that §?(X, G) is closed in 
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Bo (X, G) and so we define $7(X, G) = 3B?(X, G)/?(X, G). From the general 
theory it ts known that $7(X, G) remains isomorphic with itself if { €,} is replaced 
by any other similar sequence. 


(25.3) SECOND DEFINITION. Homologies between finite chains in B, are con- 
veniently denoted by ~,. and known as ¢ homologies. Thus C? ~. C’” means that 
Cc? — C’” = FC?" where all the chains are finite and of mesh less than e. 

A ea aa V-cycle over a discrete.group G is a countable collection of 
finite cycles, y’ = {y?2} such that 

(a) mesh y2 — 0; 

(b) yar ~e, Yn» where {e.} — 0. The cycle y’ bounds, or is a bounding 
cycle, written y’ ~ 0, whenever 

(c) ¥2 ~1, 9, where {na} — 0. 

The group "of _ V-cycles 3B?P(K, G) is obtained by defining {y2} + ‘{y,7} = 
fy? + .7},0 = {v2 | v2 = 0}, and is taken discrete. The bounding V-cycles 
form a subgroup a (X, G). The homology group is defined as $?(X, G) = 
Br (X, G)/Fe (X, G). 


Equivalent formulations, frequently useful, are: (a) as before and (b), (c) 
replaced by: 

(b’) for every e there is an m such that n,n’ => m—>y? ~. 72. ; 

(c’) for every ¢ there is an m such that n = my? ~ 0; 
or else also by: 

(b’’) there is a sequence of finite chains {C?*"} such that 


FCR™ = y?41 — 72, mesh C?** + 0; 
(c’’) there is a sequence of finite chains {C’?*"} such that 
FC,?*! = y? , mesh C,,?*? — 0. 


Under the definition just given we have: 

(25. 4) If 7 = {v2} is a V-cycle and a = {y,?} is a set of finite cycles such 
that vy ~., 1P he {én} —> 0, then y”” is also a V-cycle and y’” ~ y’”. 

From (25. 4) follows readily (still under the second definition): 

(25.5) If y” = {vz} 1s a V-cycle then y” = {y2_} is likewise a V-cycle and 
y? wy. 

26. (26.1) We shall now compare the two definitions. For convenience let 
the cycles, classes and homology groups under the first definition be denoted 
by ‘y, ‘T, ‘© and those under the second by y, T, 5. It is not difficult to prove 
the following properties: (a) all the ‘y” «’T” are also elements of a fixed I? and 
‘T? — IY? defines a homomorphism in the algebraic sense 7:'6? — 6? ; (b) each 
y” = {v2} « T” has a subsequence {72} which is a ’y” in a fixed ‘Tl? and fr — /T? 
defines a homomorphism ‘in the algebraic sense 6: 9? — ‘SH? ;(c) dr = 1, 76 = 1. 
Hence + is an isomorphism in the algebraic sense. Thus the two homology 
groups differ only in their topology. We shall refer to 57 as the homology group 
of the V-cycles, and to ’S; as the homology group of the V-cycles with topology. 
For practically all purposes 5? is quite sufficient. 
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(26.2) V-cycles around Y. Let us suppose that X is metrized as indicated 
in (24.2) so that we have spheroids S(| Y |, e) and let Y be a closed subcomplex 
of X. Let the notations be those of (25.3b’c’’), except that we impose the 
following supplementary requirement: given any ¢ > 0, then all but a finite 
number of y?, C2** are in G(| Y |, e). This may also be expressed as: {y?}, 
{CZz*'} —» Y, Otherwise everything is as before. The new V-cycles are said 
to be around Y. The web interpretation is the same as before except that 
this time B, = {x| diam zx < ¢ r C S| Y |, 6}. 

(26.3) V-cocycles. They must be determined in terms of the general 
theory of H-nets. A V-cocycle is thus defined by a cocycle in some B, mod (X 
— B.) (where B, is as in 25.1), i.e., it is acochain 7, such that Fy, has no elements 
of diameter less than «. That is to say y, is any cochain such that 
inf {diam 2?" | rps: in Fy,} > 0. The relation y, ~ 0 means that Yr = 
FC,1 + D,, where D, is in some X — B,, or again that inf {diam 2” | 
x, in D,} > 0. The groups ©, 3,, §p are discrete and the cohomology 
group H,(X, G) = 3,/%,-. Cocycles may also be introduced for the other types 
vonsidered but we will not discuss them here. 


27. (27.1) Derinirion. Let X = {x}, Xi = {21} be metric complexes and t 
a set-transformation X — X,. Then t is said t» be metric if diam tz > 0 uni- 
formly with diam x. An isomorphism t:X — X, is said to be metric if both t 
and t' are metric. If such a t exists we shall say that X and X, are metrically 
isomorphic. Similarly a chatn-mapping 7:X — X, ts said to be metric if 
diam || rx || — 0 uniformly with diam z. 


From the definition of metric isomorphism there follows readily: 

(27.2) A metric isomorphism 7:X —» X, induces an isomorphism of the 3, , 
tv » Dv groups of X with the corresponding groups of X}. 

(27.3) AppiicaTion. Let X be made a metric complex in two ways with two 
distinct functions diam x, diam: x. Then if each approaches 0 uniformly whenever 
the other approaches 0, the two metrics define the same groups 3, , %», Do . 

(27.4) A metric chain-mapping +r:X —> Xi induces homomorphisms of the 
groups 8» , &v , Dy of X into the same for X, . 

By (IV, 9) + induces homomorphisms of the groups of finite chains €, 3, %, 5 
of X into the same for X,. Hence if {C,} are finite chains such that mesh 
C, — 0, then the chains {7C',} have the same property. Coupling this with 
(25.3) there is but a step to (27.4). 

(27.5) Let 71, 72 be metric chain-mappings X — X, which are chain-homo- 
topic, the associated D operator being of the f-type (every Dz finite). If 
mesh Oz — 0 uniformly with diam zx then 7; , 72 are said to be metrically chain- 
homotopic. When 7 = 1 then 7 is said to be a metric chain-deformation 

(27.6) If X1is a chain-retract [chain-deformation retract] of X under a chain- 
retraction [chain-deformation retraction] which is metric, then X, is naturally 
called a metric chain-retract [metric chain-deformation retract] of X. 
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The general properties of chain-homotopy, chain-deformation, chain-retrac- 
tion, derived in (IV, 14-16) hold here also and with unimportant modifications 
in the proofs. We note in particular the following: 

(27.7) Metric chain-homotopy is an equivalence (IV, 15.1). 

(27.8) Metric chain-homotopic mappings 71 , t2 X —> X1 induce the same homo- 
morphisms in the V-homology groups. A metric chain-deformation does not alter 
the homology groups of the V-cycles (IV, 15.2). 

This means in particular that if y’ is a V-eycle of X then try’ ~ rzy’. Also 
that if 7, is a chain-deformation, then ry’ ~ vy’ in X1. 

(27.9) If X is a metric chain-deformation retract of X, then their V-homology 
groups are the same (IV, 15.12). 


CHAPTER VII 
HOMOLOGY THEORY OF TOPOLOGICAL SPACES 


The nerves (in the sense of Alexandroff) of the totality of the open coverings 
of make up a net whose homology theory is a typical Cech theory. A similar 
theory arises out of the closed coverings. Let us refer to them as the U- and 
%-theories. The U-theory is chosen as our basic homology theory and will be 
discussed at length. For normal spaces both are the same. In addition to the 
preceding there are in existence: 

for compacta: theories due to Vietoris, Alexandroff and Lefschetz; 

for general spaces: a theory due to Kurosch, and another due to (or rather 
patterned after one due to) Alexander and Kolmogoroff. 

It is not difficult to reduce the Alexandroff and Lefschetz theories to that of 
Vietoris (see notably [L, 332]). The latter will be examined more fully and 
reduced to the U-type. A complete discussion will also be given of the Kurosch 
and Alexander-Kolmogoroff types and they will be proved equivalent to the 
%-type. Thus at last a certain unity will have been brought into this group of 
questions. 

Noteworthy additional topics treated in the chapter: duality.in the sense of 
Alexander, multiple applications of webs, relations between homology and con- 
nectedness, generalization of Mayer’s ‘‘union” theorem for complexes. 

General references: Alexander [d, e], Alexandroff {a, f], Cech [a, b, c, dl], 
Chevalley [a], Kline [a], Kolmogoroff [a, b, c], Kurosch [a], Lefschetz [L, VII], 
Steenrod [a], Vietoris [a]. 


§1. HOMOLOGY THEORY: FOUNDATIONS AND GENERAL 
PROPERTIES 


1. The nets which are to carry the homology theory are composed of simplicial 
complexes, the nerves, related to coverings and introduced by Alexandroff. We 
first define and discuss the nerves and the projections which give rise to the nets. 


(1.1) Derinirions. Let & = {Aa} be any finite aggregate of sets. A simplicial 
complex ®, is associated with % in the following manner. The Aq are the vertices 
of ®,. A simpler o = Aa, :+: Aa, 18 @ simplex of &, when and only when the 
intersection Aa n-:::n Ag, is non-void. If oa = Aa,--- Aa, < o then also 

Aan:::n Aa # §, 7 
and so o' «€®,. Thus ®, is indeed a simplicial complex. It 1s known as the 
nerve of the aggregate A. In a certain sense it may be said to constitute the 
‘intersection pattern” of the sets of ®,. Notice that the dimension of ®, 1s the 
order of X (I, 14). 
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The intersection NA, corresponding to the simplex o of ©, is called the kernel 
of « and denoted by [oc]. Thus we may write ®, = {¢ = Aa, °:* Aa, | [o] ¥ 9}. 

Remark. It is important to bear in mind that while the simplezxes o of the 
nerve ®, are aggregates of sets, their kernels [co] are actual point sets. 


(1.2) AN EXAMPLE. Let K = {co} be a finite simplicial complex with vertices {P.} and 
let A = {St Pa}. Then St Pag n ... a St Pap = St Pag ... Pap * @ when and only when 
Pay... Pap¢eK. Therefore P, > St P, establishes anisomorphism K <> 4, , so that we may 
identify the two complexes. Thus K will become the nerve of the aggregate of the stars 
of its vertices. 


(1.3) Let B@ = {Bg} be a second finite aggregate of sets and & its nerve. 
Suppose that % refines %, so that every Bs is contained in some Aq. Select 
for each B; a definite set Aag) 2 Bs. Now (¢ = Bg, --- Bs, €%) => 
((t] = NB, ~ BD > (NA ~ DB) > (Aaw) +++ Aais,) €P2). Therefore 
Bs —> Aa) defines a simplicial set-transformation and a simplicial chain-mapping 
th, mit 39 &. We call x, a projection by inclusion or merely a projection 
&,—>6,. While these projections are not generally unique we have the following 
basic property: 

(1.4) Any two projections & — ®, are prismatically related in the strong sense 
(IV, 16.2), and hence by (IV, 16.3) they are prismatically chain-homotopic. 

Let x? x,’ be two projections and @, ¢,’ their simplicial carriers. Suppose 
¢ = By, --+- Bs, ¢%, and label temporarily the A. so that Bs, = Aa; 5 
t.°Bs, = Aa. Since NBs; ~ @ and both Aa;, Aa; D Bs; , we also have 
N(Aa, 0 Aa:) #@. Hence Aa, -+: AaAas *** Aa, €%2, and this proves (1.4). 

Let ©? be the homotopy operator for the chain-homotopy in (1.4). Referring 
to (IV, 16.3) we obtain: 

(1.5) Dre is a chain of Cl(tas) (ta ¢). 

From (IV, 15.2) and (1.4) we also have: 

(1.6) All the projections & —> , are homologous. 

The collection of all the sets of 2{ containing any one of the sets Bs, , --- , Bg, 
which are the vertices of ¢¢# determine a simplex o of ®. Evidently 
¢ — Cl o defines a closed carrier T; for all the projections a , and T° is a generalized 
simplicial set-transformation. Since 2¢ C T’¢, we have from (1.5): 


(1.7) pr c Te. 


(1.8) Let E be any set and oe®,. If the kernel [o] meets # and ¢ > oa’ 
then [o’] > [co] and hence [o’] also meets E. Hence #,(E) = {o| Ea [o] # D} 
is a closed subcomplex of ®,. There is an analogous closed subcomplex (2) 
of , . 

(1.9) All the operations T° te wt, Da map (EL) into $,(E). 

Let (€&(E). Since @t, rit, Di¢ C Tes, it is only necessary to prove (1.9) 
for T?. Since every vertex of T’t¢ is a set > [¢], each simplex a of T’c has a 
kernel [c] > [¢] and so meeting E. Thus o e®,(E) and hence Tes © ®,(B). 

(1.10) Let o” be a simplex in any nerve, say ®,. It has then a dual oc, and 
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we define the kernel [o,] of o, as identical with [o”]. If C? = g'o? , Cp = gioy 
are a chain and a cochain of a nerve, say %, then we say that a set E isa 
carrier of C” if g' + 0 [o?] n E ¥ @, or if C? = O, and that £Z is a carrier 
of C, if 9: ¥ O— [ot] C EH, or ifC, = 0. Notice that ¢? «&, — [2¢”] D [t’]. 
Hence: 

(1.11) If C? is a chain of & then a carrier of C? is also one of x.C”. 

Consider now the dual 73°:67 — @§ of 22. If o? «®,, by (1.11) it can only 
occur in a chain rt? such that [o”] > [t?]. Hence a, “gy consists solely of ele- 
ments £, such that the inclusion just written holds. Therefore 

(1.12) If C, is a cochain of ®, then a carrier of Cp ts also one of 5°Cp. 

(1.13) Extension to infinite aggregates. When %, B are infinite the only modifi- 
cations required are that (1.6) need not hold as regards all the groups, and that 
Tt is merely a closed subcomplex of ®,. Since a more general form of (1.6) 
is not required in the sequel we will not discuss it, and as for the modification 
in Tt it is wholly immaterial. A complementary property solely required for 
infinite aggregates, will now be considered. | 

The situation remaining as before, we observe that since % refines % so does 
€ = AvB. If = nerve € we have therefore T; , --- with their obvious 
meaning. A simplex of & is a join of where o = Ag,--: Aage%s,f = 
Bs, --- Bs, €f , o has no vertices in &, and NA.,n NBs, #9. Since “Bs > Bz , 
we also have MAa, n N(taBs,) x §, and hence o(f?t) « &. It follows that 
of — o(t2t) is a projection 7% ; it is this particular projection which is meant 
henceforth by 2;. We shall also require the generalized set-transformation 
T°:, — &, defined by of > Cl of (T°¢). We prove: 

(1.14) 23 is a chain-deformation of ®. into tts subcomplex ©, which is con- 
tiguous to the identity in T;. If 2, |®a = 1 then ws is evidently a chain-deforma- 
tion retraction. This holds notably if ®, , &, are disjoint, t.e., if the aggregates A, B 
have no common sets. 

By (IV, 16.3) 2; is a chain-deformation over a simplicial complex Y which is 
the union of the closures of the simplexes such as 7 = oBa, -:: Ba,(@Ba,) *** 
(taB a.) corresponding to the simplex of «®, considered above. Once more 
[ot] ¥ @ and Bs > Bz imply [ny] ¥ @, and hence ne. Thus¥ C®,. Since 
the converse is obvious ¥ = ®,, and so 7; has the asserted property. 

If ©, , & are disjoint no Bs is an A, and then every simplex of ©, is a ga, 
hence 7, |, = 1. Thus 7 is the asserted retraction. 

2. Consider now a collection &% = {%}, where Y% = {Ara} is a finite aggre- 
gate of sets. Suppose the collection directed by dX > p> (A refines Y,). We 
will then say that is a directed collection. Let #, = nerve %, and ford > pu 
let x, be a projection by inclusion ®, > &,. Consider now ® = {4 ; nm}. Of 
the net properties Nz of (VI, 2.1), N3 is fulfilled by (1.6). If > w > v and 
Ara = Aygp, TeAys = Avy, then Aya C Aus C Avy. Hence Aye > Ay, defines 
amor im, isan. Thus N2 of (VI, 2.1) holds. As for N1 it merely asserts 
the existence of the projections and so it holds also. Therefore 
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(2.1) The nerves {&} of a directed collection together with their projections by 
inclusion form a simplicial net ©. 

(2.2) Once we have the net we may bring to bear the theory of nets. If the 
results are to have topological character all that is necessary, given a topological 
space §, is to select topological directed collections. Two obvious collections 
are: U, § the collections of the finite open and finite closed coverings of . 
It is indeed elear that if U, , U, are finite open coverings so is Ul, a Ue and since 
itis > U1, Us, Wis @ directed collection. Similarly for §. | 

Generally speaking perfect symmetry between Ui and § is not to be expected, 
and this on two grounds: (a) they are not dual to one another since the dual 
of “covering”’ is ‘‘a collection of sets with an empty intersection;” (b) in most 
“convenient” spaces points are closed sets, and this causes considerable dis- 
symetry throughout. We introduce therefore the 

(2.3) ConvENTION. Unless otherwise stated all the homology concepts to be 
considered shall refer to those-obtained by means of the finite open coverings. 

Thus instead of ‘“‘Y-cycle, ---” we shall merely say “cycle, --- .” 

In point of fact while the U-theory has been selected as the basic theory, 
it will turn out (8), that when ® is normal, and this covers a very large territory, 
the U- and %-theories coincide. | 

3. Irreducible coverings. Frequently, especially when the space ® is normal, 
we shall find it convenient to replace arbitrary coverings by more special types. 
Two particularly convenient types will now be considered. A finite open 
covering U = {Ui, --- , U,} with nerve © is said to be 

trreducible whenever no open refinement of 1 has a nerve isomorphic with 
& proper subcomplex of ©; 

strongly irreducible whenever it is irreducible and U; — U; defines a similitude 
u— i. 

When U1 is strongly irreducible U; — U; defines an isomorphism ® — nerve Il. 

(3.1) Every finite open covering U has a finite irreducible open refinement. 
Or equivalently: the irreducible coverings are cofinal in the family of all the open 


coverings. 
Suppose Ul < Ui < Ue, < --- , where the U; are reducible and such that their 
nerves form a sequence of complexes © = &, %, --: , where $,,; = a proper 


subcomplex of ®;. Since ® is finite the sequence must stop and if ©, ‘is its 
last term U, is an irreducible refinement of WU. 

(3.2) If UW ts trreducible then every U; contains a point which is on no other 
set of the covering. 

For, if U; contains no such point {U,|h # 7} is a refinement of Ut whose 
nerve is a proper subcomplex of nerve UW. 

(3.3) If R is normal, every finite open covering UW has a strongly irreducible 
open refinement. Hence the strongly irreducible finite open coverings are cofinal 
wn the family of all the finite open coverings. 

Let Ui = {U,,} be a finite irreducible refinement of Ul and shrink it to B = 
{V.} (1, 33.4). Since B » Uh, B is irreducible and so Ui; > V; defines a simili- 
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tude ll, > B. Since V; C V; C U;, Vi — DV; defines a similitude B > &. 
Hence & is a strongly irreducible refinement of U. 

(3.4) Every compactum ® has strongly irreducible finite open coverings whose 
mesh ts arbitrarily small. 

For ® has a finite open e covering Ul, whatever e, and so (3.4) is a consequence 
of (3.3). 

4. The net of the finite open coverings and its subnets. We set then U = 
{11,}, &, = nerve lh, and define \ > » by Wh > U,. The resulting projections 
by inclusion rm, make = {% ; w.} asimplicial net. From (VI, 6.5, 8.3) follows 
then the 


(4.1) DUALITY THEOREM FOR TOPOLOGICAL SPACES. The cycles and cocycles of a 
topological space are dual categories with intersections. 


(4.2) Augmented homology theory. It is obtained by augmenting the net ® 
(VI, 10). We say then that ® has been augmented. This operation is useful in 
certain questions. Thus wherever it is convenient to augment, say a finite 
simplicial complex K, it is equally convenient as regards the groups of the 
polyhedron | K.|, K, an Euclidean realization of K, to augment | K, | in the 
sense just considered. 

(4.3) Dissections and related subnets. By a dissection of we shall refer to a 
decomposition (U, F) of ® into two disjoint sets U open and F closed: R = 
UuF,UnF =@. If we set Sn = {o| ve, [o] n F #9}, m, = melon, 
then &,, is a closed subcomplex of & (1.8) and by (1.9; VI, 12.1, 12.2) &(F) = 
{6 ; wiz}, is a closed subnet of © with intersections induced by those of ®. 
Notice incidentally that ® itself is merely ©,(). 

Let 6, = & — Sp, 7, = the projection 2, — &, induced by rm. Then 
&(U) = {n; ry} = & — &(F) = the open subnet of complementary to 
®,(F). In4)(U) there are intersections induced by those of 6. Tosum up then: 

(4.4) To a dissection (U, F) of ® there corresponds a unique dissection 
(6(U), #:(F)) of ©, where in the subnets there are interesections induced by 


those of ®. 
The definition of the subnets yields 
(4.5) F'c F > 4%,(F’) C (PF), 


It is also natural to refer to the cycles of ®,(F), or of & mod #,(F’) as the 
cycles of F or of R mod F, and similarly with the cocycles and #(U). 

Referring to (VI, 12.4) we have: 

(4.7) The cycles of R mod F and the cocycles of R — F = - U are dual categories 
with intersections. 

(4.8) Cyclic and acyclic properties. The definitions are the same as for com- 
plexes (III, 21) and refer to and its groups. Thus § is acyclic whenever all 
its homology groups are zero, --: 
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5. General properties of the homology groups. 

(5.1) When WU is replaced by a cofinal family the homology theory 1s unchanged 
(VI, 9.8). 

(5.2) If n = dim §& ts finite then all the groups for dimension greater than n 
are zero. 

For the refinements of the 1, whose order does not exceed n form a cofinal 
family giving rise to a net whose complexes are at most n-dimensional. 

(5.3) The universal theorem for fields holds. Hence the only Betti numbers that 
need to be considered are the Betti numbers over the rationals or mod x, a prime. 

(5.4) The homology theory of the closed subnet ©(F) of ® associated with the 
closed set F (4.3) ts the homology theory of F itself. 

This implies for instance that the class intersections and their rings may be 
obtained for F by means of ©,(F). 

A noteworthy consequence of (5.4), indeed little more than an equivalent 
formulation is: 

(5.5) Let R be imbedded nila as a closed set in ©, and let {W,}, W, = 
{W.:} be the finite open coverings of S. Then to obtain the homology theory of R 
one may replace tts finite open coverings by the coverings {Rn B,}, Ra B, = 
{R n Wi} . 

Indeed this is clearly (5.4) with R replaced by SG, and F by &. 

The proof of (5.4) will rest mainly upon the following property: 

(5.6) If in any net @ = {4 ; wi} certain am, \ > pn, are isomorphisms and 
for each such patr one introduces new ordering relations and projections: wu > X, 

= (xt), together with all those that follow by transitivity (N2 of VI, 2.1), then 
the resulting net Y has the same homology theory as ®. 

For convenience we denote by wr the projections m Vv. Let vy’ = 
{y?} ¢ 3°(6,G). A projection wis a finite product w"~? --- ok” (No = A, Ar = ws), 
where any factor is an isomorphism or else a projection of 6. Thus WP w 
Vi;+, , and hence wryp ~ >. Therefore the yy are likewise the coordinates of a 
7 « B?(Y, G). The converse is obvious. It follows that y’ < 7° defines a 
simultaneous isomorphism 7 in the algebraic sense of 3’(®, G) with B®, G). 
The subbase {V,} of (VI, 3.3) for the first group is immediately seen to be one 
also for the second. Hence 7 is an isomorphism. Since 7}’(®, G) = %’(, G), 
7 induces a simultaneous isomorphism of the corresponding homology groups. 

Similarly the representatives of a cocycle yp of & are shown to be those of a 
cocycle 7, of ¥, and y, <> ¥>p defines an isomorphism +* of the corresponding 
groups 3, which induces one of the corresponding cohomology groups. Minor 
modifications of the same argument yield the proof that 7, r* together induce 
(in an obvious sense) an isomorphism between the intersection classes in ®, ¥ 
and also between the corresponding intersection rings. This proves (5.6). 

Proor oF (5.4). We return to the notations of (4). Let Us = {Uy}. If 
F n U\; ¥ @ we identify the vertex F na Uj; of nerve F a Uy, with the vertex Ur; 
of ). There results an isomorphism nerve F an Uo by. We will identify 
the two isomorphic complexes, so that henceforth 6, = nerve Fn Uy. Under 
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the circumstances 7}, = +. |®,, > mw, represents a projection by inclusion 
nerve Fa Wy, — nerve Fa U,. 

It may very well happen that Fa lk > Fa U, and yet UW + U,. If so, no 
projection by inclusion nerve F a ll, > nerve F a U, will occur in $,(F). Taking 
advantage of (5.6) we will introduce such a projection without modifying the 
homology theory of the subnet. 

Suppose first that Fa Uy, = Fa l,, and let U, = Ua U, , so that U, > UW, U,. 
We may choose as x; a projection by inclusion ®, — %, which is the identity 
on the common vertices, and then 7}, = 1. By (5.6) there may be introduced 
in 4,(F) the new ordering and projection: \ > », mi = 1, and those that follow 
by transitivity. Since there is a x; with m, = 1, we have with the ordering 
prevailing in the new @(F): } > yu, my, = 1. If this is done for all similar 
pairs the new net, still written for convenience ,(F), will have the same hom- 
ology theory as the initial ®,(F). The situation is now such that 1, may be re- 
placed by the covering consisting of U and of the U,; meeting F. This being 
done throughout, suppose then F a UW, > Fa U, and let U, = {U,,;}. For each 
Uy; meeting F select a U,; D Fn Uy); and replace Ux; by U\; n U,;. There 
results a U, > U, and such that Fa UW = FaUu,. Hence we already have the 
projection i, = 1. Now there is a projection by inclusion x{,:4,, > By , 
and hence 7}, = 71,71, is likewise a projection by inclusion ©, — ,,. In other 
words we are now at liberty to assume that the projections in ®,(F) include a 
projection by inclusion zw}, whenever F a th > F a U,. In view of NB of 
(VI, 2.1), as regards the homology theory of ©,(F) we may assume that the 
mt, include all the projections by inclusion of the nerves of the F a ll. 

It is now clear that the ultimate #,(F) is merely obtained from the net VY of 
the finite open coverings of F' by repeating certain nerves and introducing corre- 
sponding isomorphisms in accordance with (5.6). Hence ¥ and the ultimate 
#,(F), and consequently Y and the initial ,(F), have the same homology theory 
and this is precisely (5.4). 

(5.7) In view of (5.4) and for reasons of expediency we shall naturally say 
“cycles of F, of R mod F,” instead of “cycles of ©,(F), of 6 mod #,(F),” likewise 
“cocycles of U”’ instead of ‘‘cocycles of &(U).’”’ We notice explicitly: 

(5.8) The cycles of R-mod F, F closed in KR, and the cocycles of R — F are dual 
categories with intersections. 

REMARK. One may be tempted to expect here an analogue of (5.4) for U 
and ©(U). However, for the same reasons as in (2.2) complete duality is not 
to be looked for in the present instance. 

(5.9) Carriers. Let now y’ = {y~} be a cycle of R. We say that y” has for 
carrier the closed set F whenever there is a {4} cofinal in {X} such that every 7? 
has the carrier F', or equivalently such that {77} are the coordinates of a cycle 
of ,(F). 

Passing to the cocycles, yp. = {y',} has for carrier the open set U whenever 
one of its coordinates 7, has the carrier U or equivalently whenever y, is a 
cocycle of (UV). 

Carriers for the relative cycles and cocycles are defined in the same way. 
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Hereafter a cycle [cocycle] will always be assumed given with a definite closed 
[open] carrier. If the carrier remains unspecified then it will mean that itis the 
space § itself. 

(5.10) A variety of new interpretations may be given to the projections and 
injections such as those of (VI, 13) corresponding to the relations between cer- 
tain nets and subnets. It is chiefly a matter of adjusting the terminology. 
Thus if F is a closed set then there is an injection 7:®,(F) — ® and a projec- 
tion 0:6 — &( — F). Under our interpretations they are operations on the 
groups of cycles of F and § to those of R and R mod F. For this reason we will 
refer to 7 as the injection F — § and to 6 as the projection R — R — F, or also 
as the reduction mod F of the cycles of #. Analogous interpretations hold for 
the dual operations 7*, 6* of (VI, 13), but we will not require special terms 
for them. 

Suppose now F” C F, where both are closed sets in %. Referring to (VI, 12.5) 
®,(F’) is a closed subnet of ©,(F’) and so there arises an injection 7:®,(F’) > ,(F), 
and a projection 6:4(% — F’) — &(R — F). They are referred to as: the 
injection F’ — F for 7, and the projection R — F’ +R — F or reduction mod F 
of the cycles mod F’ for 6. Here again no specific terms are required for the 
dual operations 7*, @*. 

It is hardly necessary to observe that the theorem of (VI, 13.9) holds for the 
operations 7, --- , as here understood, and with the obvious modifications. 

Notice the obvious parallel between the injection F — ft and the operation 
of topological imbedding as a closed set, likewise between the projection R — 
® — F and the operation of neglecting the part of a setin F. That this analogy 
is not at all accidental is clearly shown when & and F are polyhedra (see VIII, 
11, 12). 

(5.11) Let T be a mapping R — S such that R = TR is closed in S. Then: 

(a) T induces homomorphisms 7:9°(R, G) - H°(S, G) and r*:H,(S, H) > 
§,(KR, H), (H discrete) ; 

(b) af T, I’ denote the homology and cohomology classes in R, © there subsist 
the relations of permanence (VI, 9.4, 9.5, 9.6) for the Kronecker index and the 
antersections ; 

(ec) the intersection rings of S are mapped homomorphically by r* into the corre- 
sponding rings of R; 

(d) +* is uniquely determined by 7, and is called the ‘‘dual’’ of +r. 

Let the notations of (4) continue to hold for #; and let {%,} be the finite 
open coverings of © and W their net. Corresponding to R, or rather to the 
dissection (6 — R, R) of © we define the closed subnet VY, of ¥ in accordance 
with (4.4). Since WV; is a subnet of YW we have an injection 0,:%, — WV and a dual 
projection 6;:¥* — Wi (VI, 13). Since 7 is continuous T"R a B, = 
{T "(Ra V,:)}, Bs = {Vui}, is a finite open covering of whose net is a part 
‘> of 6 and &wW,. As a consequence we have the analogues @::6 — ’S and 
63 /b* —> * of +, r* of (VI, 9.1). Let & be the isomorphism ‘6 > Wy, and 
£* its “dual” the isomorphism ¥; — ’*. If we set r = 6,6), T* = 02 €*6) we 
conclude from (VI, 9, 138) that 7, 7* have all the properties of (5.11). 
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(5.12) A more intuitive description of the transformations of the cycles may 
also be given in the following way. Let {U,} be the collection of all the finite 
open refinements of the coverings {7 'R a %,} of 9, so that in particular {»} 
is cofinal in {d}. Suppose ll, > T'“Ra &,. If Uy = {U,,} there may be 
chosen for each U,; a set V,; such that U,; © T "(Rn V,,) and U,; > V, 
defines a simplicial projection p):¢,->W,. If T Ra %, = UW then p) = gr’, . 
From this follows readily that if y” = {yf} is a cycle of R and I” its class and 
if we choose for each u a cycle 6? = piy? , then 6” = {57} is a cycle of S whose 
class is rT”. 

6. Homology theory and compactness. 

(6.1) Let us return to the situation and notations of (I, 26, 27, 28). Then if 
{Ui} are the finite open coverings of R, {Q(Ua)} are finite open coverings of the 
compacted space © with the following properties: (a) the nets of the nerves of 
the U, and of the Q(l) are isomorphic (I, 27.8, 27.10) i.e., they differ only in 
the labels; (b) {2(U,)} is cofinal in the family of all the finite open coverings of S 
(I, 27.11); (c) if T is the topological imbedding R — © and F a closed set in R, 
then the same properties hold regarding the F a Uy and (TF) naQ(U,). We have 
therefore: 

(6.2) The topological space Rt and the compacted space © of (I, 26.1) have the 
same homology theory (Cech [(g], Wallman [a]). 

(6.3) Under the same conditions the dissections (R — F, F) of R and (S — TF, 
TF) of S likewise have the same homology theory. 

(6.4) In the light of the preceding results one may say that the Cech homology 
theory by finite open coverings is essentially a homology theory of compact 
spaces. This has certain noteworthy consequences. Thus take so simple a 
space as the real line J (an open one-cell) and let it be compacted to S. The 
space S turns out to be the space of all real single-valued functions. Now it 
was shown by Dowker [a] that 6'(L) = §1(S) (the integral homology group) is 
isomorphic with the additive group of all real single-valued functions reduced 
modulo the bounded functions. This group is certainly significant for the class 
of real continuous functions, but scarcely as a topological character of the line. 


7. (7.1) TuHrorem. Let ® be compact and © a Hausdorff space. Then any 
mapping T:R — S induces a homomorphism + of the homology groups of R into 
the corresponding groups of ©, and a dual homomorphism +* of the cohomology 
groups of S into those of R. Moreover 7, r* are the same for all homotopic map- 
pings R — GS, 1.e., they depend merely upon the homotopy class of T. 


Since is compact and © a Hausdorff space, TR is closed in © (I, 32.2), 
and so the existence of 7, 7* is a consequence of (5.11). — 

Let now T, T’ be homotopic mappings R — S&S. By hypothesis there is a 
mapping t: 1 X R — ©, 1:0 S u $1, such that t(0 X x) = Tz, t(1 X x) = 
If y” is any cycle of ® then x — u X z defines a topological mapping R > u *K RK 
under which 7” is mapped into a cycle which we denote by u X 7’ (cycle of both 
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uX Rand! X R; see (5.5)). In view of (5.11) we merely need to prove 
(7.2) OxyYrw1ixyinlxXR. 


Let @ = {l,---,1,} denote a finite open covering of | defined as follows: 
hisasetO0 < u <a,l, is a set 8 < u S 1, and the other sets are intervals; 
only consecutive sets 1; , li4: meet. Let {%,} be the coverings of this type. 
Since there is a %, whose mesh is less than any assigned e, {%,} is cofinal in the 
family of all the open coverings of 1. Hence by (I, 24.2) if {Uh} are the finite 
open coverings of ®, then {%, XX Uh} is cofinal in the family of all the finite 
open coverings of 1 X ®. Let & = nerve UW, %, = nerve VB X WU. If 
Uy aes {U\;}, Ve = {1;}, 1= 1, 2, ete 4 I, and oh = Ui 5g aia Uy 5, e BD) ’ then VY, 
contains the simplex on; = (1; X Unj) --- (li X Urj,), and {oni} is a closed 
simplicial complex = 4 and denoted by ®&. In particular, ; = {om | on € Wy, ; 
[om] nO X RH MD}, and BH = {onn| ohn EV; [oml nl X RK ¥ GP}. ‘In other 
words @, , &¢ are the analogues of $y of (4), for0 X FR, 1 X RK andwW,. If 
y” = {y?} then 0 X 7’, 1 X 7” have coordinates l,. x 7? , 1, X 7? relative to 
Y,, , and (7.2) reduces to proving 


(7.3) LX w~l, X yx in, . 


It is clear that on — on, defines a chain-mapping 0:4, — @ such that 
0, K v¥) = 1, X vx. Therefore (7.3) and hence (7.1) will be proved if we can 
show that | 

(7.4) 6728 a chain-deformation over VY, . 

Now we find immediately that if o, is as before then N(l; xX Uh;,) o 
(lia. X Us;,) # @, and hence 


(li & Unig) +++ (li & Ung.) (lina X Urs) +++ (lina KX Urz,) € Vy. 


Consequently by (IV, 16.3): ¢; — oi4: defines a simplicial chain-deformation 
6;:8; > over W,. Since 6= 6,1 +--+ 626, (7.4) follows, and (7.1) is proved. 

(7.5) If R ts a compact Hausdorff space and A 1s a deformation-retract of R 
then A and R have the same homology groups. 

Let T be the retraction Jt ~ A. By hypothesis this time there is a mapping 
t:l KX R — RK such that (0 K x) = 23411 XK x) = Tre A; t(u X x) = x for 
zeA. It is already known that 7 induces a homomorphism 7:’(R, G) - 
9°(A, G). Similarly the injection A — S induces a homomorphism 
0: O'(A, G) > H*°(R, G) (5.10). 

Let I? ¢ D°(R, G) andy’ eT”. Since T is a deformation Ty’ ~ vy’ in R. Hence 
the elements of the class [’’ = rT” are alsoin IY’ or Ir’ CI’. It follows that 
nl” = I? and so nr = 1. 

Consider now I” ¢ °(A, G). The elements of I'’” are members of the fixed 
class I? = nT’. I say that 7T”? = Y’”. For suppose rl”? = I’” # IY’, and 
let yy ¢ 1", ye T’”. Then &” = y” — y’” is a cycle of A which is ~ Oin A 
and yet ~ 0 in ®. We show that this is impossible. In the notations of the 
proof of (7.1) this will follow if we can prove that 0 X 7? ~O0inO X R= 
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1X7’ ~ Oinl X or finally that , X y2 ~OiIn Rm 1, KX 72 ~ On, 
and this is an immediate consequence of the fact that @ is a chain-mapping. 
Thus rl? = Y’? = ry”, and finally rn = 1. 

Since ry = 1, nr = 1, 7 is an isomorphism and (7.5) is proved. 

(7.6) APPLICATION. Every parallelotope P is zero-cyclic. Hence P augmented 
as acyclic. 

For any point of P is a deformation-retract of P and so the homology groups 
of P are those of a point, which is what (7.6) asserts. 

8. Homology theory and normality. What are the spaces, if any, whose 
U- and §-theories are the same? A sufficient condition, and scarcely more could 
be expected, is found in the important 


(8.1) TuHxorem. When ® is normal then: (a) its U- and §-homology theories 
(t.e., by finite open and closed coverings) are the same; (b) zf F is closed in R then 
the U- and %-theories for the cycles mod F and the cocycles of R — F are likewise 
the same (Cech [a]). 


An immediate consequence 1s: 

(8.2) Theorem (8.1) holds when ® is metric, compact Hausdorff, or a compactum. 

For in all three cases & is normal. 

(8.3) Proor or (8.la). Two finite collections of sets & = {Ai,---,A,}, 

= {B,,---,B,} are said to be congruent, if, say X% > % and this so that 
A; C B; and that A;— B; defines a similitude Y— B. This similitude induces 
an isomorphism 7: nerve Yf — nerve 8. 

(8.4) We will utilize now an elegant suggestion due to Lagerstrom and apply 
(5.6). Consider the following collections: (a) the finite open coverings {U,}; 
(b) the finite closed coverings {§,}; (c) the union of the two {lh, §,}. The 
first two are directed collections in the sense of (2). To show that the 
third is one also it is sufficient to show that Uh, §, have a common refinement 
in the collection (c). Now by (I, 33.4) U, may be shrunk to WU, and so Th, 
refines 1l,. Hence Vy a §,, which is a finite closed covering, is a common 
refinement of 1, , §, such as required. 

We may now introduce the nets 6, ¥ , Q of the collections (a,b,c) (see 2.1) 
and we will suppose that they have been modified after the manner of (5.6) 
as follows: In the notations of (8.3) if M, 8 are-in the same collection, say 
Y= uh 7 8 = ly, we introduce in {A} the new ordering \’ > Xd and projec- 
tion mr = 7°. 

We have already seen that there is a Ul): refining U,. Hence © is cofinal in 
Q. By (I, 33.5) every §, is a congruent refinement of some U,, and in the 
ordering attached to 2 we have then > w. Thus © 1s likewise cofinal in Q. 
It follows that and ¥ have the same homology theories. Since by (5.6) these 
are the Ui- and §-theories, (8.1a) is proved. 

(8.5) Proof of (8.1b). The same argument may be applied here provided 
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that we strengthen the condition imposed on Y, B in (8.3) to: F uv W is a con- 
gruent refinement of F u 8, and the related similitude sends F into F. 

9. Duality in the sense of Alexander. Little more is required than to transfer 
the results of this type of duality for nets (VI, 15) to topological spaces. Let 
then ® be a topological space and F a closed set, and in the notations of (4) let 
(b(R — F), &(F)) be the dissection of © corresponding to the dissection 
(9 — F, F) of R. We may define the linking coefficients as in (VI, 15.3). The 
duality theorems for complexes (III, 38.3, 39) are thus valid for a dissection 
( — F, F), F closed. We state explicitly the main theorem, and leave the 
formulation of the rest to the reader. 


(9.1) Tueorem. If ® is (p — 1, p)-acyclic and (G, H) is a normal couple, 
then S” '(F, G) and $,(R — F, H) are dually paired with the linking coefficient 
as the group multiplication. 


Since ©? '(F, G) and §,-1(F, H) are likewise dually paired (4.1), both 
6,-1(F, H) and 9,(R — F, H) are isomorphic with the character-group or space 
of ©7(R, F, G) (group of R mod F over G) and hence also with one another. 


Therefore: 


(9.2) TuzorEeM. If Ris (p — 1, p)-acyclic, F closed in R, and H any discrete 
group, then $pi(F, H) + O,(R — F, H) (linear isomorphism when H is a field). 


This last formulation offers the advantage that it is expressed in terms of a 
single coefficient group. Similar formulations may of course be given for the 
analogues of the other theorems of (III, 38, 39). See notably Alexandroff [f].. 

Noteworthy consequence of (9.1): 

(9.3) When. ® ts acyclic the cohomology groups of 3} — F are topological in- 
variants of F alone, and in particular they do not depend upon the topological 
embedding in MR. 

(9.4) AppLicaTion. An augmented parallelotope P has the groups of an aug- 
mented point and hence it is acyclic. Therefore (9.1) is applicable for all 
dimensions and (9.2, 9.3) also hold for P. | 

10. Intersections and their carriers. Up to the present, intersections of any 
sort have largely had an “algebraic”? connotation. The consideration of the 
calriers will enable us to make the transfer to point set properties. 

The general notations remaining those of (4), let in addition G, H be two 
groups commutatively paired to a third J, such as always occur in connection 
with intersections. The brunt of the argument will bear upon the intersections 
in a fixed @ . 

(10.1) Let & = {of} and let F, U be a closed and an open set (not necessarily 
complementary to one another). By (V, 4.1) o?-c. is a chain of Cl o? and 
hence its vertices are among those of ox . Moreover (V, 4.1) of -o ~#0-= 


oO. < on. 
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Suppose that of , o have the carriers F, U so that 
[of]nF #9, [al CU. 


Since the vertices of of are among those of ox we have [c'] > [o?], and Uigret ore 
[ox] < U. Similarly since the vertices of o? +o. are among those of of if of? 
is a simplex of this intersection then [of“] > [cf] and therefore [ok “Jn F D 
[o?]nF CFonU. Hence [of] n (Fn U) & G, and so o?-c has the carrier 
Fa. It follows that if C? , C’ have the carriers F, U then their intersection 
has the carrier F'n U. 

(10.2) For the cochains it is most convenient to utilize the intersections of the 
Whitney type (V, 20). The vertices of ®, are ranged in sonie fixed order and 
intersections determined in terms of that order. Referring to (V, 20.1) if 
o* o ~ 0, as is a dual simplex whose vertices include all those and only those 
of o and o}. Therefore 


ao £0 [oo] = [or] n [o?]. 


Consequently if C*, , C’ have the carriers U, V, their intersection has the carrier 
Un V. 

(10. 3) Let now y” = {yx} be a cycle of R over G with the closed carrier F, 
Yq = fy} a cocycle of | ® over H with the open carrier V, and let I’, I, be their 
classes. We have then a class intersection [’-I’, and our purpose is to select a 
suitable carrier for a cycle of that class. 

By hypothesis there exists {u} cofinal in {A} and ve {A} such that every y? 
has the carrier F and y', has the carrier U. Since {u | > v} is also cofinal 
in {A}, it may replace {u} and so we may suppose every u > v. It is then a 
consequence of the definition of [”-T, that the cycles vy? my "y*, are coordinates 
of a cycle y” *eT’-T,. 

Now by (1.12), "7; has the carrier V. Hence (10.1) y>-a,’y’, has the car- 
rier Fa V. Since {p} is cofinal in {\}, y’-y, has the same carrier. Thus: 

(10.4) If vy’, vq have the carriers F, V then in the intersection class T”-T, there 
is a cycle with the carrier Fn V. Any cycle of the class with the same carrier is 
called an intersection cycle of y’, yq , written y’-7q . 

(10.5) Consider now two cocycles yp = {y,} and y, = {y.} over G and H ; 
with the open carriers U and V and classes ['p and T,. There exist repre- 
sentatives 7’, , Ya, with the carriers U, V. Choose any p ee u, v. The inter- 
section cocycle (axty DD (ms 'y 7) taken as in (10.2) is a representative of a cocycle 
Youd €Vy:T,. By (1.12) Onn has the carrier U and oe Y, the carrier V and 
hence (10.2): ratyt em, y, has the carrier U a V, or finally yp4, has the carrier 
UnvV. Thus 

(10.6) If vp, Yq have the carriers U, V then in the intersection class .',-T, there 
is a cocycle with the carrier Un V. Any cocycle of Tp-T, with this property will 
be called an intersection cocycle of yp, Yq, written Yp°Vq - 

(10.7) The preceding results may be extended to relative cycles and cocycles. 
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Let F, F, be closed sets with F, C F, and V, V; open sets with Vi C V and let 
y” be a cycle mod F; over G with the carrier F and y, a cocycle mod V; over H 
with the carrier V. We will say that y’, y, are in general position if we have: 


(10.8) (Fa V\)u (Fin V) = @. 


Similarly let UV > Ui, V > V,, where all the sets are open, and let yp be a 
cocycle mod U; over G with the carrier U and y, as before. Then y,, 7¥q are 
said to be in general position if we have: 


(Un V;)u (Uin V) =@. 


_ It is an elementary matter to verify that for relative elements in general posi- 
tion all the considerations of (VI, 8) and of (10.1, --- , 10.5) are valid without 
modification. The intersections y’-y, and yp-y, continue to be absolute cycles 
and cocycles. 

(10.9) AppLicaTIoN. (a) If y’, y, have carriers F, V such that F and V are 
disjoint then T?-T, = 0. (b) If yp,7q have disjoint carriers U, V then T,-T, = 0. 
Similarly for the relative intersections. 

The “point set’’ value of this property is clear. Its proof is elementary and 
left to the reader. 


§2. RELATIONS BETWEEN CONNECTEDNESS AND HOMOLOGY 


11. (11.1) We have seen (III, 20) that in simplicial complexes there exists a 
close relationship between connectedness and the zero-cycles. The same situa- 
tion is found to hold, following Cech [a], for every topological space ®. To bring 
the two concepts together one must first associate zero-cycles with the points 
of ®. Let the notations remain those of (4). Take any point ze and let 
U, , Ux both contain x. Since the two sets meet they are joined by a c' in &, 
or U, ~ Ux ind. Suppose that we choose a U, s x for each \ and let y’ = {Uy}. | 
If \ > uw then r\U, is a U, and so r.U, ~ U,in®,. Therefore y’ is a zero-cycle 
of ® associated with x. Similarly {gU,}, g « G, is a zero-cycle of R over G and 
it is denoted by gy’. 

(11.2) All the cycles such as y° associated with x are homologous integral cycles. 

For if 8° = {U,}, ce U,, then U, ~ U; in ® and soy’ ~ &. 

(11.3) If R is a Ti-space then any y° associated with x has the closed carrier x 
(obvious). 

(11.4) For convenience we shall designate also by x any cycle y’ attached to z 
in the above sense, i.e., any collection {U,}, x¢«U,. This is not strictly accu- 
rate since the cycle in question is not generally unique. However, xz as a cycle 
will only be utilized in homology relations, and since its class is unique the 
deviation is immaterial. The open sets U, will also be referred to as coordinates 
of x. Thus, if x, x’ have the coordinates {U,}, {U,} then x ~ 2’ U, ~ Uy 


in &, for every AX. 
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In an obvious sense also gz will designate a cycle {gU,} where U, are coordi- 
nates of x and the same remarks may be made for the cycle gz as for the cycle z. 

(11.5) We have already defined the components (I, 20) and they will be 
denoted by {K;}. Two other related concepts may be naturally introduced 
here: 

(a) the pseudo-components of 9, which are merely the components {©} of 
the net © of the finite open coverings (VI, 5); 

(b) the quasi-components {Q;} which are defined as follows: the quasi-com- 
ponent Q; of a point x is the set of all points x’ ~ x. It is clear that Q; is then 
also the quasi-component of every such zx’. Each point x belongs to one: and 
only one quasi-component. 

(11.6) Let {®}, fixed, be the components of the complex @,. The union 
of the vertices of ®\ is an open set denoted by V;. Since the V; are disjoint 
open sets and form a covering of #, Vi has for complement an open set, and so 
V; is also closed. Thus {V3}, ) fixed, is both a finite open covering and a finite 
closed covering. 

Let x eR have the coordinates {U,} and suppose that U, is a vertex of ® , 
or which is the same, that U, C Vi. If Uj; is another choice of a X coordinate 
for x then U, ~ U, in. Hence Uj is also a vertex of & (III, 20.5) and so 
U;, C Vi. Thus, hence Vi , depends solely upon x and not upon its coordi- 
nates. Notice that +eV}, and so V; is merely a coordinate of x in the 
covering {V3}. | 

(11.7) Quasi-components were originally introduced by Hausdorff whose 
definition was, however, different. We will say that a closed set ¥ is zrreducible 
from «x to x' if there is no decomposition # = Fiu F., Fin F, = Q, F; closed, 
with xe F,, 2’ ¢«F,. According to Hausdorff the quasi-component S of x is the 
set of all the points xz’ such that ®t is irreducible from z to 2’. 

It is not difficult to identify the two definitions. First S is contained in a 
single Q;. . For suppose z, x’ eS, 2 ~ 2’. Then for some A:te Vy, = Fi, 
2’ «RR — Vi = F,, where the F; are closed and disjoint. Hence § is not 
irreducible from zx to xz’, contrary to assumption. Therefore x ~ xz’ and so 
reQi77veQ72SCQ;, If S # Q:, we may choose ve S, x’ €Q; — SV, 
and there will be a pair of disjoint closed, hence also open, sets U; , U2 whose 
union is ® and such that z e« U;, x’ « U2. We have then in {Ui, U2} a finite 
open covering in the nerve of which the coordinates of x, x’ are not homologous. 
This implies x ~ 2’; which contradicts x, x’ ¢«Q;. Thus S = Q; and Hausdorff’s 
definition agrees with (11.5b). 

The following example essentially due to Hausdorff will make clear the dis- 
tinction between components and quasi-components. The set is planar and 
consists of the segments 1,:0 S y S$ 1,zx = 1/n,n = 1, 2,--- , together with 
a set of disjoint subsegments {L,,} of s = 0,0 S$ y $1. The components of R 
are the {l,, Lm}. On the other hand if the component V; of 1, meets Ln it 
will contain every I, for n above a certain value, and hence also every Ly. 
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Therefore UL, is a quasi-component, and it is clear that it may contain arbi- 
trarily many components. The other quasi-components are the I, . 

(11.8) Let 2 have the coordinates {U,} and let &{ be the component of & 
with Us as a vertex. As shown in (11.6) V}*, and hence > depends enly on z. 
Since r}U, ~ U,, > wu, mUy is a vertex of 6". Thus &)* is connected 
and meets Bi, Since the latter is a component of @, , we must have m&\* C Gi". 
Therefore @' = {B} is a pseudo-component (VI, 5) and it depends solely 
upon xz. We will say that ®' contains x and denote by [®'] the totality of the 
points x which &* contains. If {\} is replaced by a cofinal subset {u}, @and &° 
go over into, say, ‘@ and a component ‘é’ of ‘6. The set [@‘] is now defined as 
before and it is readily seen to be [®'] itself. Thus this set is unchanged when 
{U,} is replaced by a cofinal family. 

(11.9) If = {B\*} is a pseudo-component and the V}> are as in (11.6) then: 

(a) {V,*; C} ds directed (the intersection of any two elements contains a third); 

(b) {Vi} has the finite intersection property; 

(c) [@) = NVY 

(d) if [®'] ¥ @ then it is a quasi-component, and the quasi-components are all 
of this form, i:e., they are the sets [®'] + @. 

If \ > pu then rd)’ Co". Therefore if U, is a vertex of &)* then rU, = U, 
is a vertex of $i". By the definition of the +. then U, C U,, and hence V;* C Vii". 
It follows that if » > A, w, then V3" C V}> » Vi" which is (a). Property (b) is an 
immediate consequence of (a). A n.a.s.c. for x e{®'] is that a coordinate U, 
of x be a vertex of ,* or that U, C V3", and since x e U, , we also have z ¢ V3’, 
and hence [® 1 oNvp. Conversely, x ¢MV}* implies that a d coordinate U) 
of x is in Ve and hence that x ¢ [®'], proving (c). Regarding (d) if 2, v’ eR, 
and U, ,U; are their \ coordinates then 2, x’ ¢ [6'] > U, , Uy are vertices of ©); 
hence U, ~ U, and so z~z'. Thus [®’] is in a unique quasi-component: Q, . 
On the other hand, z ¢ [®’], x’ ¢ [@’], 1 ¥ j, > & + &) for some \ > UY U, => 
x ~ x’, and so 2, x’ are not in the same quasi-component. Thus [®'] is a quasi- 
component and [6'], [®’], ¢ ¥ 7, are distinct quasi-components or null sets. 
Take now any quasi-component Q; and let x ¢«Q;. As shown in (11.8) z is also 
in some set [®’] which is a quasi-component. Since x belongs to a unique quasi- 
component we have Q; = [®’]. Therefore {Q;} consists merely of the sets 
(®’]  @, and (d) is proved. 

(11.10) If a component K; meets a quasi-component Q; then K; © Q;. Hence 
every quasi-component is a union of components. 

Let = {oloeh, lo] n K; ¥ @}. Since K; is connected so is W (I, 18.1). 
If x, x’ € A; have U, , U, as \ coordinates, then U, , Ux are vertices of % and so 
U, ~ U,. Therefore z, x’ are in the same quasi-component which is (11.10). 

(11.11) Components and quasi-components are closed sets. 

By (I, 19.3) K; is connected and since K; C K; necessarily K; = K;, or K; 
is closed. Since V; is closed (11.6), it is a consequence of (11.9ed) that the 
quasi-components are likewise closed. 
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(11.12) When 2 is compact all the [®'] + @, and hence they are the quast- 
componenis. 

For {V;*} is a collection of closed sets by (11.6), and has the finite inter- 
section property (11.9b). Hence (11.9c): [&"] + @, and so (11.12) is a conse- 
quence of (11.9d). 

(11.13) Suppose R is not compact and let it be compacted to S in accordance 
with (I, 26.1), then let R be identified with its topological image in S. If {P;} are 
the quasi-components of © then P; —> ®* 1s one-one and the quasi-components of R 
are merely the intersections different from @ of the P; with R. 

Referring to (6.1), the net of the finite open coverings of © contains a cofinal . 
net Y =. Hence (11.8) the components {¥*} are in one-one correspondence 
with {®*} and also with {P;}. Thus we may assume the notations so chosen 
that ¥', 4°, P, are associated in the correspondences. Furthermore if 6° = {&{>} 
and ®,* has the vertices {U,,}, then ¥' = {¥\*} where V}> has the vertices 
{2(Um)} (notations of I, 27). From the properties of the operator © (I, 27, 28) 
we infer that Q(Usm)nR = Urn, then from P; = M,U,,Q(Urm), [2°] = MUnUim , 
finally that {@'] = P;a ®. This proves (11.13). 

(11.14) Consider the following numbers: r, = R°(@,) = the number of sets V3 ; 
r = sup 7,; k = the number of components; gq = the number of quasi-com- 
ponents; the Betti number R° of §. | 

(11.15) If one of the numbers r, k, q, R° ts finite then: 

(a) all four numbers are equal and have the common value R’; | 

(b) every quasi-component is a component, and conversely; 

(c) if {K;},7 = 1, 2, +--+, R° are the components then whatever G: 


H7(R, G) = P9?(K; ’ G); 


this holds also for the homology groups by finite closed coverings; 
(d) af {x;} are points such that one and only one x;¢K;, then every zero- 


cycle y° over G satisfies a relation 
. yY~ g's, g €G. 
Moreover there 18 no relation 

gt: ~ 0, | g’ eG, 


unth coefficients not all zero. 
We will first prove 


(11.16) ° 7 r S inf {k, q, R’}. 


We recall that the number of pseudo-components is R° (VI, 5.3). From 
(11.9, 11.10) we have then g S$ k, R°. Choose a point z;in V}. Since no two 
points x; have their coordinates in the same V; we have x; ~ z; for 2 ¥ j, 
and sor, Sq. Hencer, S inf {k, g, R°}, from which (11.16) follows. 


As a consequence of (11.16) if any one of the numbers k, qg, R’ is finite so is r. 
Suppose now r finite. We may then choose a u such that r, = r. We show 
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that every V;, is a component. Since the Vi are disjoint it is only necessary to 
prove V: connected. Suppose this false. We have then V, = Ui u U2; 
Ui n Uz, = 9; U1, U2 open in V,. Since Vi is open in 9, U; and U2 are open 
in R also. Hence {V,,---,Vi", Ui, Us, Vit’, ---,V%} is a finite open 
covering of R, say ly , such that ®, consists of r + 1 vertices. Thus7 = r-+ 1, 
which is ruled out, and so the V; are components. As a consequence r = k 
and since r S q Sk, alsor = gq. 

Keeping u fixed as above, let Uy, = {Uxm}. Then U, = {Urmo Vi} > UW. 
Since Vi is a component the covering {U,m a Vi} of Vi is connected. Since 

Vi, Vi,i ¥ j, are disjoint the nerves of {Usama Vi} and {Uma Vi} are disjoint 
and so they are distinct components of &,. It follows that U(Uim Vi) = vy; 
is one of the sets V; , and clearly every V* is a V;,. In other words, the two 
collections {Vi}, {V>} are identical and hence r, = r, = 7. Since ) is any 
element of {A}, {v} is cofinal in {A}. Thus for a {v} cofinal in {\}, ®, will have 
exactly r components #}. Clearly also »’ > v > 236%, Co! Consequently 
the net {%,} cofinal in ® has exactly r components. Since the two nets have the 
same number of components we have by (VI, 5.3): r = R’. 

We have thus found that when r is finiter = k = g = R°. In view of (11.16) 
this proves (11.15a). We have also shown incidentally that the Vi are the 
components of ®. Since each is contained in a quasi-component, and k = gq, 
(11.15b) follows. 

We have also found that for {v} cofinal in {\} the net {#,} consists of R° 
closed subnets {#'}, ®° = {#3}, where the ®} are disjoint. It follows that each 
©’ determines a pseudo-component and so (11.15c) is a consequence of (VI, 5.6). 
Referring now to the proof of (VI, 5.3) it is an elementary matter to show that 
the x; chosen as in (11.15d) may be taken as the 7; loc. cit. and thus (11.15d) 
is a consequence of (VI, 5.4). 

(11.17) The example in (11.7) raises the natural inquiry: when are all the 
quasi-components also components? We have just found that this is certainly 
the case when the number of components or quasi-components is finite. Another 
noteworthy circumstance under which the same property holds is described in: 

(11.18) When R ts compact normal, and so in particular when itt ts compact 
Hausdorff, every quasi-component 1s a component. Hence under these conditions 
the number of quasi-components is the same as the number of components. 

Let z, x’ be points of the same quasi-component say Q,. We will prove 


(11.19) | r~ xing. 


On the strength of property (14.4), due to A. D. Wallace and proved inde- 
pendently of the present considerations, it is sufficient to show that if W is any 
neighborhood of the closed set Q, then 


(11.20) a~ vc’ in W. 


Let QQ, = "7 Use We show that for some ui Vie C IW. For in the contrary 
case every V)) n (R — W) #@. Hence by (11.9a) the collection of closed sets 
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{V}> n (9 — W)} has the finite intersection property. Since % is compact 
this implies (N V4) n (R — W) = Qin(R — W) # 9, acontradiction. There- 
fore some V* C W, and since x ~ 2’ in V)’, (11.20) follows and so does (11.19). 

In view of (11.19) Q; is its own unique quasi-component and so its own 
unique component. Thus Q: is connected and so it is a component of &, which 
proves (11.18). 


§3. GROUPS RELATED TO WEBS 


12. (12.1) To facilitate comparison with (VI, 21, 22) we will denote through- 
out this section open sets and closed sets in webs of sets by A and B. If (A, B) 
is a dissection of Rt, then in the notations of (4): A C A’ > &(A) C &(A’), 
while B C B' > @,(B) © &,(B’). Therefore if Y= {A,}, B = {By} are comple- 
mentary webs of sets then ©o(%) = {®o(Aa)} and #:(%) = {P,(B,)} are, respec- 
tively, an open and a closed web of nets, and furthermore they are readily shown 
to be complementary. If we define the groups of Y, B by reference to #,( 1M), 
©,(%), then the basic table (VI, 22.9) carries over to webs of sets. 

We shall now make several applications of the preceding considerations. 

13. Locally compact spaces. 

(13.1) Let B = {B,} consist of all the compact subsets of %. Then % is 
clearly a web of sets. If {A; >} is ordered by the inclusions of the B, we are 
under Case III of the table (VI, 22.9) with the cycles the elements of an H-conet. 
Thus the groups of the cycles must be taken discrete and so we have IIIb. 
The cycles of 8 are said to be compact. Any such cycle is defined by a single 
coordinate, and so it is merely a cycle y’ of R with a compact carrier B and 
y’ ~ 0 signifies that 7? ~ 0 in some compact B’ > B. The web B is direct. 

(13.2) Let now % = {Ay} be the web of all the open sets with compact 
closures ordered by inclusion. This time again the web is direct and it cor- 
responds then to Case Ia of the table with an H-net. Thus a cocycle of % is a 
cocycle y” of R whose carrier is an open set A with compact closure, and yp ~ 0 
means that y, ~ 0 in a similar set A’ D A. We call y, a compact cocycle. 
The groups of the related cycles are topologized, those of the compact co- 
cycles discrete, and they form two dual categories with intersections. 

(13.3) While it is true that the groups just considered may be defined for 
any space, they acquire significance only when is “liberally supplied” with 
compact subsets and this will generally hold only when ®t is locally compact. 
In this regard there is a certain similarity between the present situation and 
the situation of (I, 29), in relation to the remark (1, 29.4). 

14. Neighborhood groups of a closed set. 

(14.1) Let F be a closed set and take % = {Ay} to consist of all the neighbor- 
hoods of F. If B, = # — Ay, let {A; >} be ordered by the inclusions of the 
B,. We have then the inverse web %, and so Case IIa of the table: a weak 
H-conet (all groups discrete). A cycle is determined by a single coordinate; i.e., 
by a cycle 7’ of R mod B, where B, F are disjoint, and vy? ~ 0 means that 
y’ ~ 0 mod B’, for some B’ > B. The cycles are said to be through F. 
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A cocycle of % is a collection y, = {y',} where y’, isa cocycle of A,and\ > p> 
v, ~v7, in A,. Moreover y,~0 means that yy ~0 in A) for every \. The 
cocycles are said to be around F. 

(14.2) Let now % = {A,}. Evidently % is an inverse closed web of sets 
and so we may introduce its cycles and cocycles. The description is the same 
as above with cycles and cocycles, A, and A, interchanged. The cycles are 
now said to be around F, and the cocycles to be through F. This time we have 
the weak H-net, IVb of the table, and the groups are still discrete. 


(14.3) THrorrem. If R 1s normal then the homology groups of the cycles around 
F and the cohomology groups of the cocycles through F are the same as the cor- 
responding homology and cohomology groups of F itself. 


The proof requires the following noteworthy result due to A. D. Wallace: 

(14.4) If R as normal, F closed in R and U a finite open covering of R, then 
there exists a refinement B = {V;} of U such that if Vin ---n V;n A ¥ @ what- 
ever the neighborhood A of F, thenalsoVin-:-n1V;nF #@. The same property 
holds with A replaced by A. 

By a mere paraphrase of the proof of (3.1) we first show that U1 has a finite 
open refinement %3 = {W;} such that {W;n F} is an irreducible covering of F. 
Let now 4&8 be shrunk to B = {V;} (I, 33.4). Since V7; CV; C Wy and {W;n F} 
is irreducible Vin --- an Vja il ¥9@Win---nWynFk 4G Vin --- 0 
V jn F # p. 

Let B be the union of the intersections V;n --- a V; which do not meet F. 
Since their number is finite, B is closed and so A =  — B is a neighborhood 
of F. We also have Vin ---n Vin A #O V;n---nVinF#Ge 
Vin--»-nV;a F #Q@. This proves (14.4) for the open neighborhoods of F. 
Since ® is normal there is a neighborhood A’ of F such that A’ C A and clearly 
in the equivalences just written A may be replaced by A’. This proves the 
statement regarding the closed neighborhoods. 

Proor oF (14.3). Let {%,} be the collection of all the coverings such as 
B of (14.4). By (14.4) this collection is cofinal in the collection of all the 
finite open coverings and so it may replace it in all homology questions. Let 
then YW = {¥,} be the net of the nerves of the ¥, and introduce the closed web 
V(X) = {%1(A,)} (notations of 4, with ¥ in place of ®). Let W,(A,) = {W,} 
and let o be a simplex of ¥i,. Since %, has the property of the B of (14.4) 
if the kernel [c] of « meets every A) it meets F, and conversely. Hence 


(14.5) Wi(F) = N (A), 


and so (14.3) 1s a consequence of (VI, 23.2). 

15. Convergency of the cycles of a normal space to a closed set F. The 
following question arises in one form or another in the applications. There 
is given a class I” of cycles of the space ® such that every closed neighborhood 
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A, of F contains an element y? ¢ I’, with the property that \ > wu (ie., 
A, © A,) > 72 ~ 7? in A,. Does there exist a cycle yf ¢ I” in the set F 
itself? If so, yx } is said to converge to ys. We have: 

(15.1) If R ts normal then: (a) a collection such as {y~} always converges to 
a cycle y8 of F; (b) if the cycle yf? ~ 0 in every closed neighborhood A) of F then 
vs ~ 0 in F also. 

Under the assumptions y” = {7%} is a cycle of the inverse web (1). Refer- 
ring to (VI, 23.7) we may conclude from (14.5) that there is a cycle yj of 
#,(F), that i is to say of F, such that: (a) yé u {vf} = ’y” is a cycle of %(F) u 
©, (3); (8) y? > 'y” defines an isomorphism between the corresponeing homology 
groups of { and Fu Y. It is a consequence of (a) that 7? ~ 7? in A) which i is 
(15.1a). Regarding (15.1b) since i Cc Ay, v2 u {y? |, (y@ a cycle of F, ¥,” 
a cycle of A, , 7 , x? = 7?) is acycle 'y’ of &(F) u (2). Under the assumption 
of (15.1b): {7,7} ~ 0 in (9), and hence by (8) ’y? ~ 0 in @,(F) uv ®,(Q), which 
implies yf ~ 0 in F. 

Another case of convergency of the cycles is described in: 

(15.2) Suppose that the {A,} coinitial in {A} have their pth Betti numbers 
mod 7m finite. If the y? are all members of the same homology class [” over a field 
G of characteristic x then {y?} converges to a cycle y¢ of F which isin T?. Further- 
more if y? ~ O in A, then ¥? ~ 0 nl. 

Let $7(A,, G) = Ay, and let 7, \ > wu, denote the injection A, > A,. 
Then S = {H,; n,-} is an inverse system of vector spaces over G. Since dim H, 
depends solely upon the characteristic w of G, it 1s finite and so H, is linearly 
compact (II, 27.7). The elements (homology classes) of H, which contain 
ay” ¢ I” form a linear variety L, in H,. Since H, is finite-dimensional it is 
discrete (II, 25.6) and hence L, is closed in H,, and consequently it is linearly 
compact also (II, 27.3). Since manifestly » > v’ > nL, CL, , by (II, 27.6) 
there is a limit-element of S whose » coordinate is in L,. This means that 
there is a collection {y?}, y? a cycle of A, in T’, such that »y > vp’ > 7? ~ y?, 
in Ay. Since {v} is cofinal in {A} there is a similar collection {y?} relative 
to {A,}, and (15.2) follows then from (15.1). 

(15.3) Betti and Alexandroff numbers over a field G may be introduced 
both for the cycles around and for those through F. Since they are defined by 
means of nets they depend solely upon the characteristic + of G and so they are 
written R?(F, r), p6 (F, +) for the cycles around F and RP(F, wr), pi (F, 7) for 
those through F. 

When § is normal the numbers Rj (F, 7) are those of F itself (15.1). Notice 
that the definition of (II, 35) for the numbers pj may be put in the following 
form. Denote by p2?(A, A’, 7) the maximum number of p-cycles of A’ over 7 
which are independent in A, where A 2 A’. Then | 


(15.4) po(F, 7) = sup {inf po(A, A’, 7)}. 
A A’ 


Similarly of course for the numbers p? . 
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From (II, 35.7) there comes 

(15.5) pi) (F, wr) = RUF, x) or &. 

(15.6) The neighborhood groups and related aumeoe R, p may be defined 
for any set A as those of its closure A. 

(15.7) Groups at a point. They are merely the neighborhood groups of z, 
1.e., those of its closure ~. In particular if 9 is a normal 7\-space then zx is 
closed, and so, (14.3), the groups around x are those of x ttself. Hence R?(z, x) 
= 0 for p > 0, Ro(z, r) = 1. This yields together with (15.5) the following 
noteworthy result due to Alexandroff [c]: 

(15.8) In a normal T,-space p?(x, x) = 0, © for p > O and py (x, r) = 
_ (15.9) It is hardly necessary to observe that all the groups that we have 
just defined are topological invariants. In particular the numbers R?(z, 7), 
pi (x, x) are noteworthy topological characters of the points in relation to their 
neighborhoods. 

(15.10) Supposing R to be a 7\-space there may be defined the cyclic or 
acyclic properties of at x in the usual way in terms of the groups of the cycles 
through x. Thus § is n-cyclic at x if all the n-dimensional homology groups 
through z are cyclic and the rest zero. 

16. Products of compact Hausdorff spaces. We shall utilize webs to extend 
to such products the product formulas for Betti numbers of (IV, 6.9, 6.10; 
VI, 11.3). The method was suggested to the author for a product of compacta 
of finite dimension by Samelson. 

(16.1) Any compact Hausdorff space may be identified topologically with a 
closed subset § of a compact parallelotope P = Pl, , where ) is the segment 
02 <1. Let us denote by V4,..., any set of the form PA) , where A, = h 
for \ * 1, °°: , Ar and Aj, is an open subset of ,,.. Let N be any neighborhood 
of Rin P. Since {U,,...,} is a base, given any z e R there is a U),...., between 
xz and N. Since ® is compact it is covered by a finite number of such sets. 
If {\1, --+, Ae} are all the indices present in them, then each ts a U,,..., , 
and so we fae a finite open covering {U},...,} of Rin P. Let Py,..a, donot 
the “face” of P consisting of all points for which x = 0 for’ # 1, °°: ,As, 
and let m,..., denote the projection P — P,...., whereby each point x is sent into 
the point of P,,...., with the same coordinates x, . Since m,...., 18 an open map- 
ping (I, 12.1), Visa = m,..a, U},..a, is an open set of Py,...., and evidently 
Uj,..0, = Th, dh, vi. a, Hence if My... = m,..a, 98, then we have 
Va a, = UVj,..a, a8 a neighborhood of ®,..., in Py,..a, such that Uj,..., 
= at », Vr,--a, 18 @ neighborhood of R contained in N. 

(16.2) We now borrow a few simple results from (VIII) proved independently 
of the present considerations. Since P,,...., is a finite polyhedron | IT { by (VIII, 
4.1) applied to | II’ | there is a barycentric derived 11 whose mesh is arbitrarily 
small. In particular, g may be so chosen that all the simplexes of II’ whose 
closures meet %j,...., have their closures in Vj,...,. Their union is a so-called 
“polyhedral” neighborhood of %,..., in Py,..., which we now call Vj,...,. 
We still have R C Uy,..., C N and we note that Vj,..., is now a finite poly- 


266 HOMOLOGY THEORY OF TOPOLOGICAL SPACES [VII] 


hedron. We will also designate U,,..., as a “polyhedral” neighborhood of 
R in P. 

(16.3) By the preceding argument the polyhedral neighborhoods of ® are 
cofinal in the family of all its neighborhoods. Therefore the inverse web 
% = {U,,..2,} has the same homology groups as 9 itself (14.3). 

It is an elementary matter to prove that m,..a, Ur,..., = Va,..a,- Moreover 
if z e Th,..a, and 2’ = m,..a, 2, the segment zr’ ¢ Uy,...,. Therefore Vj,..., 
is a deformation-retract of Uj,..., (I, 47.4) and so their homology groups are 
the same. Thus U,,..., has the homology groups of a finite polyhedron. 

(16.4) Suppose now that we have a second compact Hausdorff ®’ and let 
P’, --+ have their obvious meaning. Then # X ®’ is topologically immersed 
in the parallelotope P X P’ and 8 = {T,,..a, X Uy;...x;} is the analogue of 
X for R X R’. We may apply here the reasoning of (VI, 11) for net products 
and this will prove the extension of the product formulas. Explicitly: 

(16.5) The product formulas for Betti nunbers and Poincaré polynomials of 
(IV, 6.9, 6.10) are valid for a product of compact Hausdorff spaces R XK R’ wherever 
they have a meaning, 1.e., wherever the Betti numbers of the factors involved are 
finite. If any R?(R, wr), RR, +r), p + gq = 8, ts infinite and the other ts not 
zero then R°(R X R’, w) ts infinite. 


§4. GROUPS RELATED TO THE UNION AND INTERSECTION OF 
TWO SETS 


17. Given two sets A, B in §, there exist interesting isomorphisms between 
their homology groups and certain groups of Au Band AnB. These relations 
are the generalization of similar relations for finite complexes due to W. A. 
Mayer [a] (see also Vietoris [b]) which we shall first derive (following [A—H, 287]). 

Let then X be a finite complex and X,, X2 closed subcomplexes of X such 
that X = X,u X-2. Itis clear that X~ = Xin Xz is likewise a closed sub- 
complex of X. : 

We shall deal exclusively with chains, --- over a division-closure group G. 
Since all the complexes are finite it will mean that “~ 0” ¢ “bounding” (III, 
17.2). 

All the chains, --- being over G the following notations shall be used: 

C,v,T, 3, &, © chains, cycles, homology classes, groups of cycles, of bound- 
ing cycles, homology groups for X; 

C3 eee , Cv pon the same for X;, Xx ; 

6; a cycle of X; mod Xp; 

R’, R?, Rf the Betti numbers of X, X;, Xz over G when Gisa field. 

In addition to the groups § we shall also require the following: 

g’ = the subgroup of Hf consisting of the classes If, of the cycles yf which 
are ~ 0 in both X; and X ; 

° = the subgroup of §” consisting of the classes of the cycles yf? — 2; 
H”? = $? X SH? ; its elements are the pairs (I? , r?); 

mm” = the subgroup ot H” consisting of the pairs (If , I?) such that there 
exists ayf, e FP ande [?. 
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18. We have at once 


(18.1) C? = CP? —C?. 
Therefore : 
(a) (C? — C? = 0) > (CP? = C? = Ch), 


since in this case the elements of the two chains can only be in Xx. 
In particular if C? = y? = CP — C?, we have FC? = FC? = viz and so 
C? is a 8? or | 


(18.2) y? = 6? —6?, Fo? = yh". 
Suppose 7? ~ 7” = 4)” — 62”, with Fé,? = 7:7". We have then 


vy — y'? = bP — 8? — (8P — 83”) = FCP" — FC?™, 


and so by (a): 
é? — 5? — FC?" = Ch. 


By taking boundaries we obtain then 
vis pa ni = FC ~ 0in Xx. 
Thus although the decomposition (18.2) is not necessarily unique, when +” 
is in a specified class I” then y?;"' remains in a fixed class Tf. Since 


(18.3) v2, ~ 0 in both X; and X2, 


we have PR ek”. It is clear that ©? > 1%" defines a homomorphism in the 
algebraic sense 7:6” — 2”. We will show that 7 is a homomorphism. Choose 
systematically C? = (the part of 7” in X — X.) and still yz = FC?. If ris 
the projection X — X — X; we have then yf,” = Fry’. We have also shown 
that y’ « §? > vk « %i:. Hence w induces a homomorphism: §*° —> $F", 
and this homomorphism is in fact r. 

Now if yx e TH € 2”, then y=” = Fé?, and so y” = 67 — 42 is such that 
rl? = r?;'. Therefore 7 is a mapping “onto”: rH” = &”. To find the kernel 
of r suppose ';7 = rT? = 0, or vy ~ 0 in Xiz, where yiz_ is as in (18.2). 
Then 7% = FC and hence 


(18.4) 7 = (6f - Ch) = (82 = Cfo) a vi — 72. 


In other words y’” is then the difference of two absolute cycles in X:, X2. Con- 
versely, when it has this form manifestly yin ~ 0. Therefore the kernel of + 
is D’. This yields our first basic isomorphism: 


(18.5)? B/D? =v" 


Let 7; be the homomorphism 5% — ? induced by the injection Xz — X;. 
Then I’? > (mr, m2) defines a homomorphism onto 7:9 — M’. Its 
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kernel consists of the ['f, such that 7.If, = 0, (¢ = 1, 2), iie., of 2?. Hence 
our second basic isomorphism: 


(18.6)? Hh/V? = M’. 


Consider now the cycles y? — yf of X. If y? e I’? then y? — 7? is in a fixed 
class I” of §” which is in D’, and which depends solely upon r? , 'f?. More- 
over clearly again (I? , '?) — I” defines a homomorphism onto 60:H? — 9”. 
The kernel of 6 consists of those and only those pairs (I? , '?) such that y? — y? 
= FC?) = FCPt' — FCP By (a) this is equivalent to y? — FC?*' = y®, 
or to yf ~ viz. Hence the required kernel is 92” and so we have our third 
basic isomorphism: 


(18.7)? H?/D? = D’. 
Suppose that G is a field and let 1’, m’, h’, d? denote the dimensions of the 
groups ”, 2”, H?,D”. We have then from (18.5)”, (18.6)”, (18.7)? and an ob- 


vious expression for h”, the relations between these numbers and the Betti 
numbers: 


R?-@ =P; W=RP+ RP; 


(18.8)? 
RR—P =m; d= bh? — m’. 


Hence by addition there comes the following noted formula due to W. Mayer: 
(18.9)? R?=RP+ RF —-RE+P +7. 


(18.10) Suppose now that X = Xiu X2, where the X; are openin X. Then 
Xz = Xin Xz is likewise open in X. Hence X* = Xfu X} , Xia Xz? = Xh, 
where Xj and Xf are closed in X*. Applying therefore the preceding results 
to X*, we find that they hold under the conditions just stated for the cycles 
of X*,i.e., for the cocycles of X. In other words, the same results are still valid 
provided that the dimensions are those of cocycles. The new relations are like 
(18.5), --- except that p must now be written as a subscript: 6,, &, --- 
We designate them by (18.5),, ---, (18.9),. 

19. The extension to nets offers little difficulty. Let Q = {Q; mt} be a net 
and ®, 2, , ; , £2. closed subnets of 2 with @ = {@}, ---, bd, and® Co, & = 
Py U Py , Pin = Py 2 Py. The previous designations for the cycles are applied 
to ©, ®;, Py» and those for chains, --- with the complementary index \:C? , 
-+» to®,---. In the first part of the extension 2 plays no real role but it 
reappears later and will help to make the combined situation more symmetrical. 

The extension is made under the assumption that G 1s compact or a field. 

The crux of the argument lies in the proof of the three basic isomorphisms. 

Proor or (18.5)”.. Given y” = {y?} C ® we have from (18.2): 


(19.1) ye = 6h — 6h, F6R = yin’. 


Therefore by (VI, 14.1), and with F applied to the 5?” as there indicated: 
6? = [dh} is a cycle of 6; mod $n, yz = {yi } a cycle of G2 and yf = 
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Fs?.. If y” ~ vy’ determines similarly 6? , vif we have 6h ~ 5.2 mod Sy 
and so as in (18): Fé, ~ F5,? in Dy ,or yin ~ vi in Bi, and finally yf" ~ 
yi?~'. Thus again I’ determines a unique r2,’. We define + as before and 
show that 76? = 2. To find its kernel suppose vn e Th’ = rl? = 0, 
or yz) ~ Oin Sy. By (18.4) then 


(19.2) Yr ae bh a Chon rae (63) == Cian) rz vin a van . 


Let ©?, , 3% be the groups of the chains of ®: and of the cycles of ®y over 
G, and set: | 

(19.3) Ry = (6h — Cfar) 0 Bh . 

The parenthesis is a coset of the group €{, mod the closed subgroup Gin, 
and 3% is a closed subgroup of 2. If G is compact [a field] the groups and 
coset are compact [linearly compact], and so is R, which is in any case ‘different 
from %. If m is the projection 3% — fh (homology group of ®y over G) 
then S, = mR) has the same compactness properties as R,. Clearly’ > p> 
#.S, C S,, where # is the projection 6? — 6; induced by w.. Therefore {S); w} 
is an inverse mapping system of non-void compact [linearly compact] spaces 
and so it has a limit-element r?. If y? = {vy} e I? then yi = 5h — Cin. 
Hence 7? = {v2}, vA = 5& — CPx, is a cycle of 42 such that (18.4) holds. The 
rest of the proof is completed as before. 

Proor or (18.6). Essentially as before. 

Proor or (18.7)”. 6 is defined as before and the discovery of the kernel 
reduces again to finding what happens when yf ~ 72 , or here vh ~ yn. AS 
shown in (18) we have then 
(19.4) vA ~ vin in Pa . 

If y:2, is any other choice for yf. in (19.4) then liz, — Pha € & which is compact 
[linearly compact] when G is compact [is a field] and so 7, = (miA} =Tin + & 
is likewise compact [linearly compact]. Since again} > » = mT, < T,, 
we show as before that y%, may be chosen such that viz = {vfa} is a cycle of 
®,.. By (19.4): 

(19.5) V? ~ Viz in 9; 

and this enables us to conclude the argument as before. 

Thus our isomorphisms are now proved. 

When the Betti numbers involved are finite the other characters in (18.8)” 
are likewise finite and so Mayer’s formula (18.9)” will hold in that case also. 

20. Suppose now that #,, & are arbitrary closed subnets of 2 and set ¥ = 
Q — d,,V; = 2 — . It is known that V is a net, and it is an elementary 
matter to verify that VY; is an open subnet of ¥. This time Yin = Yn an Wo, 18 
open in YW and V2 = {Via} is an open subnet of W. In place of the cycles we 
must now take the cocycles over a discrete group G. Now the relations between 
the cocycles are always reducible to relations for one coordinate with possible 
invariance under a single projection r;*. On the strength of this (18.5),, 
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- , (18.9), for nets, defined as in (18.10), are proved like (18.5)”, «+ , in (18), 
and the details are left to the reader. 

21. The applications to a topological space ® require little more than a transfer 
from nets to spaces. 

(21.1) Let F = Fiu F., Fe = Fin F: be closed sets in ¥ and let be the 
net of the finite open coverings {l,}. Except for replacing ® by & the nota- 
tions are as in (4). Define 

® = 0,(F); 2; = {@a} = A(F:), Pe = {Pin} = (Fw). 
The situation is then as in (19) and so (18.5), --- , (18.9) hold under the fol- 
lowing conditions: 

(a) G is compact or a field; 

(b) GS, R’, 6? , R? , S% , Rf are the homology groups and Betti numbers 
of F ’ F; ) Fy» ) 

(c) the groups H’, --- , ©” are defined as in (17) with X, X;, Xv replaced 
by F ) F ay F 12 - 

(21.2) Let now U = ® — Fr , U;=R- F; ’ Uy = Uian U2=R —- (Fi u F,). 
Let &, ®; be defined as above and set¥ = 2 — $n,¥;=@—;. The situation 
is that of (20). Wu is introduced as in (20) and (18.5), --- (18.9), are valid 
under the following conditions: | 

(a) G is discrete or a field; 

(b) S,, R, are the cohomology groups and Betti numbers of U = ® — 
(Fi a F2); | 

(c) the groups H,, --: , Dp are defined as H” --- in (17) with X, X;, Xx 
replaced by U, U;, Uw , and cocycles in place of cycles. 

22. Interesting results are obtained by specializing some of the sets. 

(22.1) Fy = Fin F2is (p — 1, p)-acyclic. Then g?-* = 0 as a subgroup of 

P—! and 2” = M” = Oas subgroups of 6% . Consequently by (18.7)’: H? =D", 
and from (18.5)": ©’ & D”. Therefore §’ = SP X H7, and R* = Rf + Re 
when G is a field. In particular, when Fz is acyclic this holds for all p. 

(22.2) R is (p — 1, p)-acyclic. Let also (G, H) be a normal couple and 
let the cycles and cocycles be, respectively, over G, H. Suppose now 

PG) = 0. By (9.1) then 6,(H) = 0 and so by (18.5)p: &p41 = 0. In 
other words, if a cocycle y>z, of Uz is ~ 0 in both U1 and U2 it is ~ 0 in U also. 

Generally speaking, given F closed in MR, we say with Alexander that a 
cocycle y, of R — F links F when it is ~ 0 in R — F, and that it does not link F 
otherwise. The result just obtained may then be formulated as: 


(22.3) THeorEM. Let R be (p — 1, p)-acyclic, (G, H) a normal couple, and 
the closed sets F, , F, such that S2' (G) = 0. Then if yp is a cocycle of R over 
H meeting neither F, nor F,, and not linked with them, it is likewise not linked 
with Fr. 


This is in essence a theorem of the type of Phragmén-Brouwer. The strict 
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theorem going by that name, and the generalizations due to Alexandroff [a, 
178] will follow at once from (22.3), as soon as we gather more information 
about manifolds (VIII, 19.7). 

Remark. With the topological applications in view, the results just ob- 
tained have been formulated for and closed sets. Analogous results may of 
course be stated for complexes or nets. 


§5. THE VIETORIS HOMOLOGY THEORY FOR COMPACTA 


23. Let R be a compactum and let 2 = {co} be the simplicial complex composed 
of all the simplexes whose vertices are points of 8. We associate with o the set 
| o | of its vertices, define diam o = diam |o |, and thus turn © into a metric 
complex (VI, 24.2) the complete Vietoris complex of R. Its V-theory, the proto- 
type of all such theories, was introduced by Vietoris [a]. It is noteworthy for 
its convenience in many applications, but as we shall show, it is in fact reducible 
to the Cech theory. 

Throughout this and the next section we shall understand by “simplex, com- 
plex, chain, cycle” the simplexes, finite subcomplexes, finite chains, finite 
cycles of 2. By a Vuetoris cycle or cocycle of R is meant a V-cycle, V-cocycle 
of © (VI, 25). The “V-terminology” is in fact carried over bodily to Q in 
the obvious way. There is no need to repeat the definitions and we shall merely 
consider the more special properties of Vietoris cycles. For reference we recall 
that such a cycle is a sequence {y?} of finite cycles with a companion sequence 
of finite chains {C?*"} such that 


(23.1) FC?*) = y?4, — y? ; mesh Y, » mesh CP 44 0: 


Furthermore 7’ ~ 0 whenever there is another sequence of finite chains {C,?*"} 
such that 


(23.2) 7 FC,?*) = y?, mesh C,?t' — 0. 


The group properties are as in (VI, 25). 

(23 3) Notations. The Vietoris groups of cycles will be designated by 3. , 
3, 0,- 

(23.4) It is convenient to define inclusion relations between the subsets of R 
and the Vietoris elements. If K is a complex and A a closed set we define 
K CA whenever | K | C A (A contains all the vertices of K). Then C” CA 
|C?| CA,7” = {yn} CA every yn CA. 

(23.5) Extension to local compacta. Once Vietoris cycles and groups have 
been defined for compacta, one may introduce them for a local compactum ®t 
by a mere paraphrase of (13). Generally speaking a Vietoris cycle y” of R 
is merely a Vietoris cycle of a compactum A C §t, and y’ ~ 0 7’ ~ 0 in some 
compactum B > A. The groups are defined as in (13) and they are discrete. 

(23.6) Topology of the Vietoris groups. We have seen (VI, 25.1) that on 
general grounds the V-cycles of a metric complex are the elements of a weak 
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H-net, and so in accordance with our conventions they are only to be taken 
over discrete coefficient groups. This remains true, for instance, as regards 
the Vietoris groups of local compacta. We shall find, however, (28.1) that 
when ft is a compactum the Vietoris groups over division-closure groups may be 
identified with the Cech groups in the algebraic sense, and this will enable us 
to carry over to the Vietoris groups the topology of the Cech groups. This lies 
at the root of all the topological Vietoris groups encountered in the literature. 

24. (24.1) Let K be a subcomplex of Q whose mesh 1s less than «. If each 
vertex of K undergoes an ¢€ displacement 0 there 1s induced a simplicial chain- 
deformation of K over Q to a complex L of mesh less than 3, and with homotopy 
operator S such that the chains Do are likewise of mesh less than 3e. 

Ifo = 2; --- x; ¢€ K then ¢ = (62z;) +--+ (02,;) is a simplex and L = {ft} a 
complex such that 6 is a simplicial chain-manping of K onto L. By (IV, 16.3) 
6 is a chain-deformation with simplicial operator D such that Do and also ¢, 
are both in the closure of the simplex x; --- x; (6x) --- (62;).. Therefore the 
deformation is over 2. Moreover since d(x; , xj) < ¢, d(x; , 62:) < e€ and d(6z; , 
6x;) S a(x; , xj) + d(x; , Ox;) + d(x;, Ox;) < 3e, our assertions as to mesh L 
and ®D follow. 

(24.2) Let y? = {y2} be a Vietoris cycle and let each vertex of y? undergo an 
nn-displacement, where nn — 0. In accordance with (24.1) there aus a certain 
chain-deformation 6, of |v |. Then {Ony2} ts a Vietoris cycle ~ y”. 

If D, is the deformation operator for 6, we have (IV, 14.4): FD,y? = 6ay? — y? 
where mesh D,yr , mesh 6,7; < 3n, and so approach 0. Hence (24.2) follows 
from (VI, 25.4). 

(24.3) The Vietoris homology groups are topological invariants. 

Let #, R’ be compacta and Q, 0’ their complete Vietoris complexes. If there 
is a topological transformation T:t — KR’ then T induces a metric isomorphism 
of 2 with 2’ from which (24.3) follows (VI, 27.2). 

(24.4) If RN, R’ are compacta than a mapping T:R — RK’ induces a homomor- 
phism of the Vietoris homology groups of R into the corresponding groups of KR’. 
The notations being as above if o = a -:-2;eQ then To = (T7z;) --- 
(Tx ;) ¢€ Q and o — To defines a simplicial chain-mapping 0:2 — Q’. Since 
the spaces R, KR’ are compacta diam TJ’ — 0 uniformly with diam o (I, 45.7). 

Hence 6 is metric and so (24.3) is a consequence of (VI, 27.4). 

25. Let A be a closed set in ® and let Q, be its complete Vietoris complex. 
The V-cycles of 2 around Q, (VI, 26.2) are known as Vietoris cycles around A. 
Their description is the same as for ordinary cycles in (23) except that the 
sequences {y?}, {C?*}, {C,,?*"} are to have at most a finite number of terms 
not in any given @(A, e). The corresponding homology groups are to be 
denoted by §4(R, G) and we prove: 


(25.1) HARK, G) = H(A, @). 


Or explicitly: the corresponding Vietoris homology groups of A and of around 
A are isomorphic. 
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If we assign to each zx e R a point y ¢ A such that d(z, y) = d(x, A) then 
x — y defines a simplicial chain-mapping @:Q2 —Q, such that if o « Q then diam 6c 
— 0 uniformly with (diam o + d(c, A)). Coupling this with (24.2) we prove 
readily that if y’ = {y2} isa Vietoris cycle around A then 6” = {6y2} is a Vietoris 
cycle of A whose class A” depends solely upon the class I” of y’. Since Tr? —> A? 
manifestly defines a homomorphism 7:94(#, G) — 67(A, G@) there remains to 
show that 7 is an isomorphism. Since every cycle 6’ is also a y’, and invariant 
under the operation 6, 7 is onto. Referring to (IV, 16.3) 6 is a chain-deforma- 
tion over 2 whose operator D is such that Do is a chain of Cl o(6c). It follows 
that: (a) mesh Dy? — 0; (b) given any e A : there is at most a finite number 
of chains Dy? € G(A, ¢). Since FDy? = — 7? , we have 6” ~ y’ as cycles 
around A. Now if 6” ~ Oin A it is also ~ be as a cycle around A, and hence 
in that case y? ~ 0 also. This shows that 7 is univalent. Therefore 7 is an 


isomorphism and (25.1) follows. 


§6. REDUCTION OF THE VIETORIS THEORY TO THE CECH THEORY 


26. Henceforth we assume the Vietoris groups topologized as indicated in 
(VI, 26.1). This being understood we may state the basic: 


(26.1) THeoreM. The Vietoris and Cech homology groups of a compactum R 
over a discrete group G are isomorphic. 


A more complete result which includes (26.1) will in fact be proved but requires 
more detailed description. 

(26.2) Consider first an arbitrary éountable collection of finite open coverings 
{Ul,} such that: (a) Ung > U, ; (b) meshU, — 0. IfUis any finite open covering 
then some mesh Ul, is less than Lebesgue number U, and so U, > U. Thus 
{Un} is cofinal in the family of all the finite open coverings. Hence (5.1; VI, 
18.2) if ®, = nerve Ul, and r*” is a projection by inclusion ®,,, — ®, , then 

a 


the homology theory of ® is the net theory of the spectrum 2 = {®, ; 7, 
Explicitly 


(26.3) TurorEM. The Cech homology theory of a compactum is the net theory 
of a sequential simplicial spectrum. 


It is of interest to observe here that (26.3) establishes the connection with 
the method of Alexandroff [a], and also of [L, VII, 323] for investigating the 
homology groups of compacta. 

As a consequence of (26.3) it is sufficient for our purpose to consider the 
cycles 5° = {62} of the spectrum 2. 

(26.4) Let Q continue to denote the complete Vietoris complex of R. Let 
U, = {Uni} and choose a point z,;¢ Uni. Then U,;— xn; defines a simplicial 
chain-mapping 7,:2, — Q. If 6° = {6%} is a cycle of 2 then y? = 7,62 is a 
finite cycle of 2. Let S,, S, denote the Cech and Vietoris groups and let A? 
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be the class of 8”. We will prove the following result which implies (26.1): 

(26.5) There is an infinite sequence {n’} such that (a) y? = {yh} 18 a Vietoris 
cycle; (b) the class I” of y’ depends solely upon A”; (c) A? — I? defines an iso- 
morphism 7:$?(R, G) > SF (RK, G). 

27. To avoid difficulties with the so-called “isolated points” of ® (points 
which are also open sets), the space is first imbedded topologically in a com- 
pactum ‘R without isolated points (for instance, the Hilbert parallelotope P® 
(I, 46.3)) and § is then identified with its image in ’R. Referring to (5.1), as 
far as the Cech theory goes, and clearly then as regards (26.3), we may replace 
the finite open coverings of by the coverings whose sets are the intersections 
with ® of the sets of the finite open coverings of ‘R. We will therefore denote 
henceforth by {U} the open sets of ‘9. Let ’W be the nerve of the full collection 
of these open sets. The simplexes o ¢’¥ such that [co] n R ~ @ form a closed 
subcomplex ¥Y. In fact U > Rn U defines a similitude Y — nerve {Rn U}. 
We assign too = U;--- U;eW the set |o| = U;u---uU;. Ifo’ < o, the 
vertices of o’ are among those of o, and hence | o’| C|a/. We now define 
diam o = diam | c |, and it turns ¥ into a metric complex (VI, 24.2). It is with 
this metric complex, still called ¥, that we shall first be concerned. We notice 
at once the convenient property: 


(27.1) diam a > 0, 


which is the chief reason for imbedding & in ’R. 

(27.2) Let K = {o} be a stmplicial complex and 7, T2 two spl chain- 
mappings K —W. Then 7, 72 are chain-homotopic and with a simplicial ho- 
motopy operator D such that || ‘Do || C || m0 || vu || r20 ||. Hence if K, 71, t2 are 
metric and if diam (|| 710 || u || reo ||) + 0 unzformly with diam o, then the chain- 
homotopy is likewise metric. 

As an immediate corollary we have: 

(27.3) Let K, L be closed subcomplexes of ¥ and 7 a stmplicial chain-mapping 
K — L such that diam (| @ | u || ro ||) + 0 untformly with diam o,oe K. Then rt 
as a metric chain-deformation over V. 

Proor oF (27.2) Let {A;} be the vertices of K and let the open set 7A,, 
be denoted by OFF . We will also set U; = Ui; U Us; . ifce= Ai, ets A;, ek 
then ,U;:, * 9, and since U; D Uni, likewise NU, ~ 9. Therefore A; — U; 
defines a chain-mapping 7:K —W. Since U; > Uj; we find at once from (IV, 
16.3) that 7 is chain-homotopic with 7,, and this with a simplicial operator 
D, such that || Dac || & || ro || u || rao || C || mo || u || 720 |]. Hence (IV, proof 
of 15.1), 7 is chain-homotopic with 7. and with the homotopy operator D = 
D. — D, behaving as asserted. 

(27.4) Take a point x on each set Rn U # @. Then: (a) U — x defines a 
metric simplicial chain-mapping 6:¥ — Q (the complete Vietoris complex); (b) @ 
induces an isomorphism of the group of V-cycles ;(¥, G) with the Vietoris group 

yo (R, G). 


It is clear that @ induces a homomorphism of the groups of the V-cycles of 
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YW into the corresponding Vietoris groups, and hence a homomorphism 
Ob: D2, G) > H7(K, G). 

Consider now any finite subcomplex K of ©, and let {x;} be its vertices and 
its mesh. Denote by U; the union of the G(z;, €) such that 2; is a vertex of 
St z;. Thus U;, is an open set of 'R meeting , and hence a vertex of VW. If 


i++: 2;eK then U;n-:- n U; ¥ @ and so x; — U; defines a simplicial chain- 
mapping p(K):K — ¥. We notice that 2; ¢p(K)zx; and diam p(K)z; S 4e. 
Let now 7? = {yh}, {C2™} be a Vietoris cycle with its companion sequence 


satisfying (23.1). If p(|C2"'|) = p, then p,C?*’ = D,?*' and pay? = 8?, 
P 'p 
Pna¥n+1 = 6,4: are such that 


p+ ’ I p+ 
FD. = 6n41 — 82 ; mesh D,,?*’, mesh 6? — 0. 


Compare now 674; with 6,%,. If x is a vertex of yeas then pax and pra4iz 
meet. From this and the definition of the p, we deduce that if o € | 724: | then 
diam (|| pag || u || pn4io ||) <-4 (mesh C2** + mesh C?}i) = {, 0. Therefore 

27.3) Pn, Pn41 aS Chain-mappings | y?,,| — W are chain-homotopic with sim- 
plicial homotopy operator D such that Do is of mesh less than ¢,. Hence 
D,?** = 8.2, is a chain of W whose mesh is less than ¢, and such that FD?" 


) 'p 
= On4i are On+1 . 


Therefore if D?*? = D)?*' + Di?" then 
FD?" = 82,, — 8? ; mesh D?2*', mesh 5% — 0. 


Consequently 5° = {5%} is a V-cycle of Y which we denote by py’. 

Suppose that y’ ~ 0. We have then {C,,?*"} such that (23.2) holds, and a 
slight modification of the preceding reasoning yields 6° ~ 0 inv. Therefore 
vy’ — & induces a homomorphism 1:6?(R, G) > 9?(¥, G). 

If x is a vertex of yi then the point 6p,x = 6,x is a point of R such that 
sup d(x, 6,2) — 0 with increasing n. Hence (23.5): py” ~ vy’. Similarly if U 
is a vertex of 62 then p,0U n U ¥ @ and so from (27.2): p,052 ~,, 82, én — 0. 
Hence p05” ~ 6”. From this follows p6 = 1, 66 = 1. We conclude then that 6 
is an isomorphism and (27.4) is proved. 


(27.5) Consider now a sequence §¥%,}, @. = {Vani}, of finite open coverings 
of ’R such that: 

(a) B. = 'R; 

(b) if «, = mesh &%,, nm, = inf {diam V,;, Lebesgue number %,} then 
€n+1 < Nn/ 2. 


As a consequence of (b) we also have 

(c) Bagi > Ba ; 

(d) {en} — 0. 
If {%@,} is any sequence of finite open coverings such that mesh @, — 0, 
YS, = ’R, then a subsequence has properties (a), (b). It is clear that in (26.2) 
we may add the covering ® without disturbing the situation. Hence if we prove 
(26.5) with the U, of (26.2) replaced by U1, = {U,;}, where the U,,; are the V,,; 
meeting , then it will have been proved in its full generality. 
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(27.6) For convenience let , denote henceforth the set of the simplexes of 
nerve %, whose kernels meet Jt, and Jet r2* be a projection by inclusion 
&,41 — ®,. Thus the homology theory of ® is still the net theory of the 
spectrum = = {%,; 25°}. The general projection $, > ,, > m, is given 
by re = amt! ... 927! We also require the complexes: 

X = the union of the simplexes of nerve UU, whose kernels meet 3; 

Xm = the similar complex for U{U, | n 2 m}. 

If we apply (1.14) to the nerves of U,, and U{tl, |x = m}, we verify: 

(27.7) There exists a chain-deformation retraction tm:Xm— Pm with a simplicial 
deformation operator Dm such that: (a) Duo C Cl(rma) 5 (b) tm | Pn = m,n > Mm. 

Regarding X we also have: 

(27.8) X is a metric chain-deformation retract of V. 

Since the U,; include ‘R = Uy, , every open set U meeting % is contained in 
some U,;, and if U,; D> U then yn, 2 diam U. It follows that at most a finite 
number of U,; contain U. Among these select one rU for which n has its 
largest value or else rU = U,, itself when U = U,;. Clearly U — rU defines 
a projection by inclusion ¥ — X which we still call 7. Since r|X = 1, by 
(1.14) + is a chain-deformation retraction with simplicial operator D such that 
Do C Cl(rc), and so mesh Do S diam ro. Now if diam o < €n41, every 
vertex of wo is in a set of U, and so diam mo S 2 mesh B, = 2e,, hence also 
mesh Do S 2e,. It follows that both diam wo and mesh Do — 0 uniformly 
with diam o. Hence x is a metric chain-deformation retraction, proving (27.8). 

(27.9) A cycle of the spectrum 2 is a collection 6” = {52}, 62 a cycle of ©,, 
such that: 


(27.9a) wn 624, ~ 82 in &, . 
The relation 6° ~ 0 is equivalent to 
(27 .9b) 62? ~ Oin @, . 


In particular for cycles over a discrete G this means that ®, contains a chain 
D2™ such that 


(27 9c) FD?" = 62. 


If Z°, F” are the net groups of the cycles and bounding cycles of = over G then 
F? is closed in Z” (VI, 3.5) and 


(27.10) H2(R, G) S&S 2?/F*. 


(27.11). Since G is discrete the topology is defined as follows: the 6” with an 
assigned 62 make up an open set u, in Z”, and {un} is a base for the group; 
F” is closed in Z” and $?(R, G) has the factor-group topology. 

(27.12) Passing now to the V-cycles of WY, it is a consequence of (27.8) that 
as regards the nomology theory we may replace VW by X. Consider then a 
V-cycle of X, y? = {y”}, with associated sequence {C?™*} and the relation 
(23.1). Since mesh C?*' — 0 it is in an X,, such that m, — ©. Since {y?} 
may be replaced by any infinite subsequence we may assume it such that m, 2 n 
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and so C?*' Cc X,. Applying 1, (27.7) we obtain 6? = ray? C ®, and there 
will be a finite chain ’C2** in X, such that F’C?*! = y? — 6?. From this 
and (23.1) it will follow that X, contains a chain D?™ such that FD?" = 
bn41 — 62. Applying then 7, we obtain (27.9a). If 6? = {67} ~ 0 (as a 
V-cycle) there exists a finite chain D?‘’ of X such that FD?** = 8? , and that 
mesh D?** — 0. Hence there exists for each n an m, such that D2" C Xn, 
and that {m,} — ©. It follows that we may choose an m > n such that 
Di” CX,. Consequently 7,52 = 1762 = Fr,D2", and so 1762 ~ 0 in ,. 
From (27.9a) there follows then: 7762 ~ 62 ~ Oin®,. Thusif 6 ~ Oasa 
V-cycle (27.9b) holds. The converse being manifestly true we find that whether 
6” is considered as a Cech cycle or a V-cycle the homology groups are Z”/F? 
in the algebraic sense. Referring however to (VI, 25.2) one verifies that {un} 
of (27.11) is also a base for Z’ as a group of V-cycles. Hence the Cech groups 
of R and V-groups of X, and consequently of VY, are isomorphic: 


(27.13) Ge (KR, G) = HF (¥, G). 


Coupling this with (27.4), our basic theorem (26.1) follows. 

All the material is also at hand for obtaining (26.5). First of all, in view of 
(24.2), the choice of the point z,; ¢ Un; in (26.4) does not affect the class I” of 
the Vietoris cycle y” there considered. And now if 6° = {62} is the V-cycle 
of X, which is also a Cech cycle of 9, considered in (27.11, 27.12), the iso- 
morphism 6 of (27.4) is precisely of the kind required by (26.5), as applied to 
the V-cycles of X of the particular form just considered. Since these cycles 
may also be viewed as Cech cycles of © without disturbing the homology groups, 
(26.5) follows. 

28. Complementary remarks. 

(28.1) Suppose that G is any division-closure group. If Gp is the discrete 
group isomorphic with G in the algebraic sense, then 97(R, Go) is isomorphic 
with $2?(R, Go) and hence (VI, 3.8) with 6?(R, G) in the algebraic sense. It 
follows that we may assign to 6?(R, Go) the topology of H7(R, G). This is 
essentially the manner in which Pontrjagin [c] topologized the Vietoris groups, 
and for a compact G obtained compact ‘“‘Vietoris” groups. It is important to 
observe that this procedure succeeds only for diviston-closure groups. For other 
groups the Vietoris definition yields § = 3/%, the Cech definition 6 = 3/§, 
and the two may be distinct. Wherever the topology of the groups is to be 
taken into account it is advisable therefore to adopt the Cech definition. 

(28.2) In order to show the full equivalence of the Vietoris and Cech homology 
groups for a compactum §, it is still necessary to show that they behave alike 
with respect to mappings. More precisely let 7’ map 9 into the compactum G, 
and let the analogues of 2, --- for S be designated by 0’, ---. We have then 
729? (KR, G) — H?(R, G) of (26.5) and the corresponding 7’ for S. On the other 
hand T induces homomorphisms 6:627(R, G) — 6?(S, G@), &:D7(R, G) 
§?(S, G). To prove the asserted equivalence is to prove the relation 


(28.3) Or = 76. 
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To establish this it is sufficient to show that if 6” is the cycle of the spectrum 2 
in (27.9), and y? a companion Vietoris cycle, and A’, I’ their classes, then 
6A”, 6D? are similarly related relatively to S. It is clear that as regards the 
question under consideration GS may be replaced by the compactum 7®, and 
go we may assume 7’ to be a mapping onto. Referring now to (5.12), and 
recollecting that {U,}, {%,} there considered may be replaced by cofinal families, 
we find that in the argument there given 6 is induced in substance by what, in 
our present notations, is a mapping 7:5” — 6’ of the cycles of 2 into those of 2’. 
Moreover this mapping 1 goes together with a mapping of 7’ into a cycle «4,I” 
such that 6°” = 7’6A”. This is in outline the proof of (28.3). 

(28.4) Returning to the situation of (27.6) let D, = D, | ®n41 = the deforma- 
tion operator for 7,|,4:, and set Y = U| DiPn41|. The complex Y has for 
Euclidean representation a fundamental compler K for ® in the sense of 
(L, 327]. In fact there is a metric isomorphism Y — K. As shown loc. cit. K, 
hence equally well Y, may serve to define a homology theory for ®, which by 
arguments similar to those used for the Vietoris theory, may likewise be reduced 
to the Cech theory. For rational coefficients the equivalence to the Vietoris 
theory was explicitly proved in [L, 330]. 


§7. HOMOLOGY THEORIES OF KUROSCH AND OF ALEXANDER- 
KOLMOGOROFF 


29. A special type of covering will enable us to introduce, following Kurosch 
[a], a homology theory of the Cech type whose net is a spectrum. This theory 
is closely related to another of a type recently introduced by J. W. Alexander [e] 
and Kolmogoroff [a]. The common feature is the restoration of the chains and 
cochains as central elements. We shall find nevertheless that all these special 
homology theories are variants of the Cech theory. 


30. (30.1) Derinition. An open set U of the topological space Kt 1s satd to be 
regular whenever U = Int U. A closed sct A is said to be regular whenever 


A = Int A. 


(30.2) The complement of a regular open [closed] set 1s a regular closed [open] 
set (proof elementary). 

(30.3) If A, A’ are regular closed sets so is A u Al. Hence if U, U" are regular 
open sets so is U n U’ (proof elementary). 

(30.4) If A [U] is any closed [open] set then Int A [U] is a regular open 
[closed] set. 

If V = Int A then V C A, and hence Int V CIntA = V. AlsoV CV => 
V Cc Int J, and hence V = Int V; so V is regular. The treatment of U is 
essentially similar. 

(30.5) If U, U’ are regular open sets then U C U'e U CU’. 
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The first inclusion manifestly implies the second. When the second holds we 
have (Int U = U) C (Int U’ = U’), proving the asserted equivalence. 

(30.6) If UW = {Ai,---,Ap} ts a finite closed covering and U; = Int A,, 
U = {U;}, then il > A and Ul is a covering. | 

It is only necessary to prove ll a covering. In substance it is sufficient to 
show that if any set of %, say A1, is replaced in % by U1, then the collection is 
still a covering or that W = R® — (Ui u A,u---uA,) =@. Now in the con- 
trary case W is an open set not meeting A;, 7 > 1, and so W C Aj, hence 
W CU, = Int A,, which is ruled out. Therefore (30.6) is true. 

31. Gratings. The theory of Kurosch. 

(31.1) We understand by an open grating, or merely a grating of R, a finite 
collection of disjoint regular open sets B = {V,} such that ¥ is a covering. 
We refer to % as a closed grating. It is on the gratings that the Kurosch theory 
is based. J. W. Alexander (to whom “grating” is due) utilized these coverings 
for a similar purpose. 

(31.2) If B = {Vi}, BW = {Vi} are two gratings, so is Bn BW’ = {Vin Vj}. 

The sets {V; » V;} are clearly disjoint, and they are regular (30.3); so we 
only need to prove that Ba QB’ is a covering. Now Ban B = {Vin Vj} isa 
covering, and hence by (30.6): {Int (V;n V%)} is likewise a covering. Since 
V;, V; are regular, we have Int (Vin V;) = Int V;n Int V; = Vin V;. There- 
fore {Vin Vi} = Ba B’ is a covering, proving (31.2). 

(31.3) Every grating B% is of the form B = Bin---n B,, where the B; are 
binary gratings (1.e., composed of two sets). 

If 8 = {V;}, (4 = e 2, ee r), and ¥; = {V;, Int (R aon! V;)}, then Y,is a 
binary grating and 8 = Bin---an %,. 

The property just proved was extensively utilized by Alexander in his 
“grating” theory. 

(31.4) It is a consequence of (31.2) that any two gratings ¥, B’ have a 
common refinement which is a grating. Let then {%,} be the collection of all 
the gratings and set d, = nerve B,. If {A} is ordered by \ > pe? B > B,, 
it becomes a directed set {A; >}. 

Suppose now A > uy, and let B = {Vai}, Be = {Vu}. Every set Va; is 
contained in a set V,; and V,; is unique since the sets of %, are disjoint. By 
(30.5) we also have: Vii C V,;> Vi; CV,;. It follows that V,; > V,; defines 
a projection by inclusion r\:6, > ®,. Thus = = {& ; 73} is a simplicial net 
with unique projections and so it is a simplicial spectrum, the grating spectrum. 
Since the #, and their projections are among those of the net W of all the finite 
closed coverings, 2 is a partial net of W. 

Since 2 is a spectrum it may serve to define a net homology theory and a 
projective homology theory. We leave the latter aside for the present and 


prove: 


(31.5) THrorem. The net homology theory of the grating spectrum is the same 
as the homology theory by finite closed coverings (§-theory) (Kurosch [a)). 
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From (31.5) and (8.1) there follows then: 

(31.6) When R is a normal Ti-space and hence when it ts a metric space, a 
compact Hausdorff space or a compactum, then the finite open or closed coverings 
yield the same homology theory as the net theory of the grating spectrum. 

The proof consists in showing that = is cofinal in Y, or in the last analysis 
that every finite closed covering 2 = {Ai,--- , Ap} has a refinement which is a 
closed grating. According to (30.6) % has a refinement 1 = {U,,--- , Uy}, 
where the U; are regular open sets; so we may start with Ul. Let V; = 
U;—- U{Tsl3 > i}, and define V) = U) = @. Then if W; = {Vo,---, Vi, 


Ui, U 2} we will show that every ; is a covering. Since this is true for 
Wo, we aagamné it for Bs and prove it for Wisi. If Wis: is not a covering 
thn W=R — (Vou---u Visi u Uiygu -:: u U;,) is not empty. Since 


Y,; is a covering and Ww meets none of its sets except possibly Ui41, we 
must have W C Uy41, hence W C Int Oia: = Ui4i, and finally from the 
expression of Vi41:W © Vis: which is ruled out. Therefore all the 9%; are 
coverings. In particular if W, = BV = {Vi,--:,Vq} then B is a covering 
and % > A. 

The sets V; are clearly disjoint. Moreover from V; = Uin(R — U{U;|j > 7}) 
and (30.2, 30.3, 30.4) we conclude that V; is a regular open set. Therefore % 
is a closed grating refining 2 and (31.5) follows. 

32. Projective groups of the grating spectrum. 

(32.1) We have just found that the net theory of the grating spectrum is 
equivalent to the §-theory. Its projective theory (VI, 16) will serve as an 
introduction to the Alexander-Kolmogoroff theory. Let C’(z, G@), Z’(2, G) 
F’(>, G) and H?(z, G) = Z°(, G)/F’(z, G) be the projective groups of chains, 
cycles, bounding cycles, and homology groups of = over a given G. Let first 


c’ = {cp} «C”. If {of;} are the p-simplexes of ®, we have then 
(32.1a) cP = gion , gi eG, 
(32.1b) A>prme?r =c?. 


(32.2) Let of; = Vai, °° Va, and suppose that ox; occurs also in ®, ,A> BS 
that is to say, the sets V);, are also sets of B,. Then Vari, = Vii, mV; ¥ Vax 
for 7 ¥ t,. Hence mof; = of, mot; * of; forj ~ 7. By identifying the 
coefficients we find from (32.1b) that those of of; in cy and c/ are the same. 
Suppose now that ox; occurs in @, , where wis arbitrary. Thenif ¥, = Ba B,, 
of occurs in ®, also and vy > Xd, uw. Therefore ox; has the same coefficient in 
cy ,c? and cp , c? , hence the same in cy ,c; . In other words, g, depends solely 
upon the simplex of; , and so it may be written as a function y’(o”) of the oriented 


simplex o” alone (the former of;). It is thus as yet a function g(Vai, , --- » Vai,) 
of the ordered set Vii,,---, Vai,. To free it from this ordering we define 
y’(Vaig, **+ , Vai,) a8 skew-symmetric in all its arguments. 


(32. 3) Let Q% be the complete nerve of the regular closed sets and let us write 
now o” as o” = Vy)---V,. This simplex o” may be characterized by the 
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property that while NV; + @ nevertheless the vertices V; have disjoint in- 
teriors V;. Indeed it is an arbitrary simplex of this nature. For if Vey = 
Int (R — UV, then {Vo,---, Vp4i} is a closed grating whose nerve has o” 
as asimplex. Let this particular grating and its nerve be written B(o"), Bo”). 

Since the vertices of 7 < o” are among those of o”, they also have disjoint 
interiors. Therefore the simplexes of % whose vertices have disjoint interiors 
make up a closed subcomplex © of %. To the project've chain c” of the spec- 
trum > there corresponds now a chain of 2 given by 


(32.4) , ‘P= VY o*(0*)o” 


or more explicitly, and with summation over all the scts {Vo,---, V,} with 
disjoint interiors: 

IAP 1 7 7 \V 17 
(32.5) | Cc = (p+)! >»: go" (Vo, eo ag Vy) Vo ee Vo. 
Evidently c? — ‘c” defines an isomorphism in the algebraic sense 7:C*(z, G) > 
‘6? C G(9,G). If U isan open set in G and U(o") = {c? | g(a") « U}, then 
{U(o")} and {rU(o”)} are subbases for the two chain-groups. Therefore 7 is an 
isomorphism. For convenience we identify c° with ‘c? = rc”, thus identifying 
C(x, G) with ’G@’. The coordinate cf of c” becomes now merely the part of the 
chain which is in @. 

(32.6) Since c” = {cf} is a projective chain so is Fc? = {Fc?}. Itis important 
however to bear in mind that Fc” is not the chain-boundary of c” as an element of 
©?(2, G) but only its boundary as a projective chain of the spectrum 2. We shall 
nevertheless characterize Fc” as 4 chain-function of c’. 

Returning to the form (32.1a) for cf , we have: 


P  pigP-!. i _ ip p. pol 
Fe = hyox; ; hy = grloxs 29%; ]. 


Since the coefficient of of%;* in Fe? is independent of A, we may replace & by 


any other nerve 9 of; . 
Let the notations be so chosen that 


a" = Vo--+ Vea, BB, = {Vo, +++, Ver, Van -** Var. 


We have then @(o”") = {Vo,---,Vp1, W}, where W = UV); or W = 
Int (R — UV) and so B > Bo” ’). The projection 7:® — @(o” *) is defined 
by rV; = Vi, rV; = W. From this and rF cy = F(xc?), we find that the 
coefficient of o” in Fc? is simply 


gy” '(Vo, mrt y Vy-1) = o (W, Vo nn) V,). 
Thus Fc’ may be defined as the chain 


(32.7) Fo? = 7 YT eP(W, Po, 2+ Poa) Po oes Poot. 
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We may also define F as an operator on ¢” by 


(32.8) Fy? = y?(Int (R — UV), Mo, «++, Vp-2). 


All these results will be utilized in a moment. 

(32.9) There is no difficulty in describing the projective cochain-groups. 
The duals of the projections +. are denoted as usual by 7,“ and the duals of 
the of; ¢&, by of The group of the p-cochains over a discrete H is the limit- 
group ©,(=, H) of the direct system {€,(@,, H); m"“}. A p-cochain is thus 
a collection cp = {c}, where c’, is a representative of c,, and where if both 


P * * . 
c, , Cp» are representatives then for some A > yp, vim"c, = m cp. A p-cochain 


Cy is uniquely determined by any representative c*,, and cp = 0 +> m"c4, = 0 
forsome \ > yp. The boundary Fc, is then the cochain with the representative 
co41 = Fe. The groups 3,, $2, Dp = 3Bp/Hp are defined in the usual way, 
and they are the same as the net groups of 2. 

(32.10) The intersection of cochains is determined as for any net. Owing to 
the “simplicial” situation one may even apply Whitney’s method of the “cup, 
cap” products (V, 20). All that is required is to order the sect {V} of all the 
regular closed sets in a specified way and proceed as loc. cit. 

33. Homology theory of Alexander and Kolmogoroff. Chiefly for purposes 
of extending the concepts of differential and integral to general topological spaces 
Alexander [{d, e], and later Kolmogoroff [a], have developed a type of theory 
based directly upon chains and cochains. Since the only theory of this kind 
that we have encountered is the projective theory of the grating spectrum 2, 
one will expect that the two are the same, and this surmise is in fact justified. 

(33.1) Taking then the more general formulation of Kolmogoroff, let {A} be 
the closed sets of R. By a p-chain of R over G we will mean a skew-symmetric 
function y?(Ao , --- , Ap) with values in G which vanishes whenever MN A; = @ or 
two of the arguments coincide, and is additive in all arguments in the sense 
that if A;, A; have disjoint interiors then 


g(---, Av Ag, °°) =e, Ags DH Ol --+ Ag, ee), 
The boundary of ¢’ is the (p — 1)-chain 
gy” (Ao, eo , Apt) a Fy" or o (R, Ay, i Apa). 


Clearly FFc” = 0. The cycles are defined in the usual way and we have thus 
the usual groups of chains, cycles, bounding cycles, which we denote by 
CF(R, G), B2(R, G), FP (R, G) with topologies to be defined in a moment. 
(33.2) -It is a consequence of the definitions that: (a) the A; may be replaced 
by the regular closed sets Int A,; without changing the values of ¢”; (b) the 
values of ¢” on all the collections (Ay , --- , Ap) are known once we know those 
on collections (V>, --: , Vp), where the V; are disjoint regular open sets. Let 
again Q, Q) be as in (32.3). We may consider ¢” as a function on the set of 
p-simplexes of 2) to G. The values of ¢” on the p-simplexes of 2 to G define a 
function ‘y?(V), --- , V>) such as in (32.3), and hence a projective chain c” 
of the grating spectrum 2. It is clear that »” — c’ defines an isomorphism in 
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the algebraic sense 7: G7 (R, G) > C?(Z,@). If {U} ars the open sets of C?(, G) 
we choose {r U} as those of ©?(R, G) thus making 7 an isomorphism. . We 
then identify the elements of the groups corresponding under 7 and hence the 
two groups themselves. This causes an identification of F’(=, G) with 
0 (RK, G), and hence of Z?(2, G) with 37(R, G). 

Once our groups are topologized we define the homology group of the ¢” over 
G as: HI(R, G) = BIR, G)/F7(R, G) = H(z, G). 

(33.3) We shall now define the cochains and related groups, and in this we 
follow essentially Alexander. Let y¥, (20, -:: , Zp) be a skew-symmetric func- 
tion of sets of p + 1 points of 9 whose values are in a discrete group H, and 
with the following property: there exists a grating 6 = {,} such that whenever 
{to,-++, tp}, {to , --: , 2p} have the property that for cach 7 there is a set V; 
containing both x; and a; then Wo(to,°°* Lp) = Welty, ---, >). We will say 
that the grating B belongs to y. It is clear that B is by no means unique, for 
if V > B then ¥; likewise belongs to y. 

Let {(¥p, B)} be the collection of the couples related in the above way. If 
(vp, B), (W>, B’) are two of the couples then (¥, + ¥,, Ba B’) is one also. 
Hence ¥,(H) = {y,} is an additive group which is taken discrete. 

(33.4) Returning to the notations of (32.1) let nerve B®, = ® = {07}, and 
suppose that %, belongs to yp. If o% = Vu: -:: Vis, then Wp(t0,-°° , 2p); 
x,eé V,;, , depends solely upon o,; and is written p(c3;). | 

(33.5) Let %, belong to ¥,. We shall say that y¥, vanishes on &%,, or is 
locally zero, if every ¥,(o2;) = 0. If yp, Vv, vanish on %, , B, then pp — v> 
vanishes on %, a ¥,, and so the functions which are locally zero make up a 
subgroup W},(H) of ¥,(H). A coset yg, of ¥,(H) mod ¥°(H) is known as a 
p-cochain of R over H, and the group C,(®, H) = V,(H)/¥}(H) of the ¢, is 
known as the group of the p-cochains of R over H. 

(33.6) Consider again ¥, and define as the boundary of ¥, the function 


FY, = Vp+i(Zo 9 °° 7 4 Lp+1) = > (—1)Yp(xo yo yUg-1, gti, '°* sy Tp+41). 


Evidently Fy, eV,41 , and if ¥, belongs to y, it belongs also to ¥p41. Further- 
more if y, vanishes on %, so does Fy,. Hence if ¥, is chosen in a fixed coset 
yp of V,(H) mod ¥5,(H) then Fy, is in a fixed coset ¢p41 of Vp4i1(H) mod V3, 4:(H). 
We call 9,41 the boundary of ¢, , written Fy,. Once more FF = 0, and so the 
p-cocycles, bounding p-cocycles, their groups Z,(", H), F,(R, H) and finally 
the cohomology groups H,(®, H) = Z,(R, H)/F,(R, H), all chosen discrete, 
may be introduced in the customary way. 

(33.7) We will now identify the preceding groups with the corresponding 
groups of the grating spectrum >. If %, belongs to yp then ¥, determines the 
cochain 


Cp = ACALA (summation on 7 alone), 


of , , and we notice that: 
(a) the vanishing of pp on B, is equivalent to ci, = 0. 
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We may also state: 

(b) if B, belongs to both y,, ¥, and ¥, , Wp determine the same cochain c', then 
they are in the same coset ¢, of ¥,(H) mod ¥5,(H). 

For yp — y> vanishes then on &, . 

Suppose now \ > uw. Then % belongs also to y, and so the latter determines 
an analogue c’, of c,. Let maf, = o3. The notations may be so chosen that 
ok; = Vij, +++ Vay, and that Vij, C Vus,, 7 = 0,-++,p. Under the circum- 
stances evidently Wo(o?;) = w,(o,;). From the —— of dual chain-map- 
pings (IV, 10.1) there follows also that. m"o% = o? +--+, while no pit 
v a i, contains a term in o%’. From this one cee that the coefficient of o 
in mete is Yp(ok;) = Wp(ops) and therefore the same as in c,. Hence: 

(c) ce = m"Cp , > yp. 

Suppose now y> in the same coset YP of ¥,(H) mod ¥5(H) as ¥,, and let B, 
belong to y,. By hypothesis y, — v;, is locally zero, and so vanishes say on 
B,. Let B = Ba Bn B,, hence» > u, », p. Thus B belongs to yp, v, 
and yp — Ww, vanishes on ¥,. By (a, c) then mcs, — mc, = 0. Therefore 

(d) the cochains c’, determined by the elements of the same ¢, are representatives 
of the same cochain Cy of the grating spectrum = over H. 

Evidently ¢, — cp defines a homomorphism 7:C,(R, H) — ©,(2, H). 

Consider now any c, e @,(2, H) and let it have the representative c, . Define 
a pte a ace function Wp(Xo ,°** 2p) by the condition that if z;¢« Vy: , 
(r = 0,---,p), where oP = Vasc Vi, e®,, then y,(c?,;) is equal to the 
coefficient of of inc. Leta second representative cy Of cy yield similarly Vo 
Then for some A > pu, » we have Ty “Co 7 "c, = 0, and hence yp — VY vanishes 
on %) or yp — Vo eW5(H). Thus yp, vy, belong to the same coset 9, of ¥(H) 
mod W,(H), or: 

(e) if cp = {c,} 1s a cochain of = over H, then the functions p, determined as 
above by the c’, , are in a fixed cochain ¢, of R over H. 

Here again cp — ¢, defines a homomorphism 6: @,(2, H) — C,(R, H). 

(f) 76 = 1, 67 = 1, hence + and 6 are tsomorphisms (proof elementary). 

(g) OF = F 6, 7F = Fr. 

The second relation is a consequence of the first and (f); so we only need to 
prove the first. If c, has cZ for representative and c, determines y, as in the 
proof of (d), then we must show that Fc, determines Fy, mod ¥5,4:(H). Now 


Fe, = 2d, vp(o7,)[o%: oer ilays ; 


and so, mod ¥%,4:(H), Fc, determines yp41 such that 
Vorilon’) = d vor lon”: oni). 


If we compare with Fy, we verify that it takes the value Ppsi(o2") in of 
By (b) these values determine y,41 mod ¥44:(H), and so Wp4: is in the same 
eochain as Fy, , which proves our assertion. 

(h) It is a transparent consequence of (g) that 7 induces an isomorphism of 
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the groups 3,, %», hence also of the groups ©, of 2, with the corresponding 
groups Z,, F,, H, of &. This isomorphism is such that if c, is identified with 
the ¢, which it determines then the corresponding groups are all identified. 

34. Our combined results may now be stated as: 


(34.1) THrtoremM. The homology theory of the Alexander-Kolmogoroff type 1s the 
projective theory of the grating spectrum. In particular (VI, 17.1; 31.5): 

(a) the homology groups over a group G which is compact or a field are the same 
as those of the Cech theory by finite closed coverings; 

(b) when R is normal T, , and hence when it is metric, compact Hausdorff or a 
compactum, the groups described under (a) are the same as the corresponding Cech 
groups (8.1, 8.2). 


(34.2) Parallel with integration and the theory of Cartan differential forms. 
J. W. Alexander has indicated an interesting parallel between homology and 
certain formal relations of the type occurring in the theory of differential op- 
erators due to E. Cartan. Under certain circumstances, namely when the space 
is an absolute differentiable manifold the parallel becomes an overlapping of the 
two situations (De Rham {a)). 

Let us introduce the following new terminology: 

p-chain C, = p-fold domain; 

p-cycle = closed p-fold domain; 

bounding p-cycle = bounding closed p-fold domain; 


p-cochain C', = (p-function); 
boundary of a (p — 1)-cochain FC, = derived of C;, ; 


p-cocycle = (an exact p-function) 


= (a p-function whose derived vanishes) ; 


Kronecker index KI(C”, C,) = the integral of the function C’, over the p-fold 
domain C’”. 

In this new terminology a number of well known theorems on chains and 
cochains in a complex become formally identical with certain theorems on inte- 
gration of Cartan forms. Notably: 

(a) The integral of the derived of C'p-1 over C” is equal to (—1)” times the integral 
of C'p-1 over FC”. This is the same as (III, 29.1). 

(b) The integral of a derived p-function over a closed p-fold domain 1s zero. 
This is the same as (III, 29.6) for y, ~ 0. 

(c) The integral of an exact p-function over the boundary of a (p + 1)-fold 
domain is zero. This is the same as (III, 29.6) for y” ~ 0. 

(d) Stokes theorem is essentially the same as (III, 29.1). 

Finally the cup product cochain u cochain (32.10) is essentially the same as 
E. Cartan’s product of multi-dimensional differentials. 
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(34.3) Remark. The work of De Rham has been shown by Hodge [H, IV] 
to be still valid when the “general’’ integrals are specialized to his “harmonic” 
integrals and this has had very important applications in algebraic geometry. 
In another direction also A. W. Tucker [e] has indicated the modifications 
required in the results of De Rham and Hodge when the differentiable manifold 
has a regular boundary. 


CHAPTER VIII 
TOPOLOGY OF POLYHEDRA AND RELATED QUESTIONS 


After some further preliminary properties the results of (VII) will first be 
applied to the homology theories associated with polyhedra. From the topo- 
logical standpoint a polyhedron may as well be replaced by a simplicial partition. 
Unless otherwise stated therefore all polyhedral complexes under consideration 
will be simplicial, i.e., they will be Euclidean complexes. In addition to the 
general type we shall also discuss geometric manifolds and their special inter- 
section properties. Closely related topics taken up are: continuous and singular 
complexes, topological complexes, a rapid survey of differentiable manifolds 
(Whitney’s results and the related work of Cairns and Whitehead). The chapter 
contains also a treatment of coincidences and fixed points for finite polyhedra 
and for a general class of spaces which have been named ‘‘quasi-complexes.”’ 

General references: Alexandroff-Hopf [A-H], Cairns [a, b], Hodge [H]; Lef- 
schetz [L, Li, b, g], Reidemeister [R, R,], Seifert-Threlfall [S-T]; Veblen [V], 
Whitehead [b], Whitney [a, b]. 


§1. GEOMETRIC COMPLEMENTS 


1. (1.1) Notations. If K = {oc} is an Euclidean complex we shall write 
o(x) = the simplex of K containing the point x; 
‘o = the centroid of o; 

K™ = the nth barycentric derived of K. 

These are meant to be “‘typical” designations. Thus if L = {¢} then ‘¢ is 
the centroid of ¢, etc. 

(1.2) As on previous occasions (III, 6.12, 6.14) | K | is a subset of an Euclidean 
space ©” or of the Hilbert parallelotope P*. We consider here also ©” as a 
linear variety of a certain real vector space % and P” as a convex subset of 
such a variety. Thus the points of | K | are vectors of ¥ and they will be dealt 


with accordingly. 
(1.3) Derrmition. Mesh K = sup {diam a|oe¢K}. 


(1.4) In (III, 6.12) the antecedent of K has been defined as the simplicial 
complex ® & K, the isomorphism being the identity on the vertices of K. We 
now extend the term antecedent to cover any simplicial complex &; = &. We 
also say that K is an Euclidean realization of §: . : 

2. (2.1) Ifo = o'c” = +++ ay, p > O, 1s an Euclidean simplex and xz «a, 
there passes through x a unique segment x'x’’, where x’ eo’ and x’ eo". (We 
assume of course a’, o” * a.) 
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We may assume o’ = a +-:a,,q <p. If x has the barycentric coordinates 


{x ---, 27} the following numbers are uniquely defined: 
= 22, 220 = pox 
. 2 get 
x!" a 0, i < q; gllstt — qt ; 


Moreover {2’*}, {z’’"} are the barycentric coordinates of two points 2’ € 0’, 7’ € a” 


such that 2 = t’/7’ + t''x’’. Hence ze xz’x”. 

Suppose that there is a second segment y’y’’ containing x, where x’ ¥ y’ €o’, 
xz” xy eo’. Asaconsequence x = t’x’ + t’xr" = s'y’ + 8y”. Expressing 
vi,’ y’, y” " terms of the vertices of o we find a relation 


Updy + «ek + Uqdg + ooo 


where x’ ~ y’ implies that at least one of uw, --- ,u,g # 0. Since the vertices 
are independent this is excluded, and so z’z” is unique. 

(2.2) Let o? = a --: a, be ina space R which is either Euclidean or the Hilbert 
parallelotope P”. Then d(x, y), reR, yeo’, does not exceed the maximum dis- 
tance p from x to the set of vertices. 

For every a; ¢ S(z, p), and since the sphere and o” are both convex, we have 
a? C G(z, p), proving (2.2). 

(2.3) The diameter of o 1s the length of its longest edge. 

By (2.2) diam o is the distance from a point of ¢ to a vertex and again by 
(2.2) this is at most equal to a certain d(a; , a;). 

(2.4) Mesh (Cl o”)’ S p/(p + 1) diam o”. 

Any one-simplex of (Cl o”)’ is of the form ’c*’o", «7 < o < o”, and we have to 
show that its length \ does not exceed the value | 7 question. — a be the face 
of o opposite a’. The segment ’c*’c’ is the longest segment of 6” carrying 'o*’e 
and if uw is its length then by an elementary calculation: 


From this follows 


AS aa" Ss tT diam o” 
(2.5) Let {yn} be coordinates for the space of o”. Then on a” the barycentric 
coordinates may be expressed as linear functions of a set {Yn , °° 1 Yn,}- 
Hence they are continuous in Yn, °** » Yng ON G. 


If {aq:} are the coordinates of a; and {yn} those of xz «6, the system in the 
unknowns 2x’: 


t r 
Yn = LAni, > 2 = |, 


is compatible and has a unique solution. As 1s well known this implies (2.5). 


{1 ] GEOMETRIC COMPLEMENTS 289 


3. A few of the simpler properties of an Euclidean complex K = {co} are: 

(3.1) (a) If K ts finite | K | is a compactum; 

(b) if K is locally finite, | K | is a local compactum; 

(c) af L ts a closed subcomplex, | L | is a closed set and hence | K — L| is an 
open set. 

(d) if {Ki} are the components of the Euclidean complex K (not necessarily 
finite) then {| Ki |} are those of the polyhedron | K |. 

If K is finite then | K | is the union of a finite set of compacta, the ¢, and hence 
it is a compactum. It is a consequence of (III, 6.12c) that if zeo then 
d(z,|K — Sto|) > 0. Hence xveInt|Sto|. Ifo’ > o then St o’ C Sta, 
and so reo’ > xeInt|Sto’| CInt|Sto|. Therefore Int |Sto| = |Sto|, 
and so |St «| is open. It follows that | K — L| is open and hence | L| is 
closed. Since St a is finite |St o| is a compactum. Thus zeo has a neigh- 
borhood whose closure is a compactum, and so | K | is a local compactum. 

Let x, y e | K;| and A, A’ vertices of a(x), o(y). Since K; is connected there 
is a sequence, o(%) = 00,01, --: , o, = o(y) of simplexes of K; such that any 
two consecutive are incident. Hence {¢;} is a finite collection of connected 
sets of which any two consecutive ones intersect. Their union is a connected 
subset of | K; | containing x and y. Thus the two points are in the same com- 
ponent of | K |. 7 

Suppose now x e | K;|, y ¢ | K,;|. Then by (c) | K;| and | K — K;| are 
disjoint closed sets whose union is | K |, containing, respectively, x and y and 
so the two points are in distinct components of | K |. Thus z, y are in the same 
component of | K | when and only when they are in the same set | K;| and 
this implies (d). 

(3.2) We have seen (1.2) that | K | is in a space which is an ©” or P”. 
We specify that diam a, in the sense of (VI, 24.1) is to be its diameter as a subset 
of ® and it is clear that this turns K into a metric complex (V1, 24.2). 


(3.3) Derinition. Let {o1, 02, ---} be the simplexes of K ranged in some 
order. Then K 1s said to be regular if diam o, > 0. If A ts a closed subset of R 
(the space of 3.2) then K 1s said to be regular relatively to A, whenever sup {diam a, , 
d(A,on)} +0. The two types of regularity are evidently independent of the order 
an which the {o,} have been ranged. 


(3.4) Every countable locally finite simplicial complex ® has a regular Euclidean 
realization K in P®. If in addition n = dim & is finite then & has a regular 
realization in any parallelotope P”, m 2 2n + 1. 

Let {¢} be the simplexes of R and {|A,, A2,---}itsvertices. If {2 ,2.,---}, 
0 S z; S 1/1, are coordinates for P* let a; be the point: z, = 0,h ¥ 1,2; = 1/1. 
If? = Aj, --- Ai, e& thena,, , --- , a:, are the vertices of an Euclidean simplex 
o” C P* and K = {o°} behaves as required. 
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Suppose now n = dim K finite. Take first in P™ a sequence {b,} tending 
to a limit b. Choose now points {a,}, one at a time, in P” as follows. First 


we require that d(a;, b;) < 27°. Then suppose a, -:-, a, so chosen that 
no subset of 2n + 2 is in an ©” of the €” of P”. The spaces ©” determined 
by all the subsets consisting of 2n + 1 of the a, --- , a,, are finite in number 


and d+; is chosen exterior to all these. Proceeding as before all but a finite 
number of the constructed o are contained in any preassigned G(b, e«); we will 
therefore have once more an Euclidean realization in P” which is clearly regular. 
4, In many applications one requires subdivisions of arbitrarily small mesh. 

This may sometimes be accomplished by means of derivation. The possibilities 
are discussed below. 

(4.1) When K is either (a) finite-dimensional and with bounded mesh (hence 
in particular when K is finite), or else (b) regular, then mesh K® — 0. 

Consider first (a). If dim K = n and mesh K = | then by (2.3, 2.4) we have 
mesh K® < (n/(n + 1))?l > 0. 

Consider now (b). Let {o,;} be the simplexes of A ranged in some order. 
Given any e we may select r so high that diam o,4; < ¢«. The union of the 
closures of the o;,7 S 7, is a finite closed subcomplex K, , and so by the result 
just proved we may choose p so high that mesh K‘? <e. Hence mesh K® <e. 

(4.2) Every Euclidean complex K = {co} has a simplicial partition K, of ar- 
bitrarily small mesh. 

If the situation is as in (4.1), and in particular if K is finite, we may merely 
choose for K, a suitable K”. In the general case let G? be the space of o? and 
let it be referred to the coordinates 27,,---,2,. Takea fixed e > 0 and choose 
n > Osuch that the partition of €? by the subspaces x,/n = 0, + 1, --- is of 
mesh less than e. These subspaces decompose Cl o? into the elements of a 
polyhedron whose mesh is less then ¢«. Since K is locally finite, any o occurs 
thus in at most a finite number of Cl o; , and so it is decomposed into a finite 
set of convex polyhedral cells. Their totality is a partition II of K whose 
mesh is less than e and its derived II’ is a K, whose mesh is also less than e. 


(4.3) Derinition. An Euclidean compler K whose antecedent is a circuit, 
a manifold, --- will be called a geometric circuit, geometric manifold, -+- . 


5. (5.1) Let K = {o} be a finite Euclidean complex and A a closed proper 
subset of |K |. Then|K|— A, may be covered with an Euclidean complex L = {¢} 
regular relative to A and such that each ¢ 1s contained in a o. 

Let {m, m:,°-+} be a monotone increasing sequence of integers to be specified 
presently. Denote by P, the open subcomplex of the barycentric derived K“” 
consisting of the simplexes whose closures meet A and set Py = K. Define 
Q, = C1 P,; R, as the set of simplexes of Kt” in| Q,| — | Qnis|. We select, 
as we may, {m,} such that m4. = mesh K°""*” < (1/3) d(A, |K| — |P,l), 
with m < (1/3) sup d(A, x), re K. 
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Let II be the union of the simplexes of all the #, and take any simplex o, 
of R,. Owing to the condition on the meshes, ¢, cannot meet both | Cl Ry_, | 
and | Cl Ra4i|. Moreover if it meets | Cl 2,41 | then all its points, and hence 
also its faces are each in @ simplex of Cl R,. It follows that if o’ < o, then 
o isin | R, | or | R.+1|. In the former case it is a simplex of R, , in the latter 
it is a union of simplexes of R,4,. Thus g: — on is the union of a finite set of 
faces of II. Since ¢, can only meet consecutive sets | Cl R, |, and the latter 
are finite, o, is the face of at most a finite number of simplexes of II. Hence 
II is locally finite. Since the R,, are finite and disjoint II is countable. Since 
the simplexes of II are disjoint and clearly sup {diam o, , d(A, on)} — 0, II is 
a polyhedron, and its derived L = II’ answers the question. 

Remark. The theorem may readily be extended to infinite complexes. 
The chief modification required in the proof will then be replacing the derived 
by suitably chosen partitions of K. 

(5.2) Let K be a finite Eucltdean complex contained in a parallelotope P”. 
Then P” may be covered with a finite Euclidean complex which has a simplicial 
partition of K as a subcomplez. 

The different faces of P” (in an obvious sense) make up a polyhedral complex 
Q covering P” (i.e., such that |Q| = P”). Any given o? of K is a subset of an 
&? of the space &” of P” and G? is the intersection of n — p subspaces {G7,” 
h=1,2,---,n— pofG”. The total set {G3,"} for all 7, h, causes a partition 
II” of @ whose derived is related to K in the asserted way. 

6. Barycentric mappings. 

(6.1) Let K = {o}, L = {£} be Euclidean complexes with respective vertices 
{a:}, {b;}. Suppose that there exists a simplicial set-transformation t:K — L 
and let + be the induced simplicial chain-mapping. Let the b; be so labelled 
(with possible repetitions) that ta; = b;. We introduce a point set-transforma- 
tion T:| K | — | L | defined as follows: If x = x‘a; then y = Tx = 2'b;. This 
implies in particular that: (a) if b; = --- = b; while b, # 6; forh # 1, --- ,j 
then the barycentric coordinate of y as to b; is x + --- +27; (b)2e0= 
Tx «tc. We prove: 

(6.2) T is a mapping | K | — | L |, said to be barycentric. 

Let {u;}, {v;} be coordinates of reference for the spaces of K, L, and let 
yo = Tx). Since K is locally finite, by (2.5) there is a finite set of the {u;}, 
say {u1, ---, ur} such that on | St o(a,)| the barycentric coordinates are 
continuous functions of {u,, ---, u-} and hence of x. It follows that T is 
continuous on | St o(z) |, and since {| St o |} is an open covering it is an ele- 
mentary matter to prove T continuous on | K |. 

Evidently Ta; = ta; so that 7 induces ¢ and hence also r. Hereafter we drop 
all mention of ¢, and will call 7 the chain-mapping induced by T’. 

(6.3) As an application suppose that K ~ L. This means that they have 
a common antecedent ®. Let the notations be so chosen that a; , b; correspond 
under the isomorphism, or which is the same that they are the images of the 
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same vertex of ®. Then ¢ is one-one, and so is 7. Moreover under the cir- 
cumstances 7” corresponds to t™ like T' to ¢. Therefore 7' is topological. In 
fact it takes on &” the values of a nonsingular affine transformation of the 
space @ of ¢. Thus: 

(6.4) If the Euclidean complexes K, L are isomorphic then | K |, | L| are 
topologically equivalent. Furthermore there exists a topological mapping 
|K | —|L| which is barycentric. 

As @ consequence: 

(6.5) All the Euclidean realizations {K} of a given countable locally finite 
simplicial complex yield topologically equivalent polyhedra {| K |}, which may 
be mapped topologically into one another as indicated in (6.4). 

7. Normal subcomplexes. A closed subcomplex Z of K is said to be normal 
in K whenever if a simplex of K has all its vertices in L then it is a simplex of L. 

(7.1) The derived L’ of L is normal in K’. 

In the notations of (IV, 25) if ¢ = 'o;,--:,’0;,0; < --- < o¢;,i8 a simplex 
of K’ with its vertices ’o;, --: ,’o;in L’, theno;, ---,o;¢eL,andsoteL’, 

(7.2) If Lis normal in K sois M = K — St L. 

If oe K — M exists with all its vertices in M then o e St L — L, andsoo 
must have verticesin L. Since Ln M = @ this is a contradiction proving (7.2). 

(7.3) Under the same conditions as in (7.2) there passes through every point 
xe|St L — L| a unique segment x'x" with x’ «| L|, 2’ «| M |. Moreover 
the transformation p:|St L | >| L | such that px = x’, p || L | = 1, ts a deforma- 
tion-retraction. 

We have o(x) = o’a”, o’ ¢ L, o”’ ¢ M, and so the existence of the segment is 
a consequence of (2.1). It follows readily from the expression of x’ that it is 
continuous in the barycentric coordinates of x and hence continuous in z itself, 
(2.5). Hence x — 2’ forze | St L — L| and x = 2’ for xz e | L |, defines a re- 
traction p:|St L{— |Z. By (I, 47.4) p is a deformation. 

(7.4) Appiication. Under the same conditions as in (7.3) the homology groups 
of the compact cycles of |M| are isomorphic with the corresponding groups of 
|K — LI. 

In view of (7.2) we may interchange L, M in (7.3) and so there is a deforma- 
tion retraction p;:|St M| =|K —L|—|M|. Hence (7.4) is a consequence 
of (3.1) and (VII, 7.5). | 

(7.5) Let | 11 | be a finite Euclidean polyhedron in ©". Then | II | has a neigh- 
borhood U in &" for which it is a deformation retract. 

Let P” be a parallelotope in €" containing IIT in such a way that 
d(tl, ©" — P") = 2a > 0. By (4.1, 5.2, 7.2) a suitable simplicial partition 
L of I is a normal subcomplex of an Euclidean complex K of mesh less 


than a covering P”. As a consequence U = |St L| (star in K) is in P” and 
is a neighborhood of | IT | in ©". The existence of p is then a consequence of 
(7.3). 


The retraction here considered is a special case of so-called “neighborhood 
retraction” in the sense of Borsuk. In point of fact it may be proved with 
Borsuk that | IT | is a so-called “absolute neighborhood retract,” i.e., whenever 
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topologically imbedded in a compactum it is a retract of a suitable neighborhood 
of the compactum. For details regarding these questions see Lefschetz [Le , 
III, IV]. 

8. Since the derived of a polyhedral complex is an. Euclidean complex, the 
problem of the topological classification of polyhedra is equivalent to the same 
problem for simplicial polyhedra. We have shown, on the other hand (6.4), 
that if two Euclidean complexes K, K, are isomorphic then | K |, | Ki| are 
topologically equivalent. Conversely, supposing | K |, | Ki| topologically 
equivalent, what can be said regarding the isomorphism of K with K,? Since 
|K |, | Ki” | are likewise topologically equivalent, K 2 Ki wduld be no 
more reasonable than K‘” & Kf? for some m, n. Or instead of the derived we 
may equally well compare any two partitions. Now if K, K,; have isomorphic 
partitions II, Il; they also have the isomorphic simplicial partitions 1’, I, . 
Thus we only need to consider simplicial partitions. Let K, Ki be defined as 
partition-equivalent whenever. they have isomorphic simplicial partitions. This 
relation is manifestly a true relation of equivalence. Evidently partition- 
equivalence implies topological equivalence of the polyhedra. The converse, 
one of Poincaré’s well known unsolved problems, may be explicitly formulated as: 

Prosiem A. Does the topological equivalence of the polyhedra | K |, | Ki | 
amply the partition-equivalence of the complexes K, K,? 

As a special case if | K | is a closed n-cell we have the likewise unsolved 

Prosiem B. If the polyhedron | K | is a closed n-cell, is K partition-equivalent 
to a closed Euclidean n-simplex? 

For the dimension one the solutions. of A, B are elementary. For the di- 
mension two, solutions may be obtained but they lean heavily upon the Jor- 
dan-Schoenflies theorem regarding the subdivision of a two-sphere by a simply 
closed curve. For higher dimensions only partial extensions of this theorem 
are known (see Wilder (a, b]), and this is one source of difficulty. Another lies 
of course in our ignorance regarding the Poincaré group (see (23a)). 

In connection with these problems it may be recalled that M. H. A. Newman 
[a] has taken as point of departure in his investigations on Euclidean complexes, 
their classification with respect to partition-equivalence. 
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9. Since we are unable to identify topological and partition-equivalence 
classes of complexes it is natural to investigate the topological invariants of 
the partition-equivalence classes. From (IV, 28.1) and (V, 16.2) we already 
infer that various homology and cohomology groups, class intersections and 
rings are partition-invariant. Our next object is to prove that they are also 
topologically invariant. 

(9.1) Two types of cycles, --- related to K will occur simultaneously in the 
sequel: (a) those of the space | A |, referred to as geometrical; (b) those of the 
complex K itself, referred to as combinatorial. Often the context will indicate 
the type: thus compact cycles are necessarily geometrical, while finite cycles 
are combinatorial. 
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(9.2) Notations. They remain those of (1.1) except that: (a) the simplexes 
of K’ are written oni, 02; ; (b) if Gai, Yui, -** are elements of any sort related 
to K’” the analogues for K will be written a;, 7;, ---. 

(9.3) In connection with certain coverings there will occur on more than 
one occasion instead of their nerves, suitable Euclidean representations of 
the nerves. Usually they will be K or one of its derived. For convenience the 
term ‘‘nerve” will also be applied to these realizations. The meaning will 
be clear enough from the context to cause no confusion. 

(9.4) Method of proof. It will always consist in identifying the combinatorial 
elements with similar elements in a suitable net or web topologically related 
to | K |. 

10. Consider first a finite Euclidean complex and its combinatorial homology 
theory: homology and cohomology groups and class intersections (V, §2). 
Consider the finite open covering of | K | by the stars of the vertices: 8 = 
{Sta;}. From Sta;n---nSta; = Sta; ---a;, follows that Sta;n--- a Sta; 
~ Oa; ---a;eK. Therefore nerve 8 = K (9.8). Similarly if %, is the 
finite open covering by the stars of the vertices of K‘” then nerve 8, = K™. 
Since by (4.1) mesh B, — 0, {%,} is cofinal in the family of all the finite open 
coverings, and so it may serve to define the geometrical groups and intersec- 
tions in K. 3 

Since St ’c, in K‘"*” is contained in o, it is also contained in the star of any 
vertex of o,. Therefore a mapping of ‘sc, into a vertex of o,; defines a pro- 
jection 2: KT? — K, and =(K) = {K™, 12%} is a simplicial spectrum 
whose net homology and cohomology groups and intersection theory are those 
of |K |. Now rz*’ is merely the operation 7 of (IV, 23) for K” (a reciprocal 
of chain-derivation in K‘”, IV, 26.2c). Therefore by (IV, 24.2), 12** induces 
an isomorphism on the homology groups, and similarly for its dual w.71 
and the cohomology groups. It follows that the net groups of 2(K) are those 
of any K‘”’, and hence those of K itself (II, 13.4b, 14.6). Likewise also for 
the intersections. Therefore we have: 


(10.1) THrorem. The combinatorial and geometrical homology theories of 
a finite Euclidean complex are the same. This tmplies the topological invariance 
of the combinatorial theory: topological invariance of the homology and cohomology 
groups, class intersections and indices, cohomology rings, Betts numbers, torsion 
coefficients. 


We may state in fact with more precision: 

(10.2) The mapping of each geometrical cycle or cocycle into the corresponding 
combinatorial cycle or cocycle induces an isomorphism of the corresponding homology 
groups, cohomology groups, intersection rings. Moreover if T, ‘TY denote cor- 
responding combinatorial and geometrical classes then 


(T?-T,) x gee by (Tp -T) ra Ts ae ar ’ KI(’T’-‘T,) = KI(T’-T,). 
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An cntarestiig complement is: 

(10.3) The properties of (III, 20), relating connectedness and homology, continue 
to hold for a finite Euclidean complex K if the term “component” refers to the com- 
ponents of the polyhedron | K |. In particular the number of components of | K | 
is R°(K) (3.1d). 

11. Suppose now that we are dealing with an arbitrary Euclidean K. Refer- 
ring to (VI, §§5, 6) there are various associated combinatorial homology theories. 
That is to say, in each case there are two dual categories, with intersections 


since K is simplicial. 


(11.1) Derinition. The combinatorial theory of two specific dual categories 
A, B of cycles and cocycles of K is said to be invariant whenever tt is the same as 
the theory of two dual categories A’, B’ which have topological character for | K |. 
Thus the combinatorial theory of the cycles and cocycles of a finite K 1s thvarzant, 
since it has been shown to be the same as the theory of the geometrical cycles or 
cocycles of K. 


It is implicit in the definition that when the theory of A, B is invariant, 
their homology and cohomology groups, class intersections, cohomology rings, 
Betti numbers, are all topological invariants of | K |. As an application we 
may state the following theorem, which is proved essentially like (10.1): 

(11.2) Let K, Ki be finite Euclidean complexes with the closed subcomplexes 
L, L1. Let T be a topological mapping | K | — | Ki| such that T|L| = | Ly. 
Then the combinatorial theory of the cycles mod L and cocycles of K — L 1s in- 
variant under T’. 

12. Complementary remarks. It will be very convenient to associate with 
the cycles of K certain specific cycles of the spectrum 2(K). 

(12.1) Let 6 denote chain-derivation both in K and in all its derived. As 
applied then to K™ it has rn** of (10) for a reciprocal. By (IV, 26.8, 23.1), 


(12.2) ees = 1, bent wi. 


We will compare more particularly A = ©@?(K‘”, G) with B = 66°(K, @) 
< @(K"™, G). If we set # = 7,” |B then we still have #5 = 1. More- 
over since 675 = 6(75) = 6, as oper aeons between the two groups A, B we have 
in addition 6 = 1. Therefore 6 is an isomorphism of A with B. Hence: 

(12.3) 6" 1s a simultaneous isomorphism (KK Gy ss CR”, oF 

(12.4) Take now any cycle {72} of 2(K). We have mi yiai ~ v2, and 
hence by (12.2): y241 ~ Sy2 ~ 6”y”. Therefore 'y? = {6"y"} ~ {va}. Thus 
the geometric class 'T” of {v2} contains a representative among the cycles of 
=(K) of the form ‘y? = {6"y?}. We will say that ’y” is a geometric cycle ad- 
herent to y’ in K. It is also convenient to refer to I’, ‘Tl’ as adherent to one 
another. 

It is clear that 7’ —’y” defines an isomorphism in the algebraic sense 6 of 


3’(K, G) with a ee 2? of 8°(Z,G). If U, is any open set of 2°(K‘” ,G) 
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then V, = {’y’|6"y’ « Un} is open in ’8” and {V,,} is a base for ‘3°. By (12.3), 
and since 6 maps cycles into cycles, there is an open set U in 3°(K, G) such 
that 6°y? « U, > y’ « U. Hence V, = {’y?|y’e« U}. Thus if Uis any open 
set of B’(K, G) and V = {'y’| 7" « U}, then {V} isa base for’3”. Therefore 6 
maps into one another the elements of two bases {U}, {V} for 3’(K, G) and ’3” 
and so it is an isomorphism. 

Let ‘§? = %(=, G@) n ’3” = the group of the bounding cycles of form ‘y’. 
Since $(5, G) is closed in 37(Z, G), ’§” is closed in’2’. If’y? ~ 0 then y’ ~ 0, 
and so 6%? € %?(K,G). On the other hand (7? = FC?*") — (8"y? = 5"FC?" = 
Fs"C?*! ~ 0) > ’y? ~ 0. Hence 6%?(K, G) C ’§?, and therefore 6§7(K, G) © 
6%(K, G) & ’%?, since the latter is closed in ’3’. Therefore 6%°(K, G) = 
‘%? and so @ maps the cycles 7’ which are ~ 0 into the ’y” ~ 0. It follows 
that @ induces an isomorphism 6:9°(K, G) — §°(2, G) and this isomorphism 
is readily recognized to be the one in (10.1). 

To sum up, the preceding analysis yields: 

(12.5) The relation of adherence between the combinatorial cycles y’ of K 
and the geometrical cycles of the spectrum 2(K) of the special form 'y? = {6"y"} 
is an isomorphism of the groups 3, § of K with the corresponding groups of the 
'y?. Similarly adherence between the combinatorial and geometrical classes 1s 
an isomorphism between the corresponding homology groups. 

(12.6) Let now L be a closed subcomplex of K. Referring to (IV, 24.3c), 
5 is likewise chain-derivation in L and its derived. Moreover wn‘ | L‘"*? 
is a reciprocal of 6 as chain-derivation in L™. It follows that r2UL""+? = L"™, 
a result which may also be deduced from (IV, 26.2bc). The projection 7% , 
m > n, of =(K) is given by r= = wet) --- a1, and so r™L'” = L'”. Refer- 
ring now to (VI, 12) if maf? = 22*! mod L™ and afi? = ent? | L“*” , then 
Dy = {K™ — Ls wot}, 3, = {L's eft} are spectra such that (Zo, 21) 
is a dissection of >(K). If we replace, in everything that precedes, Z2(K) by 
2X», K by K — L, and the cycles of K by those of K mod L, we will extend (12.5) 
automatically to adherence for the cycles mod L. We point out explicitly 
that the operation 6 remains the same. For by reference to (IV, 26.2b) we 
verify without difficulty that the chain-mapping (K° — L’”’) — (Kt? — 
L“"*”) induced by 6 is merely | (K‘” — L'”). Thus the adherent cycles will 
still be y? and 'y? = {6"y"}. 

(12.7) Let L, be a second closed subcomplex of K containing L and let a, 
x be, respectively, the topological and combinatorial projections | K — L|— 
|K — L,| and (K — L) > (K — 1). If ‘vy’ = [6"y*} is a cycle mod LD, then 
wy’ is obtained by reducing mod Lj” the coordinate 5"y’, and this yields 
merely 5"(xry’). Therefore wy” = {8"(ry’)}. Or ay’ and w’y”’ are still ad- 
herent. Thus the associated projections 7, w preserve adherence. This result | 
will be useful later. 

(12.8) Let K, L be finite. Then a barycentric mapping T:| K | — | L | sends 
adherent elements into adherent elements; in other words T preserves adherence. 

For convenience we also designate by T the induced operations on the com- 
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binatorial and geometrical cycles and classes. If {a;}, {b;} are the vertices 
of K, L evidently {T |Sta:|} > {|Stb; |}. If ’y? = {y’, éy’, ---} we find by 
reference to (VII, 5.12) that 7'’y’ is a cycle of | L.| whose coordinate relative 
to L as nerve of {| St b;|} is precisely Ty’. Since the relations of adherence 
in L are determined by the coordinates in L, it follows that the classes of Ty’, 
Ty’ are adherent. A similar argument is valid for the cocycles except that 
the homomorphisms are r* of (VII, 5.11) for the topological cocycles, and 6*, 
the dual of the chain-mapping induced by 7, for the combinatorial cocycles. 
Similarly for the intersections. 

13. We will now consider a few invariance theorems for infinite complexes. 
(18.1) Let K be a general Euclidean complex. Then the combinatorial theory 
of the dual categories of the infinite cycles [cocycles] and finite cocycles {cycles} are 
topologically invariant. 

Corresponding to | K | there may be introduced the direct web of sets Y= 
{A,} of the open sets with compact closures of (VII, 13.2). Since {| St o(2) | 
| x e Ay} is a covering of the compact set A) , there is a finite subcovering {| St o; |} 
and the union of its simplexes is a finite subcomplex K, of K such that | K, | 
> A,. Hence if {K,} are the finite subcomplexes, {| K,|} is cofinal in 4, 
and so both have the same homology theory. It is, however, an elementary 
consequence of (12.7) that the direct webs {K,} and {| K,|} have the same 
homology theory. Hence {K,} has the same as 2, and so the homology theory 
of the first, like that of the second, has topological character. Hence the theory 
of the dual categories of the infinite cycles and finite cocycles, which is that of 
{K,} (VI, 20) has topological character. For infinite cocycles and finite cycles 
the treatment is the same except that the comparison is with the direct web § 
of the compact subsets of | K | (VII, 13.1). 

We have proved incidentally the following result: | 

(13.2) The homology [cohomology] groups of the compact cycles [cocycles] of 
| K | are tsomorphic with the corresponding combinatorial groups of the finite cycles 
[cocycles) of K. 

An argument essentially similar to that of (13.1) yields the following ex- 
tension of (11.2): 

(13.3) The situation being as in (11.2) save that the complexes need not be finite, 
the combinatorial theory of the infinite cycles of K mod L and of the finite cocycles 
of K — L ts tnvariant under T. 

We may in fact sharpen the preceding result to: 

(13.4) Property (13.3) still holds if T is merely a mapping | K | — | Ki | such 
that: (a) T maps | K — L| topologically onto | Ki — Ly|; (b) T|L | C | Li. 

Suppose first K, K, finite. The dual categories under consideration are 
then those of the cycles of K mod L and of the cocycles of K — L, and the 
same in K,. Consider the direct open web of sets 1 = {Ay} whose elements | 
are the open subsets of |K — L|. Let ®, --- and the other notations of (VII, 
4.3) be applied to | K |. If we form the direct open web (21) = {4o(Ay)} 
then by (VI, 23.3) its homology theory is the same as that of the cycles of 
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mod #,(| Z |) and cocycles of (| K — L|), i.e, the same as that of the geo- 
metric cycles of K mod L and cocycles of K ~- L. Hence, by (11.2) the homology 
theory of the direct web (2) is then the same as the combinatorial theory of 
the cycles of K mod L and cocycles of K — L. Since &(%) direct has topo- 
logical character relative to | K — L |, it is clear that its theory is invariant 
under 7’. Therefore the combinatorial theory of the cycles of K mod L and 
cocycles of K — L is likewise invariant under 7’. 

Passing to the general case the proof is the same as that of (13.1), the A) 
being now merely subsets of |K — LI. 

A result of somewhat different character required later is: 

(18.5) Let the conditions be the same as in (18.4) except that: (a) L, Ly are 
normal in K, K:1; (b) T is merely a topological mapping of | K — L| onto 
|Ki — In|. Then T induces an isomorphism of the combinatorial homology 
groups of the finite cycles of M = K — St L with the corresponding groups of 
M 1=— K = St Ly ‘ 

For by (13.2) the groups in question are those of the compact cycles of | 1 |, 
| M1 |, and by (7.4) likewise those of the compact cycles of | K — L|,| Ki — Ly |. 

(13.6) Property (10.3), relating connectedness and homology, holds for any 
Euclidean complex (10.3; III, 20, 40.7). 

14. Groups at the points. Since a polyhedron is metric the only groups 
requiring consideration are those through the points (VII, 15.7). We prove 

(14.1) The homology groups of a polyhedron | K |, K = {oc}, through a point 
xz are the same as the corresponding combinatorial groups of St o(x), and so in 
particular the same for all points of o. 

Let o’ be any simplex of St o(z). If o’ is replaced by the join x(So’), in K, 
there is obtained a special case of the simplicial partition of (IV, 29.5). Let 
S be the resulting partition operation. If Z = SK, let St; x denote the star 
of the vertex x in L. Since S(St o(z)) = Stiz, by (IV, 24.3b), the groups of 
St a(x) are those of Stiz. To prove (14.1) it will thus be sufficient to prove 
that the groups through x are the same as the corresponding groups of St; x. 
Hence in the last analysis we merely have to show that: 

(14.2) The groups through a vertex a of K are the same as the corresponding 
groups of St a. 

Let this time St, a denote the star of ain K‘”. Since St, a is a subcomplex 
of the nth derived of the finite complex Cl St a, by (4.1) diam St,a— 0. As 
a consequence ’% = {|St,a|} is coinitial in the inverse web of sets W (VII, 
14.1) whose homology groups are those of the cycles through a. Thus ’Y may 
serve to determine the groups of the cycles through a. We have then a conet 
and the operations of interest to us are the projections rn4i:St, @ — Stay a. 
To prove (14.2), and hence (14.1), it is sufficient (II, 14.6) to show that ri41, 
induces an isomorphism §’(St, a, G) > 6?*'(Sta41 a, G) (geometrical groups). 
Since this is proved in the same way for all n we merely need to establish: 

(14.3) a1 induces an isomorphism of the geometrical homology groups of St a 
with the corresponding groups of Sti a. 
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Set Sta = {aca}, Stia = {a0,,Ua}, B = {o,}, Bi = {ou}, C = K — Sta, 
C, = K’ — Stia. Let also z be the reduction mod C, of the chains of K’. 
By (12.7) if “vy? = {y’, dy”, ---}, where y’ is a cycle of K’ mod C’, then m’7” = 
{ay’, 5(wry’), ---}. Since y? > ’y? and wy’ — m}’y” induce isomorphisms of 
the corresponding homology groups (12.1, 12.2) the proof of (14.3) reduces to 

(14.4) 25 induces an tsomorphism of the combinatorial homology groups of K 
mod C, or groups of St a, with the corresponding groups of St, a. 

By definition the simplexes of B, are all the simplexes of the form ’(ae;) --- 
‘(ao ;), such that ao; < -:- < aa;, or equivalently such that o; < --- < a;. 
To the simplex just written there corresponds thus the simplex ‘co; --- ’; of 
B’. It follows that ‘oc; — ‘(ac;) defines an isomorphism 9:B’ — B,. Hence 


d = 66 is a chain-mapping B — B,. We prove 
(14.5) méac” = ado’. 


We notice first that from. the definition of 5 (IV, 26.2b) and since 6 is an 
isomorphism there comes: 


(14.6) do”? = '(ao’);  — do” = '(ao”)d¥F o”, p> 0. 
Since (14.5) is immediate for p = 0, we use induction on p. We have: 
8(a0”) = '(as”)8F(a0”) = '(a0”)(50” — 5(aFo”)), 
and therefore 


#5(ao’) 


—'(ao” )n6(aFo” ) = ~—/(ao”)ad(Fo”) 
a(ao”)d(Fo") = ado’, 


which is (14.5). 

If we lower all dimensions in St a and St; a one unit, they become isomorphic 
with the augmented complexes B,, Bi.. If we identify each with their iso- 
morphs, ad merely goes over into d. Since both @, 6 induce isomorphisms of 
the homology groups this holds also for d. It follows that ad induces iso- 
morphisms of the homology groups of St a with the corresponding groups of 
St: a. Hence this holds also for ro (14.5). This proves (14.4) and hence also 
(14.1). 

15. Invariance of certain dimensional numbers. ‘The classical results to 
be proved below will establish the identity of certain “combinatorial’’ dimen- 
sional numbers with corresponding dimensions in the sense of (I, 15.1). Since 
the latter are topologically invariant so will be the former. In each case the 
topological invariance was first proved by L. E. J. Brouwer (around 1910) and 
the identification with topological dimensions was made later by Menger and 
Urysohn. | 

Let the dimension in the sense of (I, 15.1) be called temporarily topological. 
Thus an Euclidean space &", an n-cell E”, a parallelotope P” have a combina- — 
torial dimension namely n, and in addition a topological dimension. Similarly 
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an Euclidean complex K, or an open subcomplex K — L, have a combinatorial 
dimension, namely as complexes, in the sense of (III, 1.1) and in addition there 
are the topological dimensions of | K |, | K — L |, which we call temporarily 
the topological dimension of K, K — L. 


(15.1) TuroreM. The combinatorial dimension of an open or closed Euclidean 
complex K is equal to its topological dimension and hence it is a topological in- 
variant. As a consequence the topological dimension of an n-cell or n-parallelo- 
tope 18 precisely n. 


(15.2) THzoreM. A region Q” of an &" cannot be mapped topologically on 
anQ™, m <n. 


(15.3) Tuzorem. No 2" can be represented in one-one bicontinuous manner 
by less than n parameters. 


(15.4) Tuzorem. The combinatorial and topological dimensions of an open 
or closed Euclidean complex and hence of an n-cell, an Euclidean space, a paral- 
lelotope are the same. 


(15.5) Corotiary. The (topological) dimension of the Hulbert parallelotope 
P® is infinity. 

Let K be an n-complex, x a point on a o” e K, R’(x) the pth rational Betti 
number for the cycles through x. Here St a(x) = co”, hence the groups of 
St a(x) are those of asingleelement. Thus | K | is n-cyclic at x, and so R"(x) = 1. 
On the other hand for every x «| K |, dim St o(x) S n, and so R*(x) = 0 for 
p>n. Thus nis the largest index for which some R"(x) # 0. Since the R"(z) 
are topologically invariant so is n. This proves (15.1). 

Let now x € Q”. There is:a o” between x and 2” and so the groups at z in 
Q” are the same as for o”. Therefore as above 2" is n-cyclic at all points. 
Since this property is topologically invariant 2” cannot be m-cyclic at all points 
and so (15.2) holds. As for (15.3) it is a direct corollary of (15.2). 

Before proceeding, we recall the following results which we borrow from. 
Menger’s work: Dimensionstheorie (Springer, 1928) (see also Hurewicz-Wall- 
man ([H—W)): 

(15.6) Let R be a separable metric space. Then: 

(a) dim § as defined above is the same as the’ Menger-Urysohn dimension 
(Menger, p. 157; [H— W, 66]; Menger’s closed sets are readily replaced by open 
sets) ; | 

(b) A CR—> dim A S dim KR; (Menger, p. 81; [H—W, 26]); 

(c) If U is a neighborhood of x eR then the dimension of U at x 1s the same as 
the dimension of R at the point (immediate consequence of the Menger-Urysohn 
definition of the dimension). 

Proor or (15.4, 15.5). Suppose first K Euclidean and finite. The stars 
of the vertices of K™ make up a finite open covering U, of | K | with K” for 
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nerve. Since {Up} is cofinal in the family of all the finite open coverings of | K | 
and dim K” < n, necessarily dim |K| S n. Since | K | is n-cyclic at. the 
points of the o”, dim | K | 2 n, and so dim | K | = n. 

Suppose now K infinite. Since K is locally finite every point x has a neigh- 
borhood whose closure is a finite polyhedron of dimension less than or equal to 
n. Hence by (15.6bc) and the result just proved the dimension at x is at most n; 
so dim | K| S n, then as above dim | K| = n. 

Let now K — L be an open Euclidean n-complex. We may suppose K = 
Cl (K — L), and so dim | K | S n, hence by (15.6b): dim | K — L| S n, and 
again as before dim |K — L| = n. 

_ Since o”, P”, ©” may be covered with an Euclidean n-complex their dimen- 
sion is n. Since P* contains a P” for every n its dimension exceeds every n. 
Thus (15.4), (15.5) are proved. 

16. (16.1) Let K — L, Ki — Ly, be open Euclidean complexes and T a mapping 
| K | — | Ki| such that T is.a topological mapping of | K — L | onto | Ki — Ly | 
and that T|L|C|Ii|. If K is an n-circuit mod L then K, ts an n-circuit mod 
Ly , and if the first 1s ortentable or simple so is the second. 

We designate as before by 7, ‘y adherent combinatorial and geometrical cycles 
in the complexes. We also designate by c, o; the simplexes of K — L, Ki — Ly. 

We recall (III, 24) that K — L is an open n-complex such that: (a) y” = 
>» o; is an n-cycle mod (L, 2); (b) no proper closed subcomplex of K — L 
contains such a cycle. By (15.1) then dim (Ki — L;) = n also, and by (13.4), 
K, contains an n-cycle mod (Ly , 2), ‘y? = T’y", where yi = >, 9; of; ,9: = 0,1. 
Suppose that ‘yi is in a proper closed subcomplex M, of Ki — I,. This will 
certainly be the case if in the expression of y; there is missing a simplex of 
of K, — Ly, since yi will then be in M, = K, — Ly — of which is a proper 
closed subcomplex of Ki — L,. Beit as it may, if Af, exists as stated, there is a 
simplex o, e Ki — L; such that St o1 n M; = @. Consequently ‘y” will be in 
a set which does not contain a certain open set U of |K — L|. It follows 
that the coordinate y% of ‘y” in a certain derived K” — L” will not contain any 
element in some star, and hence will lack some n-simplex of K” — L™. On 
the other hand if 6 denotes chain-derivation, 5”y" contains all the n-simplexes 
of K® — L”® and so 6’y” ¥ 7% , and hence 6’y" ~ y% since n = dim (K” — L™), 
Since derivation does not alter the homology groups, K — L must contain a 
cycle mod (L, 2), y’", different from y”. In view of (a) this can only be if 
vy’ = > \o;", where the o;” do not include all the of . Therefore | y’"| 
(K — L) violates (b), MM, cannot exist and yr fulfills condition (a) in Ki — lh. 
Moreover no such cycle may be in a proper closed subcomplex of Ki — lh; 
so the latter satisfies (b) also. Therefore it is an n-circuit. 

By (III, 24.2) K — L is orientable when and only when K contains a com- 
binatorial integral n-cycle mod L, and hence by (13.4) when and only when K 
contains a geometrical integral n-cycle mod L, ’y". When this takes place K, 
contains the geometrical integral n-cycle mod Li, T’y", and so AK; — Ly is 
also orientable. 
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For the invariance of the simple circuit we require the 


(16.2) Derinition. A point x of the n-complex K — L is said to be regular 
whenever | K — L | is n-cyclic at x; otherwise x is said to be singular. 


By (14.1) if o has a regular point every point of o is regular. Therefore the 
aggregate of the singular points is a union of simplexes, and its closure S is a 
closed subcomplex of K — L. We call S the singular locus of K — L. Since 
- every point of a o” is regular, necessarily dim S S$ n — 1. 

Now a@.n.a.s.c. for the n-circuit to be simple is that every St o”” be n-cyclic, 
i.e., that dim S < n — 2. Since S and hence dim S are invariant under T, 
if K — L is a simple circuit so is its transform K,; — Ly. 


§8. GEOMETRIC MANIFOLDS 


17. For convenience we revert in this section to the notations for combinatorial 
manifolds (V, §4). The complexes are thus designated again by X, --- and 
their elements by z, ---. However, X, --- are now Euclidean complexes or 
their subcomplexes, and so the elements are Euclidean simplexes. 

Let then Y be an Euclidean complex, with a closed subcomplex Z and set 
X = Y — Z. We first prove: 


(17.1) THrorem. Let Xi, Yi, Z, be analogous to X, Y, Z, and let T be a 
mapping | Y | —>| Y1| such that T is a topological transformation | X | > | X, | 
and that T|Z|c|Z,|. Then: (a) if X ts an M”, or an orientable M” so 
is X,;(b) af T maps topologically | Cl X | — | Cl X,|, and X is an M” with 
regular boundary so is X,. 


For simplicial complexes the manifold conditions are (V, 29, 34): 

(17.2) every St x is n-cyclic; 

(17.3) under suitable orientations of the elements >) x? is an n-cycle mod Z. 

Condition (17.2) makes X an M" which may or may not be orientable, while 
(17.3) makes it orientable. The supplementary conditions for a regular bound- 
ary are: 

(17.4) when x ¢ BX then St x is n-cyclic mod Z; 

(17.5) BX is an absolute M"", 

Now osving to (14.1) condition (17. 2) is equivalent to: 

(17.6) | X | 7s n-cyclic at every point (every point is regular). 

Since (17.6) is topological so is (17.2). Hence if X is an M” so is X,. Sup- 
pose now that X is an orientable 11", that is to say, that it satisfies (17.2, 17.3). 
By (V, 29.3, 29.9) condition (17.3) merely asserts in the presence of (17.2) that 

(17.7) every component of X 1s an orventable n-circuit, and {(17.2), (17.3)} 
{(17.6), (17.7)}. 
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Since the second pair of conditions is topological (14.1, 16.1), so is the first 
pair. Therefore if X is an orientable M” so is X;. 

Suppose finally X to have a regular boundary B = BX, with T eopalaciedl 
on |Cl X |. Then necessarily 7|B| = | Bi| = | BX,|. By what has just 
been proved (17.5) is fulfilled by X,. As for (17.4) owing to (14.1), it makes 
an assertion regarding the groups at the points of B relative to | Cl X | which 
has obvious topological character. Therefore (17.4) holds for X, also, and 
hence it is an M” with regular boundary. » | 

18. Duality theorems. We first consider a noteworthy complement to the 
duality theorems for relative manifolds. Since derivation does not alter the 
manifold properties we may replace Y by Y’ and hence assume the subcomplex 
Z normal in Y. Since Y, Z, X, = Y — St Z, and Y’, Z', X’ form each a triple 
such as K, L, M of (13.5) the homology groups of the compact cycles of | X | 
are isomorphic with the corresponding groups of the finite cycles of X, or of X’. 
Now the former are the groups of the finite absolute cycles of X (i.e., the cycles 
y’ such that the complex | y”| is finite closed simplicial) with: respect to 
bounding in a finite closed simplicial complex C X. Hence the homology groups 
of the finite cycles of X’ and those of the finite cycles of X with respect to 
bounding in a finite closed simplicial complex C X are isomorphic. Therefore: 

(18.1) In the duality theorems for relative manifolds (V, 33.2cd) the homology 
groups of the finite cycles of X’ may be replaced either by those of the compact 
cycles of X, or else also whenever Z is normal in Y, by those of the finite absolute 
cycles of X with respect to bounding in a finite closed simplicial subcomplex of X. 

19. We shall now consider an extension of the duality theorems in a new 
direction. We suppose Y itself to be a finite absolute Orientable M” and take 
a closed subset Z of | Y |. By (5.1) | Y | — Z may be covered with an Euclidean 
complex regular relative to Z. 

(19.1) The covering complex X of | Y | — Z is an absolute orientable M”. 

It is to be shown that (17.6, 17.7) hold. Since Y is an M", (17.6) holds in 
each point of X relative to Y, hence also relative to X, since | X | is open in | Y |. 
Consider now any component X, of X. It is a consequence of (17.6) that X, 
is a simple n-circuit. Therefore we merely have to prove X, orientable. Now 
orientability for X,;, comes down to the following: given zf , 22,41 € Xi is it 
possible to orient all the elements so that if zfa7 x3 --+ 22,41 is any finite 
sequence of elements joining x; , 22,41, in which any two consecutive are inci- 
dent, then each x3, is oppositely related (with incidence numbers +1 and —1) 
tO Zo,-1 aNd 7,41. Denote this property by (a). It is a consequence of the 
construction of the complex X that any sequence x, --~- , 22,41 such as above 
consists of elements of a simplic®&l partition Y; of Y. Therefore if (a) fails in 
X,, it fails also in Y;. However, since Y is an orientable M” so is Y;. Conse- 
quently (a) holds in Yi, hence also in X,. Therefore X fulfills (17.7), and so | 
it is an orientable M”. 

(19.2) The conditions remaining the same, the geometrical pth cohomology groups 
of X are isomorphic with the corresponding (n — p)th homology groups for the 
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compact cycles. Hence (V, 32.3; VII, 4.7) the cycles of Y mod Z and the compact 
cycles of X are quasi-dual categories. 

Consider as in (VII, 13.2) the direct web of sets 2% = {A,} whose elements 
are the open subsets of | X | with compact closures. Since the closure of X is 
in Y, | X | is compact and hence it is an A,, say |X| = A,,. Since every 
X < Xo, the groups of 2% are those of | X | itself. In particular, the geometrical 
cohomology groups of X are the same as those of its compact cocycles. By 
(13.2) the latter are also the combinatorial groups of the finite cocycles of X. 
Therefore the geometrical cohomology groups of X are isomorphic with the 
’ corresponding combinatorial groups of the finite cocycles of X. Since X is an 
absolute orientable M” its combinatorial pth cohomology groups of finite co- 
cycles are isomorphic with the corresponding (n — p)th combinatorial homology 
groups of the finite cycles (V, 32.1) and this proves (19.2). __ 

(19.3) Suppose now Y to be (p — 1, p)-acyclic and let 7 be the above iso- 
morphism of the groups of the compact cycles of | X | with those of the finite 
cocycles of X. Then if IT” is a homology class of the former and A?’ a 
homology class of cycles of Z we define their class linking coefficient as 
Lk (A777, Tr") = Lk (A?’, 7I'””). 

From (19.2) and (VII, 9.1; VI, 15.8; III, 39.3) we obtain the extension of Alex- 
ander’s initial sphere duality theorem. Stated for convenience for then-sphere, 
it holds in fact for any finite absolute orientable (0, n)-cyclic geometric M”. 


(19.4) THErorem. Let X be a topological n-sphere, Z a closed subset of X,Y” the 
basic n-class of X mod Z, I" the class of a point of Z. Then: 

(a) forn = 1, orn > 1 and 1 < p < n, the groups S"(Z, G) and 
9%" *(X — Z, H), for the absolute cycles of Z and compact cycles of X — Z, are 
dually paired with the class linking coefficient as the multiplication; 

(b) for n > 1 one must replace SZ, G), "(X — Z, H) by SZ, G)/Gr*, 
$"(X — Z, H)/HY" (Alexander [a], Pontrjagin [c]). 


From (19.4) we deduce the duality relation for the Betti numbers mod 7m: 
(19.5) R?"(Z, w) = R”?(X — Z, wr) + oP — 82. 


(19.6) AppLication. THE JORDAN-BROUWER THEOREM. Let Z be a topo- 
logical (n — 1)-sphere contained in the topological n-sphere, X,n > 1. Then 
X — Z consists of two connected regions (open sets) whose common boundary is Z. 


We reproduce essentially Alexander’s proof deduced from (19.5). Whatever 
the closed set Z we may cover X — Z with a polyhedron | K | such that K is 
regular relative to Z. The number of components of K and | K | are the same, 
and so they are R°(K) = R(X — Z). 

Suppose now Z to be an (n — 1)-sphere. By (19.5) we have then 
R(X — Z) = R"™*'(Z) +1=2. Let U,, Us be the two components. Clearly 
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BU; CZ. Suppose BU, ¥ Zand letaeZ — BU;. Wecan find an (n — 1)- 
cell E”™ between a and Z — BU, such that Z — E"™ is a closed (n — 1)-cell 
Ei". By the above X — Ef" has R(X — Ef") = R™ (EP) +1=1 
component. Since Uin E”* = G, one component must be Ui and a must be 
in another component. Thus we have a contradiction proving (19.6). 

For further information regarding the preceding questions, and notably the 
converse of (19.6), see Wilder [b]. 

Coupling now (19.2) with (VII, 22.3) we have Alexandroff’s generalization of 
the so-called Phragmén-Brouwer theorem: 

(19.7) Let Y be a finiie absolute orientable geometric (p-1, n-p)-acyclic M". 
Given two closed sets Z;, Z, in |Y| and a normal couple (G, H) suppose that 
§?"! (Zu Ze, G) = 0. If y"-? is a compact cycle of |Y| with a carrier which meets 
neither Z; nor Zz and y"? 1s not linked with either of the two sets (in the sense of 
VII, 22) then y"~? is likewise not linked with Z, 9 Z, (Alexandroff [a, 178]). 

(19.8) Indicatrix. Let X = Y — Z bea connected orientable geometric M”. 
Since X is connected it is an n-circuit and so it has a basic combinatorial n-cycle 
y” which we identify with the adherent geometrical cycle. For the same reason 
if E” is an n-cell such that E” is a closed n-cell C X then there is a basic 
geometrical n-cycle 5” of E”, or cycle of | Y | mod (| Y | — #”). Now the pro- 
jection r:| X | — £", or reduction mod (| X | — E”) of the cycles of | X |, 
yields a reduced cycle ry". Since 8” is the basic n-cycle of E” we have ry" = ad”. 

Since E” is compact we show as in the proof of (13.1) that E” is contained 
in a finite open subcomplex of Y and hence in a finite closed subcomplex Z. 
Since mesh: Z” — 0 we may take p so high that Z® has an n-simplex C E”. 
Since we may freely replace Y by any derived we may suppose that Y, and 
hence X has a simplex x” C E”. If we replace E” by x” and apply the pro- 
jection x’:E” — x”, we will have r’ry” = r’ad” = a’x”, where a divides a’. 
Now x’x is merely the projection | X | — x”. Since X is a simple circuit the 
coefficient of x" in y" is 8 = +1, and so z’ry" = Br” = a’x". Thusa’ = +1, 
and since a divides a’, likewise a = +1. 

We conclude then that ry” = +6”. Suppose 6” given. Replacing y” if need 
be by —y” we may so choose it that ry” = +6”. Thus an assigned pair 
(E”, 5”) may serve to select one of the two basic n-cycles +y" for M”. The 
_ following terms are used for obvious reasons: 

(E”, 6") = an oriented n-cell; 

(M”, y") = an oriented manifold; 

an oriented n-cell utilized to determine y” as above, i.e., to orient M”, is 
called an indicatrix of M”. 

20. Invariance of intersections. 

(20.1) Let first X be a connected finite absolute orientable Af” and let y”, I" 
be its basic cycle and class (V, 36). Since all the coefficients at the right in 
(V, 36.6) are +1, and X is an orientable n-circuit (V, 29.9), hence cyclic in the 
dimension n, every n-cycle of X is of the form gy”. Moreover +” is determined 
to within its sign in the sense that the only other cycle having the property 
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just stated is ~y". If I” is any other combinatorial class of X, by (V, 36.12) 
there is a unique combinatorial class I,» such that 


(20.2) Doge” So7". 
If I, T',-, is an analogous pair we have (V, 37.6): 
(20.3) PPol* = Poop: Pag T'". 


Let each combinatorial class be identified with the adherent geometrical class. 
The combinatorial dot-intersections are then identified with the corresponding 
geometrical intersections (10.2). Suppose in particular that X; is a second 
finite absolute M” such that | X | = | X,|. Then I” defines a class rf for X; 
such that every other integral nth homology class of X, is a multiple of I? . 
Hence (20.1) the basic class of X; is +I and by (V, 36.6) we may suppose the 
n-simplexes of X, so oriented that itis +I). Thus as geometrical classes the 
two basic classes of X, X, will then coincide. It follows that the geometrical 
intersection class ane | Tr” will be the same whether determined by means 
of X or X;. Hence we have the following situation: Given two geometrical 
classes I”, I’ if we identify them with their combinatorial images in any complex 
such as X there results a combinatorial intersection whose geometrical image is 
unique. This topological image is called the geometrical intersection of T?, T° 
and denoted by I?oI". 

(20.4) The identification of the geometrical and combinatorial classes in M" 
causes the identification of the intersections of the geometrical homology classes. 
Hence in particular (V, 37.7) holds also for the latter. 

From the topological invariance of the dot-intersections and (20.3) there 
comes also: 

(20.5) If T is a topological transformation | X |—> | X1| inducing an isomor- 
phism 7+ of the homology groups such that rT” = Ty is the basic class of X; then 


rl?o7l? = 7(T?T%), 


(20.6) Suppose now X not connected and let its components be {X;}. Then 
rl? = Dv r?,r* = >, rf where I’? , I’? are unique classes of X; , and we define 


Tol’ = >> (PPoW), 


with the same conclusions as before. . 

(20.7) The modifications required for the other types of manifolds may be 
deduced from the above together with reference to (V, 38). 

(20.8) Referring also to (V, 37.9) we observe that the right side has topo- 
logical character. Hence (V, 37.9) with all classes taken geometrical defines 
also an index KI(I”, l'” ”) which has topological character in the same sense 
as in (20.5). That is to say: 

(20.9) If r ts as tn (20.5) then 


Kl(rT?, 7P"”) = KI(r’, r"”). 
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§4. CONTINUOUS AND SINGULAR COMPLEXES 


21. Let K = {co} be an Euclidean complex and 1 = AB a segment para- 
metrizedas0 SuS1. The product = 1 X K isa polyhedral complex known 
as a prism. Let K be identified with A x K and set Ki = B X K. Consider 
the topological mapping (translation) 7':| K | — | Ki | defined by T(0 X xz) = 
1X x. Evidently ¢ — Tc, or which is the same A X o > B X oa defines a 
chain-mapping 7:K — K, which is an isomorphism. By (IV, 5.6): 


(21.1) FU Xo) =BXoao-—AXa-—I1X (Fo). 

Let C be any chain of K and let DC = 1 X C. From (22.1) follows 
| FDo = ro — « — DF, 

and hence 

(21.2) | FDC = rC — C — DFC. 


Therefore 7 is a chain-deformation K — K, in & with the deformation op- 
erator D. There is nothing surprising in this, since the whole concept of chain- 
homotopy has been designed to carry over the above situation. 

22. It is often convenient to replace ® by an Euclidean complex and its 
derived §’ may serve for the purpose. The property to be proved presently 
describes an alternate method which has the double advantage of requiring no 
new vertices and not modifying the bases K, K,. 

Let {A;} be the vertices of K ranged in some order and let Aj = TA,;. 

(22.1) If o&® = Ay: AieK,  <-++ < i, then ¢?* = A, --- 
A;,Aj oot Aj, is contained in R and &, = U Cl ¢?" is a simplicial partition of &. 

Since | X oa is convex and all the vertices of ¢ are in 1 X o, we have ¢ C 
1X oC|8\|. To prove that & is a partition we must show that: 

(a) the simplexes of &; are disjoint; 

(b) every point of | @ | isin a| Cl ¢|. 

Let zel X 0”, p > 0. The segment A;,x extended meets | 1 * Bo” | in a 
point y. If zis common to two distinct simplexes of &; in 1 X o” then y has the 
same property relative to |l * @co”;. This reduces the proof of (a) for the sim- 
plexes of ®, in 1 X o” to the same for anl X o” ", and since it is trivial for p = 0, 
(a) is proved. Similarly (b) for z reduces to the same for y, i.e., for a point in 
an l X o” * and since (b) is also trivial for points in an I X o’, it is true for all 
points and (22.1) follows. 

Let S denote the partition of (22.1). By (IV, 29.1) S is a subdivision. I 
say that the chain-mapping 6 defined as follows is the chain-subdivision asso- 
ciated with S. Namely on K and K,:6= 1. For o?: 


(22.2) 6Do = DY (—1)'Ay, «++ Av Ai, ++: Ai,- 


At all events @ is readily verified to commute with F, and so it is a chain-mapping. 
It has also the required carrier S, and is the identity on the vertices as it should 
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be. Since S does not raise dimensions this is sufficient to prove the asserted 
property of 6 (IV, 18.1). 
(22.3) Let us set now 6D = D,. Since 6 = 1 on K, K, we havein R; also 


(22.4) FD, + DF = 7 — 1. 


Therefore +r is likewise a chain-deformation K — K, in &, with associated 
operator ,. Writing now §, D for &;, OD: we may state 

(22.5) With the translation 1:| K | — | Ki| there may be associated a chain- 
deformation r:K — Ki in an Euclidean complex & with operator D such that 
Do, o eK, has all its vertices among those of o and ro (ro is a simplex of Ki). 

It is hardly necessary to point out the parallel with (IV, 16.3). In point of 
fact it is out of (22.5) that there arose the general concept of chain-homotopy. 
See notably Lefschetz [e] and [L, 78]. 

The following homotopy properties will be required later. The notations are 
as in (1.1). 

(22.6) If t:, t are mappings A —> | K | such that o(tx), o(x) are always inci- 
dent then t; , are homotopic. 

For the condition of (I, 47.4) is manifestly satisfied here. 

(22.7) Consider now K and K‘”. Every op is contained in a o. Hence if 
every vertex of oc, 1s sent into a vertex of the simplex o carrying it, there is 
defined a simplicial chain-mapping +:K‘” —> K which is induced by a bary- 
centric mapping t:| K |—|K |. It may be shown as in (IV, 26.2c) forn = 1 
that 7 is a reciprocal of 6", where 6 is chain-derivation in K. Since to, 
<on, by (22.6): 

(22.8) There is a barycentric deformation | K‘” || —>| K | whose induced chain- 
mapping 7:K\ — K is a reciprocal of 5”. 

23. Continuous complexes. 

(23.1) Let & be a topological space. By a continuous complex & in ® is 
meant a pair (K, t) where K is an Euclidean complex and ¢ a mapping | K | > ®. 
The complex K is known as the antecedent of R. If K = {oc} then the pairs 
¢? = (o”, t) are the continuous p-cells of R. By definition if the space is metric 
diam ¢ = diam to and mesh & = sup diam ¢. 

The continuous complex ®‘” = (K‘, t) is the nth derived of ®. More 
generally if K, is a simplicial partition of K then &: = (K,, ¢) is called a sub- 
division of &. 

(23.2) All this may be extended in an obvious way to the mappings of poly- 
hedra and we thus obtain continuous polyhedra in ft, their derived and sub- 
divisions. Suppose in particular that the continuous complexes R = (K, t) 
and &, = (K, t:) are homotopic in ®, that is to say, that ¢, 4, are homotopic. 
There exists then a continuous polyhedron % = (J X K, T) in R, where I is the 
segment 0 < u S 1, such that T(0 X x) = tz, TL X x) = tz, xe|K|. The 
elements (1 X o, T) of & are called homotopy-cells, or deformation-cells when 
{= 1. 
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(23.3) If R = (K, t) is a continuous complex in K and t, is a mapping R > G, 
then ®, = (K, tt) is a continuous complex in © (obvious). 


(23.4) Derinition. Suppose the continuous compler 2 = (L, t) in | K|. 
If tis a barycentric mapping | L | —| K| we will say that 2 is a continuous sub- 


complex of K. 


(23.5) Let 2 = (L, #) be a continuous complex in K and let {a;}, {b;} be the 

vertices of K, L. If the “star condition”: {t|St b;|} refines {| Sta: |}, holds 
then 2 is homotopic to a continuous subcomplex & = (L, th) of K, where t, ts such 
that if x «| L | then its path is in o(tz). 
_ By hypothesis corresponding to b; there may be chosen a vertex of K, denoted 
by a;, such that |¢ St b;| C|Sta;|. The resulting repetitions among the a; 
are immaterial. If ¢ = b,:+-b,¢ ZL then tf Cé|Stb,;---b,| = ¢|Stba---n 
St b,| C|Sta;n---nSta,| = |Sta;---a,| #9. Therefore ¢ = a; -- - ah 
is a simplex of K and so b; — a; defines a barycentric mapping f:| L | — | K |. 
Let %, = (L, ti). Since t¢ C | St (é5) |, (23.5) is a consequence of (22.6). 

From (23.5) we deduce the following well known proposition which until 
recently provided the only method for proving the invariance of the homology 
groups of Euclidean complexes. (See [L, 86].) 


(23.6) THErorEM. very finite continuous complex 2 on the polyhedron | K |, 
K finite, has a derived &” which is homotopic with a continuous subcomplex of K 
after the manner of (23.5) (Alexander-Veblen). 


For n may be chosen such that mesh {t|St b;|} < Lebesgue number 
{| St a; |}, and then &” will satisfy the star condition. 

For general Euclidean complexes we have: 

(23.7) Let K = {co} be an Euclidean complex and 2 = (L, t), L = {£}, a con- 
tinuous complex in | K |, such that at most a finite number of t{ meet u giveno, 
and conversely. Then & has a subdivision which 1s homotopic with a continuous 
subcomplex of K after the manner of (23.5). 

If St b is the star of the vertex b in ZL then some finite closed subcomplex Ky 
of K is such that (Cl St b, t) C| Ky|, and so for some n the star condition will be 
fulfilled by (Cl St b)™ relative to K,. Every ¢¢L will be such that ¢t is in 
at most a finite number of | K,| and so ¢ will undergo at most a finite number of 
derivations. Moreover ¢; < ¢ and t{ C| K,| > t{; C t¢ C| Ks|. Hence &% will 
undergo at least as many derivations as ¢. Applying all the operations indi- 
cated for every Ky there will result a polyhedral complex ZL; which is a partition 
of Z and such that every star of a vertex of L; is imaged by ¢ in a star of a vertex 
of K. Therefore the derived L; is an Euclidean complex which is a subdivision 
of L such that the star condition holds relative to (Lj , t) and K, and the applica- - 
tion of (23.5) to (Ly, t) yields (23.7). 

The preceding results may be utilized for convenient approximations. For 
the sake of simplicity we will only consider finite complexes. 
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(23.8) Lett bea mapping |L|—-|K|, K and L finite. Then: (a) there exists 
an n such that t 1s homotopic to a barycentric mapping | L'‘” | -+ | K |; (b) given 
any e > 0 there exist m, n such that t is ¢ homotopic to a barycentric mapping 
| L'” | > | K’™ | (Alexander (b;]). 

Property (a) is merely another formulation for (23.6). Regarding (b) choose 
m so high that mesh K'” < ¢. By (23.6) we may choose n so high that 
(L‘”, t) is homotopic with a continuous complex (L'”, &) after the manner of 
(23.5). The path of any x «| Z| under the homotopy is a segment on a closed 
simplex of K'” and hence its diameter is less than «. Since otherwise t con- 
forms with (b) the latter is proved. 

23a. Homotopy groups. While these important groups lie wholly outside 
our program, a few words concerning them will not be amiss. 

(23a.1) The Poincaré group. Assume ® arcwise connected (any two points 
may be joined by an arc). We first introduce the paths in ® and a certain law 
of composition between them. A path is merely a continuous one-complex 
\ = (l, t). The points + = ¢(0) and 2’ = ¢(1) are known as the initial and 
terminal points of d, both as the end points of \. Wealso say that \ joins x to 2’. 
If \’ = (I, t’) is a second path with initial point 2’ and terminal point x” then 
”” = (I, t’’) with t”’ defined by | 


t’"(u) = t(2u), 0susl/2; 
(uw) = t'(2u — 1), ‘W/2susi, 


is likewise a path joining z to x’ and denoted by A’A. The path (i, t*), where 
t*(u) = t(1 — u) whose end points are those of \ interchanged is denoted by \"’ 
and called the znverse of X. 

Let M = {y} be the paths whose end points are both the fixed point x. If 
p, w’ are in the set so are y’u and» ~~ Hence our laws of composition and inver- 
sion may be applied unrestrictedly to {u}. Given » = (I, t) in M we will write 
p ~ 1if there is a homotopy of ¢ with the mapping 4:1 — 2x such that in all 
‘intermediate’ positions the path remains in M. Given yz, yw’ in M we will 
write up ~ uw’ if wn’ ~ 1. It is easy to see that ~ is an equivalence relation 
and that the equivalence classes with the previously introduced laws of compo- 
sition form a group. It is denoted by m(®) and known as the Poincaré group 
(also fundamental group or group of paths) of R and is independent of zo (to 
within an isomorphism). 

Not only is the Poincaré group generally noncommutative, but it is not too 
much to say that all the significant noncommutative groups ever discussed in 
topology have been 7() or its derivates. It is not surprising therefore that 
ignorance regarding this group seems to account for the fact that many of the 
major problems of topology have so far eluded all attempts at solution. 

(23a.2) Covering manifold. To simplify matters let # be a topological 
n-manifold M” (44.1). We define a new space J” = {x} as follows. Let N = 
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{v} be the paths with 2 as initial point. For », v’ in the set we will write » ~ »’ 
if vy, v’ are coterminal and y ‘vy’ ~1. This relation is readily seen to be an equiva- 
lence and the resulting equivalence classes are the points y of M”. If vey, x is 
the terminal point of v, and E is an n-cell containing x, then the classes of the 
paths Xv where \ = (I, ¢) has x as initial point and tl C E make up a neigh- 
borhood © in Pt” and {G} is chosen as a base for Mt”. It is not difficult to 
verify that I” is likewise a topological M”, and is topologically independent 
of zx. It is called the universal covering manifold of M". 

If vy ey and z is the terminal point of » then the mapping p:y — 2 is easily 
verified to be “locally’”’ topological. 

- (23a.3) The homotopy groups of Hurewicz. A noteworthy generalization of the 

Poincaré group has been given by Hurewicz [a]. Let be an arcwise con- 
nected compactum, and in addition locally contractible. (This property means 
that given any e > 0 there is a corresponding 7 > 0 such that G(z, n), ce, 
is deformable to a point in G(z, «).) Take now a fixed Euclidean (n — 1)- 
sphere S"?, n > 1, and let 2», yo be fixed points of R, S”’. Consider all the 
mappings t:S”’ — % such that ty) = 2. If ¢, t’ are two such mappings and 
we set d(t, t’) = sup {d(ty, t/'y) | y ¢ S” ‘}, it is readily seen that d(¢, ¢’) metrizes 
{t}. The resulting space has arcwise connected components and the Poincaré 
group of the component containing the identity mapping is known as the nth 
homotopy group of R, written +,(R). The first homotopy group is (9%). We 
will merely recall the following basic properties of the homotopy groups, both 
due to Hurewicz. 

 (23a.4) The groups 7,(R), n > 1, are abelian. 

(23a.5) If n > 1 and the groups r,(R), g < n, reduce to the identity, then x,(R) 
is isomorphic with the homology group ; (R) of the finite singular n-cycles (25) 
of R. 

It is also an elementary matter to prove: 

(232.6) :(R) ts tsomorphic with the commutator group of the Poincaré group 
wi(R). 

For further details regarding the homotopy groups and their applications the 
reader is referred to Hurewicz [a] and also to a recent comprehensive paper by 
Eilenberg [UM, pp. 57-99]. 

24. Singular elements. The singular elements to be introduced presently are 
very useful wherever homology and homotopy occur together. 

, By a singular p-cell in a metric space is meant a pair E”? = (o°, t) where 
o” is an Euclidean simplex and ¢ a mapping «?—»§. The convention is made 
that if s is a barycentric mapping 6? — a” then we still have E” = (or7, ts) = 
(s 9”, ts). It is a consequence of the preceding definition that if o* < o” then 
E* = (o°, t) is likewise a singular q-cell; it is called a g-face of E®. We shall also 
write correspondingly E* < E”. The simplex o” is said to be an antecedent of 
E” = (o’, t). 

We have just assigned dimensions and incidences in 2 = {E}. To make ita 
complex there remains to assign suitable incidence numbers. First of all, we 
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now assume in E” = (o’, ¢) that o” is oriented (with vertices taken in a definite 
order). We also agree to designate (—o”, t) by —E”. We may now define the 
finite singular chains over a group G as the linear forms 


(24.1) C? = g'E?, g’ an integer, 
with the restriction that 
g(—E*) = (—g)E’. 
{f we have 
(24.2) Fo”? = y'o?', EP" = (of, d), 
then we define FE’, the boundary of EZ”, as the singular chain 
(24.3) FE? = EP", 
and FC’, where C” is (24.1), as: 
(24.4) FC” = g'FE?. 


Since F(— HZ”) = —FE’, FC” thus defined is unique. 

The incidence number [E”: E?~’] is now defined as the coefficient of HE? in 
(24.3) (after terms are collected). To prove that 2 is a complex there remains 
to show that (III, 1, K4): 


(24.5) >» (BE: EE: BE") = 0. 


Since F has at most a finite number of faces, (24.5) is equivalent to FFE” = 0, 
which under our definitions is an immediate consequence of the known relation 
FFo” = 0. Therefore = is a closure-finite complex. 

If E = (c, t) is a singular cell in R then to is a subset of § which depends 
solely upon E but not upon its representation. We denote to by | E|, and 
these sets have just the properties required to make Z a metric complex as 
defined in (VI, 24.1). This metric complex is known as the complete singular 
complex of R. The subcomplexes, chains, cycles of 2 are referred to as sing- 
ular complexes, chains, cycles, of §. 

25. There are then two possible homology theories to be considered. in rela- 
tion to =. They correspond to: 

(a) the finite singular chains and cycles; 

(b) the V-cycles of 2, referred to as VS-cycles. 

The groups for the two types are to be chosen discrete throughout. In point 
of fact the VS-cycles are only interesting as auxiliaries and their groups are 
generally reducible (in the interesting cases) to those of the finite cycles. 

(25.1) That the homology groups resulting for instance from (a) are not 
necessarily the Vietoris groups is shown by the following example. The space 
9 is a planar set which is the union of the following three sets: a segment 
A:z = 0,1 S y S 1; the are dey = sin (1/z), 0 < x < 1; an arc dz joining 


[4] CONTINUOUS AND SINGULAR COMPLEXES 313 


(1,0) to (0, —1) but otherwise not meeting \1 u A2. The Betti number for the 
rational Vietoris one-cycles is readily found to be R’ = 1. On the other hand 
the fact that all the ‘“‘closed’? curves in the set are homotopic to points 
enables one to prove that for the finite rational singular one-cycles we have 
R’ = 0. Thus the rational Betti numbers for the finite singular one-cycles 
and those for the Vietoris cycles are distinct. 

(25.2) If A is a subset of R, and ZH, &, C are a singular cell, complex or chain, 


then: HE C A, --- signifies: | EH | C A, -+-. In particular when A is closed 
and FE C A then E’ < E->|E’| C|EBE| CA. Hence 2, = {E|E CA} 
is a closed subcomplex of 2. The singular cycles, --- mod A are those of 
= mod »,. | 


(25.3) Groups related to a point. Since a point zx is closed the E’s in x 
form a closed subcomplex 2,. The VS-cycles around z are known as singular 
cycles around x. At the same time one may also define singular cycles through 2, 
as follows: a singular p-cycle y” through x over a discrete G is a singular chain 
over G such that x ¢ || FC” ||; the cycle ~ 0 whenever there are singular chains 
Cc? Dd? «¢|| D? ||, such that FC?*? = 7? + D?. The groups 3’, §”, S” are 
then defined in the customary way. 

26. We will now describe a certain number of results with proofs merely 
outlined or even omitted in the simpler cases. 

(26.1) If R, S are metric spaces and T is a mapping R — ©, then T induces a 
homomorphism of the homology groups of the finite singular cycles of Rt into the 
corresponding groups of ©. 

(26.2) The homology groups of the finite singular cycles are topologically in- 
variant. 

(26.3) Let ® = (K, t) be a continuous complex in Jt, where K = {oc}. Then 
R, = {(c, #)} is a singular complex said to be induced by &. 

(26.4) Every singular complex &, is induced by some continuous complex &. 

If R, = {E,;} we may set E; = (0; , t;) where the Cl o; are disjoint. Then if 
K = UClo;, and t: |K| — & is defined by ¢| ¢; = t;, we have in R = (K, #) 
a continuous complex inducing &;, . 

(26.5) By taking operations on & such that if say o1, --- , 7. are antecedents 
of E ¢« &; in & then the effect of the operations is independent of the permuta- 
tions of o1, --: , o,, there may be introduced corresponding operations in &, . 
Thus we may define chain-derivation d in &;, as well as other types of sub- 
divisions, likewise singular chain-homotopy, etc. 

Let & = {E?} be a singular complex, %‘” = {E%;} its nth derived, 6 chain- 
derivation in all simplicial complexes, d singular chain-derivation in &. 

(26.6) d” is a singular chain-deyormation R — ” with operator D such that 
JDE||C TEI. 

Since (26.6), is obtained by repetition from (26.6):, we only need to prove 
the latter and so suppose n = 1. Let 1 be the segment 0 S wu S 1 and suppose 
E = (c,t). Consider the mapping T:1 X (¢) — ® such that T(l X x) = tz, 
ze6. Apply tol X (Clo) asimplicial partition which differs only from a bary- 
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centric subdivision in that no new vertices are introduced in 0 X Cl o, and let 
6 be the induced chain-subdivision. We have 6(0 X c) = 0 X o, #1 XK oc) = 
6(1 Xo). Hence the singular images of 6(0 X o) and 6(1 X oa) under T are, 
respectively, H anddH. We have now the relation (22.1) inl X Cle. Apply- 
ing @ to both sides, taking the singular images under 7’, and denoting in par- 
ticular by DE the singular image of 6(1 X oc), we obtain DF + FD = d — 1. 
It is readily seen that SH depends solely upon Z, and not upon the particular 
representation (c, ¢) chosen for E. Thus d is a singular chain-deformation. 
Since T(l X o) = || DE || C Ta, (26.6) is proved. 

(26.7) The notations remaining the same suppose & finite and contained in the 
polyhedron | K |, K = {eo}. Then 

(a) for n above a certain value there is a singular chain-deformation n: R” 3K 
with operator D such that || E,; || C ¢—> || DE»: || C 4; 

(b) there is likewise a singular chain-deformation 6:8 — K with the property 
that if L is a closed subcomplex of both K and & then 6| L = 1; 

(c) we also notice explicitly that mesh 8 — 0. 

Let (Ki, t), Ki = {¢}, be an antecedent of &. Since K;, is finite ¢| Ki] = 
| & | is compact. The open covering of this compact set by the intersections 
with the stars of the vertices of K has a finite subcovering. Hence § is con- 
tained in a finite set of the stars and so in a finite closed subcomplex of K. 
Thus we may assume K finite. Under the circumstances by (23.6) there is an 
n such that (23.5) may be applied to (K{”, é). Thus we have a mapping 
T:|1 xX Ki” | >| K | corresponding to the homotopy of (23.5) as applied here. 
If we take now a simplicial partition of 1 x K{” similar to the derived but with 
no new vertices in 0 X K{" or 1 X Kj", and pass to the singular images, the 
mappings of the bases 0 x K{”, 1  K{” of 1 X K{” induce the chain-mappings 
1, 7, and the image of (1 X f£; ; 1) subdivided is a singular chain DE,;. If 
Ki” ={tas} and f4;, ¢,, are two antecedents of E,,; we find readily that (I X ¢); , 7’) 
= (1 X tas, T), where the parentheses represent the singular chains ob- 
tained from the subdivision of the cells. Thus SE is shown as in the proof of 
(26.6) to yield a suitable D making 7 a singular chain-deformation. If || E,; || 
C 6, then by (23.5): T(l X ¢4;) Ca, and since || DE,; || = T(l X fi), the rest 
of (26.7a) follows. 

If we set 6 = nd” then from (26.6, 26.7a) we deduce that 6 is a singular chain- 
deformation > K. If L is as in (26.7b) then | L‘” = r+, a reciprocal of 8”, 
and d” = 6". Hence @| L = 76" = 1. This completes the proof of (26.7b). 

(26.8) .We will now apply (26.6, 26.7) to the reduction of the finite singular 
cycles of | K | to those of K itself. If’ is such a cycle its class will be written 
r’. If 7” is a cycle of any finite Euclidean complex then we agree to identify 
its combinatorial class and geometrical class, with a common designation 
A(7’). 

If 6 denotes chain-derivation in K and 7 is a reciprocal of 6 then A = Ad, 
and since 75 ~ 1, likewise Ar = Ard = A. 
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Taking then 7’ in | K | by (26.7b), there is a singular chain-deformation 
6,2: |7?|—- k™, : 

(26.8a) A(O.y") depends solely upon T°. 

If D, is the homotopy operator for 6, then 


FO,” = bay’ — y’ ~ 0. 
If y’” is any other cycle of I” there will be corresponding Di, , 6, and 
FD,y”" = Oy” a Hy” ~ 0 


Hence 6',y'? ~ 6nxy’ in the singular sense. Therefore there is a singular chain 
c’™ such that FC?" = 6,7” — On’. If we treat C’* like the cycles and 
notice that the chain-operations involved reduce to the identity on the chains 
of K™ (26.7b) we find that C?* is chain-homotopic with a chain in K ‘") whose 
boundary is the same. Hence we may assume C” 1 CK™ and so Onyn® ~ Onv? 
in K™. This proves (26.8a). | 

Notice incidentally that we may assume y” = 7” and 6; merely any singular 
chain-homotopy whatever |7’| — K‘”, and the preceding argument shows 
that A(0,7”) is independent of the particular chain-homotopy @,: |” | > KO. 

(26.9) A(O,y") is independent of n. 

Let this time 7 denote the reciprocal of chain-derivation 6 in K (") Since +r 
is a singular chain-deformation K‘"t” — K™, (22.8), 76,4: is a chain-homotopy 
|y? | —> K™, and so A(r0n41 7") = A(Ony”). Since Ar = A we have A(Ona1yY’) = 
A(6xy") which implies (26.9). 

Thus A(6,v”) depends solely upon I? and so we denote it by A(T”). 

(26.10) ©? — A(T”) defines an isomorphism of the corresponding groups. 

At all events there is defined a homomorphism w of the groups. If 7’ is 
a cycle of K then the chain-mapping identity is a singular chain-homotopy 
sending y” into itself. Hence w is of “onto” type. If y” ~ 0 in K then it is 
also ~ 0 in the singular sense, and so w is univalent. Since we are dealing 
with homology groups of finite cycles, which are all discrete, w is an isomorphism. 
This proves (26.10). More explicitly: 

(26.11) The homology groups of the finite singular cycles of an Euchdean complex 
K are isomorphic with the corresponding combinatorial groups. Hence in par- 
ticular the latter are topologically invariant. 

This result implies (10.1) and in particular the topological invariance of the 
Betti numbers and torsion coefficients of a finite Euclidean complex. It was 
essentially along these lines, i.e., by means of the singular cycles, that the 
invariance of the Betti numbers was first proved by Alexander [a], and that of 
the Betti numbers and torsion coefficients later also by Veblen [V]. (See also 
[L, 87; Li, X].) 

An interesting complement required later is: | 
(26.12) Assuming for simplicity K finite, the operation 1? — A(T”) has topo- 
logical character with respect to a topological mapping t: | K | — | Ki |, where Ky 

is also finite. 
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Consider the continuous complex (K, #) and let n be chosen in accordance 
with (23.6). We have then the following two associated operations: 

(a) If {a;}, {b;} are the vertices of K™, Ki, and if K’”, Ki are considered 
as the nerves of the coverings {| St a;|}, {| St b;|}, then the barycentric 
mapping | K‘” | — | Ki| of (23.5) (implicit in 23.6) induces a chain-mapping 
9:K‘" — K,, which is of the same type as the p; of (VII, 5.12) corresponding to 
the mapping ¢. Since the combinatorial classes of K ‘") K;, are identified with 
the corresponding geometrical classes, and since ¢ is topological, @ induces a 
mapping of A(I'”) into its image class tA(I”) in Ki. 

(b) The second operation referred to is the homotopy 7 (K™, t) >| Ki| 
of (23.6). 

Take as a representative of I” a cycle 7’ of K™. Then we verify immedi- 
ately that the singular chain-deformation (K‘”, t) — K; induced by T sends 
ty’ into 6y’. Thus if tI denotes the class of ty” then A(éI’”) is the class of 
6y? in K,. Since this is the same as tA(T”), (26.12) is proved. 

(26.18) Relative cycles. All the preceding results hold with minor modifica- 
tions for the cycles of K mod L, L a closed subcomplex of K. Of course in 
(26.12) ¢ must be such that ¢| L | = | Li |, LZ; a closed subcomplex of Ki. 

(26.14) Cycles through the points. Essentially the same arguments are valid 
for these tycles. As in (14) one may reduce the treatment to the case of a 
vertex a. Care will merely have to be taken not to send into a any singular 
vertex different from a. This yields a new proof of (14.1) and in particular 
implies also: 

(26.15) The homology groups of the singular cycles through the points of | K | 
are isomorphic with the corresponding geometrical groups. | 

27. Intersections of singular chains in a manifold. The questions which we 
shall now consider are the last dealing with intersections in the present work. 
It is interesting to observe that they were the first investigated by the author 
in his initial paper on intersections [a]. This is in keeping with the development 
of topology since that time: the algebraic properties are now completely to the 
fore, and the more special topological properties are dealt with afterwards. 

(27.1) Let again X be the manifold of (20). Given a finite singular cycle 
vy’ in | X | consider the associated closed set P = || 7’ || and let U(e) = G(P, ¢). 
By (4.1) corresponding to a given e > 0 there is an s such that if Y, is the union 
of the closures of the simplexes of X‘’ which meet P then | Y,| C U(e/4). 
If we treat now 7’ as in (26.8) we obtain a cycle 6° of Y, such that y” ~ 6° in 
Y, and hence also in U(e). Moreover (26.12) the class A” of 6° as a cycle of 
Y, and hence of U(e) depends solely upon y’. Since derivation does not alter 
the manifold properties we may apply to 6° in X “) the operation analogous 
to tn of (V, 36). This will give rise to a cocycle 5,-p such that if y” is the 
basic cycle of X or rather its image in X ‘) then, by virtue of (V, 36.13): 


(27.2) ~~ P~ by-p + yin UE). 
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Finally it is a consequence of (V, 36.12) and the topological character of the 
intersection classes in a finite complex, that the class of 5,_,, say in U(2e), | 
also has topological character. 

Thus we have assigned to 7’ a definite cocycle 5,» over the same group G 
as 7”, whose class in U(2e) depends solely upon 7’. 

(27.3) Let now G, H be commutatively paired to J, and let y’, y" be finite 
singular cycles over G, H. If Q = ||y"|| and V(e) = G(Q, 6), we find 8,_>, 


5,—¢ carried by U(2e), V(2e). We will denote the classes of y’,.d,-p, °--, 
by fase Nox: $a% 

Since I" is sitearal there is a class intersection r, -r" of I” with a cohomology 
class I’, over any group whatever. Hence A,_,-A,-, ‘'” = I'?**” is a class 


of cycles over J. By (VII, 10.4, 10.6) it has a representative y?** " in W(26), 
where W(2e) = U(2e) n V (26), whose class in W(2e) is unique. Hence if 


e’ < € we have 


vere mw yP tt" in W(2e). 
If R = Pn Q then { W(e)} is coterminal in the web of all the neighborhoods of 
R. Hence by (VII, 15.1) {y?**"} converges to a cycle y?** ” in R, such that 
yr” wy Pt" in W (26) 


for every «, and its class T'’** ” (as a cycle of R) is unique. Any cycle y’**” ¢ 
r?t*" is called an intersection cycle of the singular cycles y’, y* and is denoted 
by 7’ o y*%. The class r?**” is likewise denoted by I? o I and called the 
intersection class of the singular classes I’, I’. It is an elementary matter 
to prove: 


(27.4) o has all the properties of (V, 37.7). 

(27.5) Kronecker index. If gq = n — p then 7’ o y” ” is a zero-dimensional 
cycle, and so it has an index. We naturally define 

KI(7*, y"*) = KI(y” o y"”). 
(27.6) If y’, y' are disjoint (7.e., Pn Q = Q—) theny’ oy’ ~ 0. 
(27.7) Suppose now that C”, C’ are finite singular chains over G, H in X and let 
P=(|[C’|, Q=||C |], R=PQ, 
P, = || FC? ||, Q: = || FC" ||. 
We will say that C’, C* are in general position if 
PoQuPiaQ=@. 


Using (VII, 10.7) it is now a simple matter to extend the preceding results 
and obtain an intersection cycle C? o C* in R and its intersection class. More- 
over if g = n — p we will have an index 


KI(C?, C"-?) = KI(C? oC”). 
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(27.8) The intersections of singular chains and cycles in a finite geometric 
absolute orientable M" = X, as well as the Kronecker index which have just been 
introduced, are topologically invariant with respect to any topological mapping 
t:| X | — | Xi|, where X; is a similar M", such that if y” is the basic n-cycle of 
X then ty” is the basic n-cycle of Xi. 

For under the circumstances all the elements used in defining the intersections 
have topological character. 

(27.9) Extension to any orientable M". In the first place the finiteness restric- 
tion is manifestly unimportant. However if 1” and the chains are allowed 
to be infinite, various cases may have to be distinguished. We merely observe 
that if R = Pn Q is compact then so is the intersection cycle y? o y*. 

Suppose now that X = Y — Z,i.e., that Y is an orientable M" mod Z. The 
notations being essentially as before the set | X | is covered with an Euclidean 
complex X, regular with respect to Z after the manner of (5.1) duly extended. 
We show then as in (19.1) that X; is an absolute (generally infinite) orientable 
M” and intersections are now defined by reference to that manifold. 

(27.10) Application. Let the Euclidean space &" be referred to {21, ---, 2a} 
and let X; be the one-complex arising from — ©» < x; < + © and its sub- 
division by z; = 0, 41,---. Then @ =|X|,X = X¥ix%--- XX”. Let 
q < p,r = p — q and consider the subspaces | 

i = 0, +>0; oP 2 = 0, +73 q;. 
GC = Gn EG" *:2z;=0, tSqor>p. 
We suppose them oriented by {21, «+: , Zp}, {Xgt1, °°* Un}, {Lotn, °° * , Lyf. 
If A; is the point x; = 0 in the 7th line and L; its basic one-cycle (geometrical 
identified with adherent combinatorial cycles) then the classes of the basic 
cycles &f , G> *, © are precisely those of (V, 38.7). Thus €? n G * is a cycle 
of © in the class of ©, or by (V, 38.7): 


(27.11) EP o © * = |. 

If p + g =n then & o G ” is the origin of coordinates, taken once according 
to (V, 38.8), and so 

(27.12) KI(G? , G&*) = 1. 


These are precisely the intersection rules of Lefschetz.{a] for convex intersections. 
It is to be noted throughout that the preceding results imply a reorientation 
of the dual X* or equivalently of the reciprocal X as described in (V, 38.3). 


§5. COINCIDENCES AND FIXED POINTS 


28. In this and the next section we propose to deal with extensions to mappings 
of the results of (V, 24) for coincidences and fixed elements of chain-mappings. 
(28.1) If R is a topological space and 7 a mapping # — R then a fixed point 
of 7 has its obvious meaning: it is a point x such that Tx = x. Similarly if 
R, S are two topological spaces and 7’; and T, are mappings fF — © and GS > K, 
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then a coincidence of T, , Tz is a pair (xz, y), x eR, y e S, such that y = Tiz, 
x = Ty. This is the general situation, with 7, , Tz running in opposite direc- 
tions: from R to © and © to R. However, for finite geometric manifolds we 
shall also consider coincidences of two mappings 71, T2 :R — ©, both going in 
the same direction, and they are defined as any pair (x, y), x e R, y e ©, such 
that y = Tix = Tox. 

(28.2) All our results will apply solely to spaces which have 

Property A. The space ® is compact, all its rational Betti numbers R? 
are finite and all but a finite number of the R” are zero. 

(28.3) Suppose that 7 is a mapping # — MR, where R possesses Property A. 
Since the numbers RF” are finite there is a finite so-called rational homology base 
or maximal set of rational cycles {y?}, 7 = 1, 2, --- , R”, independent with 
respect to homology. The mapping 7 induces a homomorphism on the homol- 
ogy groups (VII, 7.1) and hence a transformation on the elements {y?} given 
by homologies with rational. coefficients: 


(28.4) Ty? ~N(p)y?, =” = [| N(p) ||. 


(For simplicity we also denote by 7 the simultaneous homomorphisms of the 
homology groups which 7 induces, and similarly for the other mappings.) 
Since all but a finite number of the R” are zero, the expression 


(28.5) W(T) = >> (—1)? trace 0” 


has a meaning. Similarly if © is a second space with Property A and rational 
homology bases {67}, and if 7, , T, are mappings R — S, S — K then 


Try? ~ wis (p)d?, TBP ~ wii (pv? , 


28.6 
uh = || wns (p) |I, 


and the expression 
(28.7) g(T1, Te) = ¥(T2 T:) = Dy (—1)? trace uPu? 


has meaning. As is well known y? , uf may be interchanged at the right with- 


out changing the traces. 
If {y;,?} is a second maximal independent set analogous to {y?} we have 


(28.8) vw =aly?, a= |lajl, 

where a is a rational nonsingular square matrix and )’ will be replaced by 
a\’a"* whose trace is the same. Similarly for trace uPuz. Coupling this 
with (VII, 7.1) we have: 

(28.9) The numbers: trace d’, trace ufuz , ¥(T), o(T1, T2) are independent of 
the particular homology bases in terms of which they have been calculated. Further- 
more they depend merely upon the homotopy classes of the mappings. 

29. Coincidences and fixed points for finite Euclidean complexes. We will 
now suppose that we have finite Euclidean complexes K, L and a mapping 
T:|K\|-—>|K| or a pair of mappings T,;, T,:|K | ~|L|,|L| > |K|. 
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It is clear that | K |, | Z| have Property A, and so (28.9) is applicable to them. 
We will now prove: 


(29.1) Frxep poInT THEOREM. If ¥(T) # 0 then T has a fixed point. 
(29.2) Coronary. If o(71, T2) ¥ 0 then T;, T2 have a coincidence. 


We shall assume that 7’ has no fixed point and show that this leads to a con- 
tradiction, and similarly for the coincidences. 

(29.3) If T has no fixed point, d(x, Tx) > 0 for every x e|K |. Since | K | 
is a compactum e = inf d(z, Tx) > 0. Choose an n such that mesh K” < 
e/3 (4.1). By (23.8) there is an m > n such that: (a) a suitable 7’ homotopic 
to T maps | K‘”| barycentrically into | K“ |; (b) T’z € o,(Tz), and so 
d(Tx, T’x) < ¢«/8. As a consequence &, and 7"q, are always disjoint. There- 
fore if 6 is the chain-mapping K‘” — K‘” induced by 7”, then om C &n implies 
that 6c0,, has no element in ¢, . 

On the other hand if 5 denotes chain-derivation in K, then 6”~” applied to 
K™ is a chain-mapping such that ||6"~"o, || C @,. Therefore 6, 6” ” are 
chain-mappings K™ — K”, K” — K without coincidences, and so 
g(@, 5" ") = 0, where ¢ is defined as in (V, 24). 

Since T, T’ are homotopic they induce the same homomorphisms on the 
homology groups. Since 6 induces an isomorphism of the homology groups of 
K with the corresponding groups of K‘” we may as well identify the classes 
Yr’, 6"r? of K, K. Hence if I? is the class of y? we will have from (28.4): 


Or? = Xi (p)I?. 
To 6” -” there will correspond similar relations with every )” = 1. Therefore 
(29.4) o(8, 6" "") = ¥(T), 


and so here ¢(@, 6” ") + 0, a contradiction proving (29.1). 

(29.5) Passing now to (29.2), T:T, is a mapping | K | — | K | whose fixed 
points are in one-one correspondence with the coincidences of 7,, T:. This 
together with ¥(7T271) = ¢(T:1, T2) and (29.1) yields (29.2). 

(29.6) Since 6, 5"-” are chain-mappings of finite complexes into one another, 
¢(@, 6” ") is given by a relation (V, 22.4), in which at the right all the numbers 
are integers. Hence ¢(6, 56” ”) is an integer, and therefore this holds also for 
¥(T), consequently also by (28.7) for o(7,, T2). Or: 

(29.7) For mappings of finite polyhedra into one another both y¥(T) and 
g(T,, T2) are integers. | 

(29.8) We have just been considering coincidences for mappings T,, 72 
going in opposite directions (from | K | to | Z| and|LZ|to|K|). A similar 
result may be derived for finite absolute orientable manifolds when the mappings 
proceed in the same direction. For this purpose we utilize the result of (V, 40). 
Let the notations be those loc. cit., except that X, Y are geometric manifolds 
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and let T;, 7 be two mappings |X| —|Y|. Replacing if need be both X 
and Y by suitable derived and proceeding as in (29.3) there will be obtained 
barycentric mappings T:, Tz: |X|—|Y| homotopic with 71, Ts and such 
that if the latter have no coincidences the same holds regarding Ts: In 
fact we may then so choose X, Y that throughout 


(29.9) (C1 St Tiz) n (C1St T22) = @. 


As a consequence if r, @ are the chain-mappings X — Y induced by Tis Ts 
then no y e Y will-be found in both rz and 6x. Coupling this with (V, 36.3) 
we find that 7, 6 (the latter as in V, 40) have no coincidences. On the other 
hand the coincidences of +, 6 are in one-one correspondence with those of 1, 6*, 
and so the latter will have none. Therefore with x, w as in (V, 40) we must have: 


(29.10) 0 = g(t, 6*) = x(r, 6) ad w(r, 6). 


We will set again w(7, 0) = w(71, Tz) and it is an elementary matter to prove 
the analogues of (28.9): 

(29.11) w(T:, T2) depends merely upon the homotopy classes of T,, T2 and 
at ts an integer. 

We have then from (29.10): 

(29.12) Let X, Y be finite absolute orientable geometric n-manifolds and 
T:, Tz, two mappings |X| —>|Y|. Jf o(T1, T:) # 0 then T,, Tz have at 
least one coincidence. 

Thus there has been obtained a coincidence theorem‘ for two mappings of 
absolute orientable geometric manifolds into one another even when the two 
mappings proceed in the same direction. 

30. Applications. We will prove some of Brouwer’s classical degree and 
fixed point theorems (Brouwer [a, b, d]). We first extend the concept of Brouwer 
degree (V, 25) in the following way: If K, L are both cyclic in the dimension 
n and acyclic in the dimensions greater then n, and have the basic integral 
classes Ir, A” then (28.4) for p = n yields 


(30.1) TT” = cd” 


and c is the degree of the mapping T: | K|—|L|. From (28.9) follows 

(30.2) The degree depends merely upon the homotopy class of T, and uf Tis a 
mapping | K | — | K | it is even independent of the basic n-cycle chosen on K. 

Let now 7 be a mapping of an n-parallelotope P” (closed n-cell) on itself. 
Since P” is zero-cyclic, a point x is a rational homology base for the dimension 
zero, and evidently ox ~ x. Therefore ¥(T) = 1, and so: 

(30.3) Every mapping of a finite-dimensional parallelotope (closed cell) into 
itself has a fixed point. 

Let now | K | be a topological n-sphere S”. If we denote also by S ” the basic 
n-cycle of the sphere then (28.1) for a mapping T: S" — S" becomes 


oD = I, aS" = cS’, 
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where c is the degree. Therefore 
(30.4) ¥(T) = 1+ (-1)"c. 
From (30.4) follows the 


(30.5) Turorem. The following mappings of a topological sphere S" into 
itself have a fixed point: (a) sense-preserving [reversing] mappings Ss" —» g?* 
(S%+1 —, S%+1]. (b) mappings of degree different from (—1)"*}. 


§6. QUASI-COMPLEXES AND THE FIXED POINT THEOREM 


31. Quasi-complexes. The motivation for introducing this new and last 
class of spaces is the search for a sufficiently general type for which our basic 
fixed point theorem (29.1) is still valid. It has been known for some time 
(Lefschetz [g]) that it holds for so-called LC* compacta and their generalization: 
HLC* compact spaces. These spaces may be briefly described as follows: 

(a) LC* spaces. Let K = {o} be a finite Euclidean complex and L a closed 
subcomplex containing all the vertices of K. An LC™ space is a compactum 
® characterized by the following property: given any e > 0 there is an 7 > 0 
such that if there is a pair (K, L) and a mapping &:| L'| > ® with mesh {H(L na 
Cl c)} < 7, then & has an extension ¢ to | K | such that the continuous complex 
R = (K, 2) is of mesh less then e«. The pair (Lo, &) is known as a parival realiza- 
tion of K to mesh less than n. It may be said that LC* spaces have been identified 
(Lefschetz [d]) with the so-called absolute netghborhood retracts of Borsuk (com- 
pacta which are neighborhood retracts of every compactum in which they 
are topologically imbedded). They include notably all finite Euclidean com- 
plexes as well as the Hilbert parallelotope. 

(b) HLC* spaces. These are analogues of the LC* type which may be de- 
scribed in outline as follows. First K, L are now simplicial. Next # is merely 
compact and the partial realizations and extensions are chain-mappings into 
nerves. For a fuller description the reader is referred to a complete treat- 
ment of a class of spaces which includes HLC* spaces in a forthcoming paper 
by E. G. Begle [a]. We merely state that the HLC* class includes the LC* 
class and in addition, for instance, all parallelotopes. 

The characteristic property of all these spaces, is the presence of an operation 
resembling indefinite chain-derivation. That is to say, if @ = {4 ; w.} is the 
net of the finite open coverings (VIII, 4) then there exist chain-mappings 
wk: + &,d > uy, for a sufficiently large class of (A, u). Since indefinite 
chain-derivation has been at the root of the proof of the fixed point theorem it 
is natural to search for our generalization in that direction. As we shall see 
this surmise is completely justified: quasi-complexes, the class of spaces to 
which it leads, satisfy the fixed point theorem. Moreover the class includes 
HLC* spaces, hence also LC* spaces (= absolute neighborhood retracts), 
finite Euclidean complexes and all parallelotopes. 
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32. (32.1) Let then # be compact and as in (VII, 4) let {Uh} be its finite 
open coverings and @ = {& ; 7%} the net of their nerves. We will be dealing 
throughout the remainder of the section with a certain cofinal family M of 
A = {\; >} and the elements of M will be designated by a, b, f,g. The indices 
f, 9, will be used particularly to designate a certain dependence upon other 
indices. Corresponding to a,---, the coverings, nerves, --- are of course 
written l,,--°,Pa,°°". 

We describe two properties B, C of ®. - | 

Property B. There is a family M (cofinal in A) such that for every a there 
is an f(a) > a with one or more chain-mappings w7:®, — 9, , called antiprojec- 
tions, and such that: 

(a) wen, ~1; 

(b) ifg > f > aand wy, wf are antiprojections so is w)w; ; 

(c) if w;, ay are antiprojections then w; ~ 4; . 

The antiprojections w; behave exactly like the duals of the projections, and 
give to the collections of the homology groups {’(@,, G)} the character of 
direct systems. In the terminology of (VI, 2) {@.} is thus both a net and a 
conet. The role of (a) is to make projections and antiprojections cancel out 
along the homology classes. These remarks already hint at a theorem such as 
(33.1) below. 

Property C. First of all Property B holds with M and the antiprojections 
w; as in its statement. All the indices a, --- being understood in M, we have 
in addition: for every a there is an index g > a, and for every b an index 
h(a, g,b) > b,g such that wf exists (in accordance with Property A), and that if 
®, = {o,} then {[o,] u [w%o,]} > U., where if C” is a chain of &, [C*] denotes 
the union of the kernels of the simplexes of C?. Thus here the union of the 
kernels of ¢, and of the simplexes of wxo, must be contained in a set of U.. 

Roughly speaking, for a compactum Property C asserts that the nerve of a 
finite open covering U, of sufficiently small mesh may be e chain-mapped (in an 
obvious sense) into the nerve of an Ul, of arbitrarily small mesh. 


(32.2) DerIniTiIon. A quasi-complex is a compact Hausdorff space which 
possesses Property C and hence also Property B. 


33. (33.1) If a compact space possesses Property B then tts homology groups are 
isomorphic with subgroups of the homology groups of a certain finite simplicial 
complex (in fact with those of a nerve ®,). Hence: 

(a) the groups above a certain n vanish; 

(b) the space possesses Property A of (28.2). 

(33.2) Noteworthy special case. Proposition (33.1) holds for a quasi-complex. 

Wa assume then that # is compact and satisfies Property B, with M, w as in 
the statement of Property B. Take a fixed aeM and let y” = {yx} be any 
cycle of R over G. The mapping y’ > 72 defines a simultaneous homomorphism 
x, of the groups of cycles of ® into the same for ©, , and this induces in turn a 
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simultaneous homomorphism Il,:6’(R, G) — $°(@,, G). To prove (33.1) it is 
sufficient to show that I, is a simultaneous isomorphism with subgroups of 
§?(®,, G). We must first prove II, univalent or equivalently: 


(33.3) yP~ Oy’ ~ 0. 


(33.4) It is an immediate consequence of Property B that there is a family {/f} 
cofinal in M and hence in A, such that w; exists for every f of the family. Now: 
ay? ~ 7? ~ 0, and so from (a) of Property B: wyriy? ~ y? ~ 0. Since all the 
coordinates of y” for {f} cofinal in A are ~ 0 we have 7’ ~ 0, which is (83.3). 

To prove (33.1) there remains to show that 

(33.5) II, ts open. 

For this purpose it is more convenient to pass to the homology classes I’, 
r? ,--+ of y’, v7, ---. The homomorphisms in the homology groups induced 
by 72, w? will be denoted by II/ , 0%, so that we have as a consequence of (a) 
of Property B: 


(33.6) om, = 1. 


Let a and {f} be related as before. If b ¢M and UV, is an open set of 6°(& , G) 
then V, = {I | I? « Us} is open in 9°(R, G), and since {f} is cofinal in A, 
{V,} is a base for 6?(R, G). To prove (33.5) we merely need to show that 
I1,V; is open. Since 9% is continuous (0%) "U; = Ua is open. Now I? ¢ V; 
I? «Uy; (IT? = OT?) «U; « T2eU,.. Therefore 1.V; = Ua n 
11,.6"(R, @) = an open set. This proves (33.5) and hence also (33.1). 

34. Coincidences and fixed points for quasi-complexes. 


(34.1) Turorem. The basic fixed point theorem (29.1) and its corollary (29.2) 
hold also for quasi-complexes. 


The derivation of (29.2) is as in (29.5); so we only need to prove (29.1). The 
proof is by a reduction to the analogous property for chain-mappings of certain 
nerves and requires a careful selection of coverings. 

(34.2) If XY = {A.} is any aggregate of sets then the star of A., written 
Gt A. (not to be confused with star in a complex), is the union of A, and all 
the Ag which meet it. If R is a topological space and U, B open coverings 
then @ = {V,} is said to be a star-refinement of U whenever {St V.} > U 
(every star of % is contained in a set of U). Star-refinements have been re- 
peatedly utilized in questions related to the metrization problem (see notably 
J. Tukey [T]). However, we merely require here: 

(34.3) If Ris normal, every finite open covering U has a finite star-refinement B. 

Let Ub = {Ui, --- , U,} and let it be shrunk to UW’ = {U;}, U; CU;. Then 
W; = {U;,R — Uz} is abinary open covering and B = Wa MWian--- a B, 
is a finite open covering. Let 8 = {V;,} and suppose Vin V; # @. The set 
V, is contained in a set U; of WW’, and V;-in one of the sets of %,, i.e., V; C U;, 
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or V; CR — U;. The second inclusion is ruled out since V ; meets the subset 
V, of U;. Therefore the first holds. Thus V;, and all the sets of B meeting 
it are in U; and so &% satisfies (34.3). 

(34.4) We will assume now that ® is a quasi-complex with a mapping 
T:R — R and set R = TR. The notations are as in the statement of Property 
C and the various elements there considered are selected in the following way. 
We choose any ll, , a eM, then take Ul, = {U,:} as stated in Property C. Next 
we choose ll, > Usa {7 (Rn U,;)} and finally U, is selected as in Property C. 

Suppose lk, = {Uzi}. We may find for each U;; two sets of Ul, , U, which we 
denote for convenience by U.; , U,; , such that U,; C Uain T (Ra U,:). Since 
NUi:, ~ 0 > NU,:, # G, Us; — U,s defines a simplicial chain-mapping 
7°: >. Hence p = rm isa chain-mapping ®, >. (Itis the analogue 
of p, of (VII, 5.12) for our present mapping 7.) Thus finally @ = Dywh is & 
chain-mapping ®, — ©,. 

If y” = {yr} is any cycle of R, then 

Oye = Dywhys ~ Dowhtevk ~ Dek - 
Therefore (VII, 5.12): 

(34.5) Oy? is the g coordinate of the cycle Ty’. 

It is convenient to specialize a, g still further in accordance with: 

(34.6) g may be so chosen that all the rational cycles xiv? are essential. 

Corresponding to a there exists by (VI, 3.12) an index \ > a such that the 
rational cycles my? are all essential. This remains true if \ is replaced by any 
’ > A. On the other hand in Property C if a’ > a, a’ eM, then any g(a’) is a 
suitable g(a). Choosing then a’ > \, and g = g(a’), (34.5) will be satisfied. 

35. Since the Betti numbers of ¥ are finite (33.1) it possesses a finite maximal 
independent set of rational cycles {y?}, 7 = 1, 2,---, R’, y? = {vA}. The 
cycles {y%,}, g fixed, are independent for ®,. However, to have a maximal inde- 
pendent set for @, it may be necessary to add a new set {67,}. 

We have seen (34.5) that @y?, is the g coordinate of Ty? . Therefore if 


(35.1) TYR ~ Np)? , 
then by the argument in the proof of (33.1) with a in place of g we find: 


(35.2) Oy?, ~ A(p) 77, - 
On the other hand 
(35.3) 087, ~ pi(p)v% + $3(p)6?, - 


Now we have: 
(35.4) Whol, ~ WaWeTE0ry - 


By (34.6) and (II, 27.12) there exists a cycle 8” = {52} of R such that 6? ~ Wi, 
and we will have 6” ~ c’y? in ®. Replacing, as we may, 67, by 67, — c*y?, the 
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situation will be unchanged except that now 6” ~ 0 and hence 78%, ~ 0. With 
this new choice of the 67, we find then from (35.4): w6?, ~ 0, and hence (35.3) 
will be replaced (in view of 6 = pj w %) by 


(35.5) 05?, ~ 0. 
From this follows 
(35.6) y(6) = >> (—1) trace ” = y(7). 


Since @ is a chain-mapping of a finite complex into itself, ¥(@) is an integer 
(V, 22.7), and hence the same holds for ¥(7), and consequently also for 
g(T1, Te) = ¥(T2T1). Therefore as in (29.7): 

(35.7) For mappings of quasi-compleres into one another both y(T) and 
y(T1, T2) are integers. 

36. We will assume now that T has no fixed point and so dispose of the 
situation that @ has no fixed element. In view of (35.6) this will prove (34.1). 

(36.1) There is a finite open covering B of R such that no star of B meets its 
transform. 

If x, = Tx then x ¥ x, and so the two points have disjoint neighborhoods U, 
U,. Hence Un TU, = U’ is a neighborhood of x which does not meet TU’. 
Since ® is compact the covering 1’ = {U’} has a finite subcovering {U;}. 
Since R is compact Hausdorff it is normal (I, 33.6), and so {U;} has a finite 
star-refinement %, and ¥ satisfies (36.1). 

It is clear that if B’ > ¥B then %’ still has property (36.1). Since M is cofinal 
in A, we may choose a eM such that U, of (84.4) satisfies (86.1). The situation 
being then as before we prove: 

(36.2) 6 has no fixed elements. 

Let @, = {o,}. Since the coverings of (34.4) have been selected in accordance 
with Property C, some U,: > [o,] u [wio,]. Hence if o; is a simplex of the chain 
wo, we have [o,] © Ua. From this follows that each vertex of rsa, is con- 
tained in a set of Ul, meeting Ua; , and so [mo,] C St Uai. Hence [rjr}o,] = 
[pion] CT SG Uzi C R — Ua, and so [0o,) C R — Uai. Consequently 
(@c,] a [o,] = 9, which proves (36.2). 

As already observed this completes the proof of the fixed point theorem (34.1). 

(36.3) AppLicaTion. <A topological space ® is said to have the fixed point 
property whenever every mapping  — 9 has a fixed point. 

Suppose that 8 is a zero-cyclic quasi-complex. Since ® is zero-cyclic it is 
connected, and so we prove readily that if ceR then Tx ~ x. From this 
follows ¥y(T) = 1, and so ® has the fixed point property. Since any parallelo- 
tope may be deformed into a point it falls under this category. Thus 

(36.4) A zero-cyclic quast-complex, and in particular an arbitrary parallelotope, 
has the fixed point property. 

There are noteworthy applications to analysis to which we propose to return 
elsewhere [L2, IV]. 
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§7. TOPOLOGICAL COMPLEXES 


37. In the applications to analysis or geometry complexes do not always 
occur in the convenient aspect of polyhedra or Euclidean realizations. Thus a 
circumference with two subdivision points gives rise to a complex which is not 
polyhedral and other examples could be multiplied. Topological complexes 
are intended to bridge the gap. Historically they are also of interest since they 
were the complexes introduced by Poincaré [b] and dealt with at length by 
Veblen [V]. As we shall see (40.3) topologically speaking we remain within the 
class of Euclidean complexes and this will justify if need be our having devoted 
our major efforts to that class. 

38. (38.1) It will be convenient to break up the description of our complexes 
into two parts. We will first consider an Euclidean complex & = {oc} with 
which there is to be associated a new complex K = {E} with a. derived 
K' & &®. Thus the passage from & to K is the inverse of derivation. The 
complex K is characterized by these properties: 

I. E? is a p-cell covered by an open subcomplex of & which is a join A(S”"), 
= AS’ "vu A of a vertex A of § and an augmented (p — 1)-sphere which is a 
finite closed subcomplex of &. Thus H#? = A,(S””’), is a closed p-cell and it is 
covered by a closed subcomplex of &. 

II. The cells £ are disjoint and their union is | & |. 

III. E is the union of the cells of Cl E. 

IV. The description of the incidence numbers is less immediate. As above 
let E? = |A(S”"),|. Since E? is a closed p-cell, by (16.1) it is a simple p-circuit 
mod S?'. For convenience let E? also designate a basic p-cycle for that circuit. 
Since the Ef are disjoint their g-simplexes may be written uniquely {o;,}, 
of; C Ef. In particular 


p — e @ P. 
Ek; = >> Ai jos; » 


where a;; = +1 since E? is a simple circuit. 
It is clear that each o” " C Sis the face of one and only one o?; , and hence: 


FE? = > enok, 
7k 
where ¢;;, = +1 if E?* < E?, and is equal to 0 otherwise. If we reduce 
FE? mod (S’ — E?™”*) there arises a cycle of E?* which is a multiple of its 
basic cycle. Thus 
(38.2) » Eijk 0 ie = ni (p — 1)E? a (no summation on 7, 7), 
k 


and therefore 
(38.3) FE? 
We set: 


ni(p — 1)E?™. 


[E?:E?™] = ni(p — 1) 
and determine all the other incidence numbers in K by means of (III, 1.1, K23). 
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(38.4) K is a simple complex which has ® as a subdivision & K’. 

(a) K is a complex. Referring to (III, 1.1, 8.3) we merely have to verify 
that if the boundary operator in K is defined by (38.2) then FF = 0. Now 
we have 

FFE? = (EP. 


Since the complexes E?~’ are disjoint the o%” are distinct. The coefficient of 
o%, in E? is a number \ 0, and its coefficient in FFE? expressed as a cycle 
of & is \t? = 0, since FF = 0 holds in &. Hence ¢’ = 0 and (a) follows. 

(b) K is augmentable. Since E; is a one-chain in a simplicial complex we 
have KI(FE}) = 0 = » ni(0), and therefore if y) = > Ej then Fy = 
>) ;7(0)Ei = 0. Thus K is augmentable and with y) as fundamental zero- 
cocycle. 

(c) (Cl E), ts acyclic. For |ClE| = E is a closed cell, so (c) holds for the 
geometrical groups, hence also for the combinatorial groups (10.1). 

(d) K ts closure-finite (obvious). 

It is now a consequence of (abcd) that K is simple (III, 47.1). If the vertex 
of § in E is written ’E then the simplexes of & are uniquely represented as 
‘Ey, +++ 'E;, BE; < +--+ < E;andsoR = K’. Since K is simple, § is a subdivi- 
sion (IV, 27.1) and (38.4) is proved. | 


+1if BE?" < E?, 


(38.5) [E?: EP”) = 
0 otherwise. 


Since o” ’ is a relative (p — 1)-circuit so is E?~', and hence the coefficient 
of c% in E?™" is different from 0. Since the E?~ are disjoint the o?” are 
distinct. Thus the coefficient of o?;” in the chain of & at the right is Ani(p — 1). 
Hence Ani(p — 1) = ei. From the known values of e;;, we have then 
Ani(p — 1) = 0 = ni(p — 1) if EP" * EP, and Ani(p — 1) = +1 = 
+y)(p — 1) if E?' < E?, and this proves (38.5). 

(38.6) The complex K corresponding to a given collection {E} is unique. 

At all events it is unique except possibly for the incidence numbers. In their 
determination the only allowable modification is a change in the signs of certain 
basic cycles E? and this is equivalent to reorienting K by means of an a(E) 
taking the value —1 in those E?. Under our conventions this does not 
modify K. . 

39. The ground is now prepared for topological complexes. Here again the 
only difficulty will be caused by the incidence numbers. 


(39.1) Derinirion. A topological complex is a countable locally finite complex 
K = {E} with the following properties: 

I. The elements of K are disjoint cells and their union is a topological space, 
written | K | and said to be polyhedral. 

II. E? is a p-cell, E” is a closed p-cell which is the union of the cells of Cl E”. 

III. If y(E) ts the union of the cells of K — St E then ¢(E) n E = 9. 
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The specification of the incidence numbers will be given presently. 
The analogy of these properties with (III, 6.labc) for polyhedral complexes 
is evident. 


(39.2) Derinition. A topological complex K = {E} is said to be simplicial 
if there exists an Euclidean complex R = {a} and a topological mapping t:| R | > 
| K | such that to is a cell E of K. 


(39.3) Derinition. If K = {E}, Ki = {E,} are topological complexes then 
K, 1s said to be a partition of K whenever every E is the union of a finite set of E,’s 
and every E, 1s contained in some E. 


(39.4) Returning to K of (39.1) let its elements ranged in some order be 
denoted by £,, E2,--- , and select a point A;«E;. In the Hilbert parallelo- 
tope P” referred to {w, u2,--- },0 S u: S 1/2, let B; be the point u; = 1/2, 
u; = 0 for7z # j. Corresponding to every set E; < --- < E; introduce the 
Euclidean simplex o = B;--- B; C P*. Evidently ® = {oc} is an Euclidean 
complex = K’. We will now define a topological mapping ¢t:| K | — | & | as 
follows. Let K‘ be the g-section of K. We choose tA; = B; and this defines 
t|| K°|. Suppose ¢|| K””’ | known and let dim E; = p. Take a parallelotope 
P? and let 2” be its boundary sphere. Introduce a topological mapping 
s:E” —> P? and suppose sA; = C;. Then ts’ is a topological mapping =”? > & 
such that ts =?" = S?” is a subcomplex of &, and that ts’C; = B;. This 
mapping is extended to a topological mapping t;:P? — & as follows: if R «=? 
then C,R is mapped barycentrically on B,(tsR). If we choose ¢| BE; = ts 
and operate likewise for all E” we obtain ¢ || K” |, then proceeding in this fashion 
t itself. 

(39.5) We will take advantage of ¢ to identify | UE | with | & | so that points 
corresponding under ¢ coincide. Under the circumstances {E} becomes a col- 
lection related to & as in (38.1). We now specify: 

IV. The incidence numbers in K are in accordance with (38.1, IV). 

40. Several interesting conclusions may quickly be drawn from the definition. 

(40.1) The topological complex K is uniquely determined by the collection of cells 
{FE} and properties (39.1, I, II, III). 


+ 1ifE?" < E?, 


In particular [E?: E?™] = 
0 otherwise. 

For the decomposition of 8 by {E} is independent of the construction and the 
resulting incidence numbers obtained in accordance with (38.1, IV) determine K 
uniquely (38.6). That the incidence numbers behave as stated is a consequence 
of (38.5). 

The identification of the topological complex with the complex K of (38) to- 
gether with (38.4) yield: 
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(40.2) A topological complex is simple. 

(40,3) A topological complex K has a simplicial partition which ig a subdivision, 
and at the same time a realization of the derived K' such that the vertex of K' cor- 
responding to E? is imaged into a preassigned point of the cell. 

The distinction between combinatorial and geometrical groups (9.1) may of 
course be made for topological complexes. From (40.3) together with (IV, 24.1) 
and the results of (10, --- , 13) we deduce: 

(40.4) The invariance properties (10.1, 11.2, 18.1, 13.2, 18.3, 17.1) hold for 

topological complexes. 

_ Further results of this nature could be obtained but the topological identifica- 
tion of Euclidean and topological complexes implicit in (40.3) makes their 
derivation superfluous. 

(40.5) A polyhedral complex is topological. 

Let II = {EH} be a polyhedral complex, II’ its derived, ‘EF the new vertex of 
II’ in E, D and 6 set and chain-derivation in II. If 


FE? = ni(p — 1)E?", 
where the 7j(p — 1) are the incidence numbers in II, then (IV, 29.6, 29.1): 
(40.6) SFE? = F(6E?) = ni(p — 1)sE?™. 


Since DE? coincides with E? , {DE?} and II’ are related like K and & in (38). 
The cycles denoted there by E? are the cycles 5E? . The comparison of (40.6) 
with (38.3) shows that the incidence numbers of the polyhedral complex II 
conform with (38.1, IV). This proves (40.5). 


§8. DIFFERENTIABLE COMPLEXES AND MANIFOLDS 


41. The parametric representation of topological complexes and manifolds 
brings to the fore a wealth of questions and problems, many as yet unsolved, 
which are of great interest in both topology and differential geometry in the 
large. We will do little more than touch upon these questions here, and describe 
some of the more important recent contributions, together with certain com- 
plements regarding homology and intersections. This will necessitate, however, 
a number of preliminary definitions most of which are standard (see notably: 
Veblen-Whitehead: The foundations of differential geometry, Cambridge Tract 29, 
(1932); Cairns [a, b], Whitehead [b], Whitney [a, b]). 

42. Systems of class C’”. 

(42.1) Let {u1, --- , Um} be real variables and L; the real line —o < u; < 
+o. The product Li X --- X Lm is called the space of the parameters u; , 
and is denoted by U™. It is merely an Euclidean space with a specified coordi- | 
nate system. The point (wu, --- , Um) is denoted by uw. 

(42.2) If V" is the space of {v1,---,v,} then the space corresponding to 
{U1,°°*,Um,%1,°**, Un} is called the product of U", V", written U” & V". 

(42.3) A finite set of real functions S = {fi(u1,---,un)} is said to be: 
(a) of class C* in a region 2 of U”™ whenever the f; and all their partial derivatives 
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of order at most q are defined and continuous in Q; (b) regular if it is of class C' and 
the Jacobian matrix || 0f;/du; || is of maximal rank at all points of 9. We also 
say that S is differentiable in Q if it is of class C’ in Q, and that it is analytical 
or of class C® in Q, if the f; are analytical in Q and (b). holds. Throughout the 
sequel one may freely interchange “differentiable’ with “class C’,’’ and 
“analytical” with “class C*.”’ 

If A c U" then S is {regular] of class C¢ in A if it is [regular] of class C? in 
some neighborhood of A. 

(42.4) Let V” be the space of (v,---,vn) and let ¢ be a transformation 
2 — V", 2 a region of U™, given by relations 


vs = fila, +» Um). 


We will say that ¢ is [regular] of class C’ or is a [regular] C’-mapping if {f;} is 
[regular] of class C” in Q. 

43. Parametric cells. 

(43.1) A parametric n-cell is an n-cell E” together with a topological map- 
ping t:E” — U”. The coordinates of U” are called the parameters of E*. A 
convenient designation for the parametric cell is (E", t, U"). | 

(43.2) Consider two parametric cells (E”, t, U") and (E’", t', U’") and let 
A = E" aE’. We say that A is a [regular] r-C’-intersection of the two 
parametric cells whenever the following holds. For each x¢«A there is an 
(E", s, V’) such that: (a) E’ is a neighborhood of x in A; (b) on f'E” and t’/"E" 
the u; and u; satisfy systems 


Ui = fill, ++, %,), . Us = oii, -** YF) 


such that {f;}, {y:} are [regular] of class C” in {'E’, t’/E". Two noteworthy 
special cases are: 

(a) B’" C E”. Here r = n and one may take for (E’, s, V) the parametric 
cell (Z’", t’, U’") itself. Thus the u coordinates of the points of E’” form then 
a system of functions of class C” of their u’ coordinates in t/E’”. We have then © 
a [regular] C’-cmbedding of the second parametric cell in the first. 

(b) n = m and A is an open set in both E” and E’". Then the [regular] 
C’-intersection becomes a [regular] C”-overlap. 

(43.3) The product of two parametric cells (E”, t, U"), (E’", t', U’") is by 
definition the parametric cell (E” &K E’",t X t', U™ X U"), ie, E” X E” 
parametrized by (u1,°°*,Um,Ui,°°*, Un), the mapping t X ¢’ being defined 
by (¢ X #’)(a, y) = (da, t’y). 

44. C’-manifolds. 

(44.1) A topological n-manifold is a metric space » with a countable locally 
finite open covering consisting of n-cells. | : 

(44.2) An n-manifold M" of class C” or C"-n-manifold is a topological 
n-manifold » with a countable locally finite open covering by parametric 
n-cells, {Ej} (supposed to exist) such that if Ej , Ej intersect then they have a 
regular C’-overlap. The collection {E;} is called the basic covering of M1” and u 
is written | M™ |. 
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Let u give rise to two C’-manifolds M"*, M’" by means of {ET}, {£,;"}. If 
the two basic coverings together may serve as a basic covering for a C’-n-manifold 
associated with » then M" and M’” are considered as identical C’-manifolds. 
This allows for a certain latitude in the choice of the basic covering. 


(44.2a) ExampLe. U" isa parametric n-cell and so it is an analytical M" with itself as 
basic covering consisting of a single cell.. On the other hand the cells defined by the in- 
equalities u; > —1/2, u; < 1/2, make up a basic covering consisting of 2” elements. 


(44.3) Let M", M’" be C’-manifolds with the basic coverings {E7}, {E;}. 
Then {E X E}} is a basic covering for the topological manifold | @” | x | M’” | 
which turns it into a C’-(m + n)-manifold known as the product of M”, 
M’" and written M” X M’". Furthermore this product is independent of the 
particular choice of basic coverings for M”, M’”. 


EXaMPLeE. If M* is a C’-manifold and L the real line -» < u < + turned into an 
analytical manifold then L * M" is a Ct-(n + 1)-manifold. 


(44.4) The notations remaining those of (44.3), we say that M”, M’” have a 
[regular] C’-intersection if the intersections of the elements of the basic covering 
of M™ with those of the basic covering of M’” are all [regular] C’. If M” CM’ 
we also say that M” is [regularly] C"-imbedded in M’", or merely M™ is [regularly] 
C’ in M’”. Here again the situation is independent of the basic coverings. 

(44.5) Let the C’-manifolds discussed so far be termed absolute. A relative 
C’-n-manifold, or C’-n-manifold with regular boundary M*™" is a region Q 
of | M” |, where M” is an absolute C’-manifold, whose boundary $0 is a regular 
C’-(n — 1)-manifold in M”. 

(44.6) ExaMpLe. Let again L be the real line of (44.3) turned into a C*-manifold and let 
d be the interval 0 <u<1. If M*is a Ct-manifold then \ X | M"|is a region of L K M* 
whose boundary 0 X M" U1 X M*is a C’-n-manifold regularly C’-imbedded in L & M®, 
Thus we have a manifold with regular boundary which will be written \ XK M". 


(44.7) Let M”, M’” be as in (44.3). A mapping T:| M"| — | M’" | is said 
to be a [regular] C’-mapping M™ — M’'", whenever if x is in the parametric cell 
(E™, t, U") of M™ and Tx in the parametric cell (EZ’", t’, U’") then the wu’ coordi- 
nates of Tx make up a system of functions of the u coordinates of x which is 
[regular] of class C’ at tz2in U”. If |M™"| C|M’" |, the resulting imbedding is 
readily seen to be a [regular] C’-imbedding in the sense of (44.4). 

(44.8) Let \ be an interval of —2% <u < o containing 0,1. Two C"-map- 
pings 7, , T, of M™ into M”” are said to be [regular] C’-homotopic if there exists a 
[regular] C’-mapping 7) of \ X M” which agrees with T7,, T, on 0 K M”, 
1X M”". 

(44.9) Let M” be a topological manifold in ©". The subspace © through 
zp € M™ is said to be transversal to M™ at xo , if © and the tangent ©” to | M” | 
at 2x intersect at no other point than 2. The manifold is said to be in nor- 
mal position in &” if for each x «| M™| there is a transversal €"” to M” at x 
with a system of coordinates which vary continuously with z. 
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45. C’-complexes and other structures. 

(45.1) A C’-complex is a topological complex K = {E?} such that: (a) E? 
is a subset of a C’-p-manifold denoted by (£?); (b) if EH’ < E then (E’) is 
regularly C’-imbedded in (EZ). We add the following convention: if the ( ) are 
replaced by C’-manifolds ( )’, which are identical with them in the common 
darts, then the C’-complex remains the same. 

(45.2) An analytical spread is a subset > of U” with the property that every 
point z «2 has a neighborhood N in U” such that the points of N n = are the 
solutions of a system | 


Si(u , ve » Un) = 0, 
where the f, are analytical in N. 


(45.3) Exampies. Euclidean and real or complex projective spaces, algebraic loci in 
such spaces are all analytical spreads. 


(45.4) Let M” be a C’-manifold and K a C’-n-complex such that: (a) 
every (E;) is M” itself; (b) the set |M”| = |K|. Then M” is said to be 
C"-covered by K. | 

46. Imbedding and covering theorems. Only the statements are given, 
the reader being referred to the original papers for the proofs. 

(46.1) Every differentiable M™ may be differentially and topologically mapped 
onto an analytical M™ in some Euclidean space ©’"*’. More precisely if M™ ts of 
class C’ (r # w) then the mapping may be chosen of the same class (Whitney [a, b}). 

(46.2) If M™ is a manifold of class C° in normal position in ©" then it may be 
indefinitely approximated by a topologically equivalent analytical M’” in ©" 
(Whitney [a]). 

(46.3) Let t be a mapping M™ — M” where t and the manifolds are C", and 
let n be a continuous positive function on M™. Then: 

(a) t ts C’-homotopic to a mapping T such that d(tz, Tx) < n(x), ce M"; 

(b) of n 2 2m the mapping T may be chosen regular and uf n > 2m it may be 
chosen topological (Whitney [a]). 

(46.4) Every differentiable manifoiu may be covered with a differentiable simplicral 
complex. More precisely, if the manifold is of class C", r > 0, then the complex 
may be chosen of the same class (Cairns [a, b], Whitehead [b]). 

(46.5) Every bounded analytical spread may be covered with an analytical complex 
(Brown-Koopman [a], Lefschetz-Whitehead [a]). 

It may be noted that (46.5) leads rapidly to the following property which is 
also implicit in (46.4): 

(46.6) Every analytical manifold may be covered with a simplicial analytical 
complex. 

From (46.1, 46.5) we deduce the following property implicit in (46.4): 

(46.7) Every differentiable manifold is a polyhedral space. 

A problem as yet unsolved for dimensions greater than 2 is: 
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(46.8) Are topological manifolds polyhedral spaces? That is to say, can they 
be covered with topological complexes? 

For n = 1 the answer is affirmative and elementary and for n = 2, at least 
when M” is compact, it is likewise affirmative, a result due to Radon. Nothing 
is known for n > 2. 

47. Differentiable manifolds: Homology ard intersection theory. 

(47.1) If M” is differentiable then it may be covered with a topological com- 
plex K. Since the latter has a simplicial derived we may already assume K 
simplicial. We apply directly to K whatever properties will be required which 
hold for an Euclidean complex under a topological transformation of the under- 
lying topological space (polyhedron). 

(47.2) Now if z «| M” |, x has a neighborhood which is an n-cell E”. Hence 
E” is n-cyclic in x and therefore the same holds for | M" |. By (17.6) K is thus 
an absolute combinatorial n-manifold. Let us assume this manifold orientable. 
Then by (17.1) every topological simplicial complex covering 1” is an absolute 
orientable M". We say then that M” itself is orientable. 

(47.3) Suppose M” orientable and connected. It has then a basic n-cycle Mg 
which is specified by any indicatrix. Consider in particular a parametric n-cell 
(E",t, U"). Let Ao be the point try = (uo, °** , Uon), 2 € EL”, and let A; e U” 
be a point (wu; + 62) where e > 0 is chosen so small that the Euclidean simplex 
o” = Ay:-- A, Cte”. Replacing if need be one of the u; by —u; we may 
assume the coordinates such that to” is an indicatrix of M”. 

(47.4) The situation remaining the same let M’, M"’, p 2 q, be orientable 
connected differentiable manifolds regularly and differentiably imbedded in M” 
and suppose that they have a regular differentiable intersection which is an 
orientable connected differentiable M",r = p — q. The related basic cycles are 
written Mf, My * and My. By (27.3) we will have an intersection cycle 
M? no Mj‘ and © 


(47.5) Mi n My * = aM. 


We assume now explicitly that for some x € | MM" | there may be chosen a para- 
metric cell (E”, t, U") such that | M? |, | 4" |, | 1” | intersect it in cells EZ’, 
i", E” mapped by ¢ into cells Eo , --- , where Ej C U" and the others are in 
the spaces: 

@:u;=0, t>p; C“':su = 0, tq; 


C=C nn *:u;=0, iS gqor>p. 


Furthermore the situation may be so disposed that Eo , Ej ,--++ are indi- | 
catrices for U", ©, ---. Let e,E",--- be indicatrices for M",---, where 
é,, °°: = +1. If G ,--- are the basic cycles of &", --- , then (27.11) holds. 


If we apply the projection ©" — Eq (VII, 5.10) we obtain 


poky " = ako, 
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where E? , --- stand also for the basic cycles of the cells. Similatly the pro- 

jection | M” | — E” followed by ¢ yields: 7 
én(€pHp)o(€n—citn -) = elo 7 

and hence a = €p€n—gérén , OF finally: 

(47.6) Me oMg * = ep€n—gtrénMG . 


Once more we recognize here the rule for determining intersections given in 
Lefschetz [a], and in closely related form in [L, IV]. 
If gq = p thenr = 0, & = 1, and M’ is asingle point. Its index is 


(47.7) KI(MP , M27") = €p€n—pén - 


(47.8) If | M"| is not connected each part is determined by the above rule 
and the intersection is the sum of the individual cycles thus obtained. Simi- 


larly if M° is a finite point.set {A:,---,A.} each gives rise to an index , 
determined by our rule and 
(47.9) KI(M? , M3”) = od. 


(47.10) Noteworthy special case: the manifolds are complex algebraic varieties. 
Then orientations may be assigned in advance to all manifolds such that the 
index (47.7) is always +1, and hence (47.9) always greater than 0. For details 
see [L, 379]. 

(47.11) We have assumed that the intersection M? n M"‘ is an M’. Using 
Whitney’s theorem (46.3) this restriction may be removed by a suitable method 
of approximation (Whitney [a]). This was carried out in [L, 383] for algebraic 
varieties. One may state more precisely this: If M’, M”™ are C’-imbedded 
(r finite and greater than 0) in M", then an arbitrarily small deformation of M?” 
may be chosen such that afterwards M? 9 M"~‘ is an M?~* C’-imbedded in M”*. 
If M” CG” then this holds also for k = w. 

(47.12) We may conclude with the historical remark that the structures with 
which Poincaré initiated his epoch-making investigations in topology were essen- 
tially differentiable manifolds (see his paper [a]). It was only in order to straighten 
out difficulties with torsion which were pointed out to him by Heegaard that 
Poincaré in [b] invented the first complexes. In a certain sense the work of 
Whitney and Cairns may be said to have placed for the first time these first 
contributions of Poincaré on a solid basis. 


§9. GROUP MANIFOLDS 


48. A number of properties of the homology groups of group manifolds have 
been obtained by various authors. These investigations culminated recently 
in a highly interesting theorem due to H. Hopf [c] (see 49.1) which we propose 
to discuss in the present section. It is noteworthy that Hopf’s methods belong 
chiefly to the domain of chain-multiplication. Further references notably to 
the related work of E. Cartan and Pontrjagin will be found in Hopf’s paper. 


336 TOPOLOGY OF POLYHEDRA AND RELATED QUESTIONS [VIII] 


(48.1) Conventions. Unless otherwise stated in the present section all 
cycles, -+- are rational, and all manifolds are finite connected absolute orientable 
geometric. 


(48.2) Derinitions. Returning for a moment to standard group terminology, 
let G = {g} be a multiplicative group. Then G is said to be a topological group, 
or @ group space, whenever it is assigned a Hausdorff topology making ggi con- 
tinuous. If G has further properties such as being a manifold, --- , we describe it 
as a “group manifold,” --+. Thus a closed connected Lie group is an analytical 
group manifold M such that the group operations are analytical functions on M’. 


(48.3) T'-complexes. Hopf himself has shown that the properties under con- 
sideration are those of a large class of manifolds, the I'-manifolds, described 
below. Using essentially the same methods but with cocycles replacing more 
or less cycles, we shall show that they are properties of a large class of complexes 
called by analogy I-complezes. . 

Iet Y = {x} bea finite connected simple com!:x (special case: X is simplicial) 
and let its classes (rational unless otherwise stated) be written I’, I, , or alter- 
nately A’, A,. The intersections existing in X are denoted as usual by a dot- 
product. The rational cohomology ring will be written R(X). We say that X 
is a I'-complex whenever: 

(a) For some n the Betti number R"(X) = 1. Choosing a fixed rational homol- 
ogy class I” 5 0 every other is of the form tI”, ¢ rational. 

(b) r,-r? = r*? = OT, = 0. 

(c) There exists a multiplication u of X, X to X, 1.e., a chain-mapping X* + X 
such that if T° is the class of a vertex then both wl” X T" and wl” X I” are different 
from 0. 

Notice that 


wx M=cl", wl XI =I", 


and so (c) is equivalent to the relation 

(c’) crc, ¥ 0. 

It has been observed by Hurewicz that the proof of Hopf’s theorem (49.1) 
merely requires the following property: There exists a mulltplication p of X, X 
to X such that TY? > pw (YM X I”) and Yr? — yw (LY? KI) define isomorphisms 
of the rational homology groups of X with themselves. However (abc) appear 
to be better adapted to the applications. 

(48.4) T'-mamfolds. A T’-manifold is a connected M” such that there exists a 
mapping ¢t: (M*)? — M", written also as a product xy (z, y e M"), whose values 
are in M", and with the following property: if x [y] is fixed then zy defines a map- 
ping ¢, [t,]:44" —> M" with a degree c, [c,], and we must have c,c, # 0. 

(48.5) A T-manifold is a T-complez. 

That (48.3ab) hold is a consequence of (V, 29.9, 36.14). Regarding (48.3c), 
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or its equivalent (48.3c’), consider first a mapping t:| K | — | L| where K, L 
are finite geometric complexes. By (23.8) there is a barycentric mapping 
t::| K“ | —» | L| homotopic to ¢. If & induces the chain-mapping 6:K” — L 
then @ induces the same simultaneous homomorphism 6 in the homology groups 
as t,, and hence as ?. If 5 denotes chain-derivation in K then 05° is a chain- 
mapping K — L inducing likewise 6. The same considerations hold also if 
K, L are polyhedral complexes, since their derived are still simplicial. Apply- 
ing them to the mapping: (M")’ — ‘M” induced by zy, we find that there is a 
chain-multiplication » of M”", M” to M” such that if °° is the class of a vertex 
then, by the definition of the degrees: nT” & I” = cI", wl” X I° =c¢,I", and 
so under our assumption (48.3c’), holds. This proves (48.5). 

(48.6) A group manifold is a T-manifold and hence also a T-complez. 

For if zy is the group operation then for s = 1 we have ¢; = 1 and hence 
c: = 1, and similarly c, = 1. 

(48.7) ConcLusion. The homology properties of Y-complezes are also ho- 
mology properties of T-manifolds and group manifolds. 

(48.8) Returning to the [-complex X we will designate by T> the class of its 
fundamental cocycle (sum of the duals of the vertices) and we note that by 
(V, 4.13, 8.9): 


(48.9)  Lo-T'p = Tp-To = Tp. 


Thus Ip is the unit of the ring R(X). 
49. We are now ready for our main argument and prove: 


(49.1) THrorEeM oF Horr. The rational homology group and ring of a T-com- 
plex, hence those of a T-manzfold or group manifold, are isomorphic with those of a 
certain finite product S of odd-dimensional spheres. | 


The proof will rest upon the following proposition: 

(49.2) There may be chosen | cohomology classes {A*} in R(X) and {C*} in a 
suitable R(S) such that dim A’ = dim C’, and that A‘ — C’ define isomorph- 
isms of R(X), R(S). 

To complete the picture we will also prove with Hopf: 

(49.3) Every finite product of odd-dimensional spheres is a T-manifold. 

(49.4) Remark. Actually Hopf’s treatment was given only for r-manifolds. 
However, by making use of the co-theory, his proof extends to I'-complexes. 

50. (50.1) Let p*:X* — X* be the dual of ». As regards both yp, u* we 
designate also by yu, u* the induced homomorphism in the homology and coho- 
mology groups. If we choose bases for the rational cohomology classes then 
every cycle of X*’, i.e., cocycle of X’, is a linear rational combination of products 
of elements of the bases (IV, 6.7). Therefore with p > 0: 


(50.2) u*T, = To XAT, + (ol p) X To + 2, 1 ea al 2 
qr 
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_ According to (V, 14.1c) the operations \:T, — AT,, p:T, — ply are homo- 
morphisms R(X) — R(X). We first prove: 

(50.3) \ and p are isomorphisms. 

It will be sufficient to consider X. Since R(X) is a vector space, we merely 
need to show that ) is univalent. Suppose then AT, = 0. By (V, 17.6): 


er, I X ©" = (Mo X AT 5) (I” X TI") 
(To T°) X (AT, 2") 
= © x (Ar,-I'’). 


Applying now (V, 14.1a) and with an obvious permutation of terms in accord- 
ance with (V, 8.8a) we have if AY? = 0: 


u(u*T,- T° X I") = T,-eT” = c(T,-T") 
u(V° X (AT,-P")) = 0. 


Since c: ¥ 0 by (48.3b): Tf, = 0. Thus d is univalent and (50.3) follows. 

(50.4) Generators for R(X). If {I'} is any subset of R(X), including To, then 
the operations of the ring applied between the elements of the set give rise to a 
subring R{I*} of R(X). If R{T*} = R(X), then the I’ other than I> are called 
generators of R(X). A set of generators is said to be zrreducible if no proper 
subset is a set of generators for the ring. | 

We say that a class [, , p > 0, is maximal if we cannot write, = >. T%-T, 
where 0 < g, r < p. 

An irreducible system of generators may be constructed as follows: choose 
for each p > 0 a maximal set of maximal I, linearly independent modulo the 
non-maximal elements. The total set {A‘}, 7 = 1, 2, --- , 1, thus obtained, 
is clearly an irreducible set of generators consisting of actual cohomology classes, 
and not merely of sums of classes of mixed dimensions. We prove: 


(50.5) Ai... a’ #0. 


Since every A’ ¥ 0 and the order of the A’ is immaterial the proof reduces to: 

(a) A’--- A* ~ 0 — A’.-- A* ¥ 0, where we also assume dim A’™’ < 
dim A‘, and where {A’, --- , A°} are merely any & generators of the initial set. 

Let A” = dA‘, and denote by % the ideal of R(X) based on {A”, --- , A”}, 
or set of elements {>.:51I'°-A”}. Corresponding to % the elements {I', X aes 
i > 1, generate an ideal %* of R(X’). Now utA' = Ty X AX + pl’ X Tyo + 
>IT, XT,,1 S$ ¢ S k, where r < dim A‘. Since \ is an isomorphism it 
preserves dimensions and furthermore {A”’},7 = 1, 2,---,1 is likewise a set 
of generators for R(X). On dimensional grounds then I, is a linear rational . 
combination of intersections of the A”, j > 1, ie. I, € & and hence Tr, X 
Tr, ¢« A*. Thus we have 


uta’ 


uA’ 


To X A” + pA’ X To 
pA Xh,kzi>1 


mod %*, 
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From this follows by repeated application of (V, 17.6): 
u*(Al --» A*) = p(A’ --- A*) X To + p(A” --+ A*) & A” mod &*. 
Hence A! --» AF = 0 => p(A? --- A*) X A” = 0 mod M*. Since A’ --: A 


> 0 and p is an isomorphism we also have p(A” --- A") » 0, and so by a 
a cael application of (II, 37.5): A” « a Since X is an isomorphism this 
implies that A’ is in the ideal based on {A’, , 4'}, contrary to assumption. 


This proves (a), and hence (50.5). 

(50.6) If p ts even T, 18 not maximal. 

Let 8 be the ideal of R(X) generated by the elements [,,r ¥ 0, p. Thus 
8 consists of all the elements of dimension different from 0, p and of the non- 
maximal [,. Denote also by B* the ideal of R(X’) based on the elements 


Yr, X I,, rr eB. We have: 

u*D, = To X AT, + pl'p X To mod B*. 
Supposing now p even, we find by multiplying m times and recollecting (V, 
8.8a, 17.6): 
(50.7) u*(C,)” = o(l,)” X To + mo(l,)™ X AT, mod B*, 
where the powers refer to repeated dot-products. Since X is finite-dimensional 
there exists an m such that (I',)” ¥ 0, (Ip)” = 0 and we shall have: 

o(l,>)” XAT, = 0 mod $*. 


Since p is an isomorphism p(l',)” * 0, and so by (II, 37.5): AT, ¢ B, proving 
(50.6). 

(50.8) Every generator A’ is of odd dimension. 

For A‘ is maximal and so by (50.6) its dimension is odd. 
(50.9) : Ai-A? = —A’-A‘, A’ AS = 0 (V, 8.8a). 


51. (51.1) By (50.8) pi = dim A‘: is odd. Let S°* denote a p; -sphere (bound- 
ary of a (p; + 1)-simplex), and let A* be the fundamental zero-cohomology class, 
and B’ a p-cohomology class different from 0 for S”*. Referring also to (V, 
8.9) or (V, 20.5) there comes 


(51.2) A'-A' =A‘, A'-B'=B'-A'= BY, BB =0, 
(the last on dimensional grounds). Set now S = PS” and define 
C= AX KX ATX B KAT KA, 
creek = DIX --- XD, 


where D* = A* for h ¥ i,j, +++, k and D* = B* otherwise. 

By (IV, 6.7) the C’""“, i + --- +k =m > 0, form a base for the rational 
group Gn (S), while So(S) consists merely of the multiples of the cohomology 
class C = PA’ which is the Tl of S. It follows that the rational ring R(S) 
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is generated by the intersections of the ates c*,c’"'*, It is easily seen that 
the C’ are maximal and that C”""* = + "+--+ C. Hence (C"} is an irreducible 
system of generators. It is also an ena matter to verify that C’ + a' 
defines an isomorphism R(S) <> R(X) and consequently also Hn(S) > Gn(X). 
This completes the proof of (49.2) and hence also of (49.1). 

(51.3) Proor or (49.3). An outline of the argument will suffice. It breaks 
up into two parts: 

(a) An odd-dimensional sphere S” is a T-manifold. 

(b) The product of two T-manifolds is a T-manifold. 

Clearly (a, b) together prove (49.3). 

Take first (a). Ifz, y « S” we denote by zy the reflection of x in the diameter 
through y.. In the notations of (48) ¢, is topological, and soc, = +1. A 
fairly simple argument whose detail is omitted (see Hopf [c, 30]) shows then 
that c: = +2. This is sufficient to prove (a). 

Take now two I-manifolds M, M’, and let :, t;, -++ analogous to ¢t;, --: 
of (48) have their obvious meaning. If (x, 2’), (y, y’) « M X M’ we define 
multiplication in the latter by (x, x’) X (y, y’) = (zy, z’y’). By an argument 
such as the one leading to (48.5) it is shown that the corresponding chain- 
multiplication X” X Y’-—> X X Yisu X pw’ (notation of IV, 21) and the analogues 
of c,, ¢-forp X p’ are cy # 0, cy ~ 0. Since M X M’ is a connected 
geometric manifold (b) follows and (49.3) is proved. 

52. Many interesting properties may now be deduced from (49.1). We 
reproduce a few, all taken from Hopf [c], where references to earlier related 
results, notably those due to E. Cartan, are also given. In the statements 
X may be a I-complex, ® I'-manifold or a group manifold. 

(52.1) The elements 1°, A’, A-A 2 (4, < wu), --: form a base for the vector 
space R(X). Hence Q' = dim R(X), and so | pies solely upon X. 

(52.2) No even-dimensional class T2, is maximal. In other words a Te, 1s 
a sum of intersections of classes of dimension less than 2p. 

(52.3) The Poincaré polynomial of X (III, 15.3) ts given by: 


Pit, X)= (1+) --- A+), 


where the p; are all odd. 
(52.4) The Euler characteristic x(X) = P(—1, X) = 0. 
(52.5) The sum of the Betti numbers of X is a power of two, namely 2" 


(52.6) R?(X) = R"?(X). 


In other words, the duality theorem of Poincaré for the Betti numbers of a 
manifold (V, 33.1a) holds for X. Needless to say this is far from making X | 
a manifold. It must be remembered that n is the integer occurring in (48.3ab), 
and need not be the dimension of X which may well exceed n. However, if 
X is a T-manifold, hence also when it is a group manifold, then n is the dimen- 
sion of the manifold. 
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(52.7) The dimensions p; of the generators satisfy the relation 
Pate +pHN. 


For S, hence X, has an n-cycle and none of higher dimension. 
(52.8) Various relations for the Betti numbers R’ follow from the expression 


of P(t, X). Thus: 


1 1 
Rsn, r= (2), zz (®). 
2 Ss 


53. Complements. | 
(53.1) The Pontrjagin ring. To the multiplication » of (48) associated 


with the Ir'-complex X there corresponds a rational homology ring P(X, z) in 
the sense of (V, 1.10). This ring was introduced for the first time for group 
manifolds by Pontrjagin, and for this reason Hopf designates it as the Pontr- 
jagin ring. When X is a group manifold the ring is associative, but it need not 
be so otherwise. It has been proved by Samelson [a] that whenever the ring 
P(X, y) is associative and T° (the class of a vertex) is a unit of this ring, then 
the isomorphism of R(X) with R(S) (S is the sphere-product) may be so chosen 
as to yield an isomorphism of P(X, ») with the analogue P(S, ji) for S, where 
p is the multiplication in S which corresponds in the obvious way to pz in X. 

(53.2) T-spaces. We will designate by that term a compact connected 
Hausdorff space ® such that: (a) it has properties (48.3abc), where yu refers 
merely to a simultaneous homomorphism of the rational homology groups of 
KR” into these of 9%; (b) the rational cohomology ring of § has a finite number 
of generators. It may be seen by reference to (VII, 16) that all the machinery 
is at hand for the extension to such spaces of the results centering around 
Hopf’s theorem proved for T'-complexes. | 

An arbitrarily large supply of examples of I-spaces which are not group or 
T-manifolds may be based upon the following property: 

(53.3) If K is a finite Euclidean T-complex and ® has | K | for deformation 


retract then R 1s a T-space. . 

For & has the same homology properties as | K |, and hence as K (10.1; 
VII, 7.1, 7.5). 
. As an explicit example take an odd-dimensional sphere S’*’ and on the sphere 
a countable dense set {z,}. Extend the radius to z, by a segment of length 
2-". The resulting space R has S’’*’ for deformation retract and so it is a 
I'-space, which is manifestly not a manifold. 
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54. Complexes. The complexes in the sense utilized in the present work 
(III, 1.1) have generally been called “abstract complexes.’’ They may be | 
finite or infinite and in the latter case the most important subtypes are: star- 
finite, closure-finite and locally finite complexes. The following special types 
have been introduced: 
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A. Simplicial complexes (III, 5). The simplexes have usually been desig- 
nated by o, ¢. If K is a simplicial complex, L a closed subcomplex then K — L 
is known as an open simplicial complex, and by contrast K, LZ as closed sim- 
plicial complexes. 

B. Polyhedral complexes. The collection II = {H} of the faces of a poly- 
hedron turned into a complex (III, 6). The polyhedron as a space is denoted © 
by | II. 

C. Euclidean complexes. Polyhedral complexes whose elements are Eu- 
clidean simplexes in an Euclidean space or in the Hilbert parallelotope (III, 
6.9). 

D. Topological complexes: Collections K = {EH} whose elements are cells 
with incidences and dimensions similar to those in a polyhedral complex (VIII, 
§7). The union of the cells is a metric space denoted by | K | and called a 
polyhedral space. 

E. Differentiable complexes, C"-complexes. Topological complexes whose cells 
are subjected to certain differentiability conditions (VIII, 45). 

F. Simple complexes. Closure-finite complexes whose elements satisfy 
certain algebraic conditions (III, 47.1). The class includes all the types A, 

.», E. 

G. T-complexes. Simple complexes, with certain’ special properties de- 
scribed in (48.3). 

55. Manifolds. All the manifolds to be described are supposed to be n- 
dimensional. 

A. Combinatorial manifolds. The types investigated in (V, §4). They may 
be finite or infinite, absolute or relative, orientable or non-orientable, simplicial 
or merely simple complexes. 

B. Geometric manifolds. Euclidean realizations of the preceding simplicial 
types. 

C. Manifolds in the sense of Brouwer. Euclidean complexes such that the 
star of each vertex is isomorphic with a set of simplexes in an Euclidean €" 
having a common vertex P and making up a neighborhood of P in €". 

D. Manifolds in the sense of Newman. Euclidean complexes such that if 
a is a vertex and St a = aB, then B is partition-equivalent to an (n — 1)-sphere. 

E. Manifolds in the sense of Poincaré {b] and Veblen [V]. Topological com- 
plexes such that every point has for neighborhood an n-cell. | 

F. Topological manifolds. An M” of this type is a separable metric space 
with a countable locally finite open covering consisting of n-cells. (See Flex- 
ner [a, bj.) Noteworthy special cases: C’-manifolds, differentiable manifolds, 
analytical manifolds (44.1), [-manifolds, group manifolds (48.2, 48.3). 

G. Generalized manifolds. Locally compact spaces discussed by Cech [b], 
Lefschetz [c], Wilder [a] and others and characterized by certain properties 
of so-called ‘local connectedness” or “local connectedness in the sense of homol- 
ogy” and also by the property: each point is n-cyclic. They have been in- 
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vestigated at length in a forthcoming paper by E. Begle [a] to which the reader 
is referred for all details. 

H. Pseudo-mantfolds. This term has been applied by Brouwer and other 
authors to what we have called a simple geometric n-circuit. 

I. Manifolds of grade p. Simplicial n-complexes, investigated by Cech, 
and which behave like an M” only as regards the two consecutive dimensions 


p — 1, p. 


APPENDIX A 


ON HOMOLOGY GROUPS OF INFINITE COMPLEXES AND 
COMPACTA 


BY 
SAMUEL EILENBERG AND SAUNDERS MacLANE 


The results of (III, 18) on universal coefficient groups for finite complexes 
suggest the consideration of similar problems for the homology theory of in- 
finite complexes. To what extent are the homology groups constructed from 
a general group G of coefficients determined by the homology (or cohomology) 
groups with specially chosen ‘universal’ coefficient groups? Results of this 
nature have already been found by Cech [d] and Steenrod [a]. The present 
summary describes results on this problem recently obtained by the authors. 
They are based on a complete analysis of the homology groups under considera- 
tion, utilizing an important concept not previously occurring in topology: 
the group of group extensions of one given group by another group. This 
analysis yields a formula (5.1) expressing the homology group of the infinite 
cycles over G in terms of the finite integral cohomology groups. This formula 
also applies to the Cech homology groups of a compactum. Modified formulas 
can also be found for other varieties of homology theories. For further details 
the reader is referred to a forthcoming article by the authors [a]. 

1. In the present appendix all groups will be of the type which we will call 
generalized topological groups. A group of this sort is a group G = {g} such 
that G is a topological space and that g — g’ is continuous. In other words 
the restriction of (II, 1.1) that G obeys the 7> separation axiom is no longer 
imposed. Without this added freedom we could not, as we must, consider 
topologies on factor-groups modulo non-closed subgroups. 

We consider a star-finite complex X and a topological coefficient group G. 
As usual $ and $ will denote the respective groups of the integers and of 
the reals mod 1. We define and topologize the groups €7(X, G), 3°(X, G), 
°(X, G) of chains, cycles and bounding cycles as usual and consider the fol- 
lowing homology groups, which are generalized topological groups: 


(lt) HX, G) = 3X, G)/B(X, ®, 
(1.2) G(X, G) = BUX, B/K(X, G). 


The second of these groups is obviously topological. Clearly the second one — 
can be obtained from the first, since 


(1.3) $1 = H*/0 


where O is that subgroup of H* which is the closure of the null-subgroup. 
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We shall also consider the discrete groups ©,(X, ¥), 3q(X, 3) and §,(X, 3) 
of the finite integral cochains, cocycles and bounding cocycles and the (discrete) 
cohomology group 


(1.4) A(X, 3) = BX, 3)/TAlX, 9). 


We shall denote by &,(X, 3) the subgroup of , consisting of all the elements 
of finite order. ° 

The boundary operator F maps ©, onto +1, hence ©,/3, = %a+1. Since 
%o+1 aS a subgroup of a free group ©,4: is free, we deduce easily that 


(1.5) B(X, 8) is a direct factor of ©,(X, 9). 


2. Given c* « G(X; G) and d, ¢ ©,(X, %) the Kronecker index KI(c*, d,) 
is an element of G, and it establishes a multiplication of C’ and ©, toG. Using 
(III, 29.1) we readily show that 


BX, G) = annihilator of §,(X, 3). 
Further we define 

9°(X, G) = annihilator of 3,(X,9), 
and prove that 
(2.1) %X, G) C U(X, G) = W(X, G) C BX, G). 


Given c! « @"(X, G) we define g(d,) = KI(c’, d,) for d, ¢ ©,(X, 9) and obtain 
a homomorphism 9:6, — G. This establishes an isomorphism @’(X, G) = 
Hom {€,(X, 3), G}, where Hom {H, G} stands for the group of all homomor- 
phisms H — G, the topology being defined as for the group of characters (II, 


18.1). 

From this we deduce the following results: 
(2.2) °(X, G) is a direct factor of 3"(X, G), 
(2.3) BUX, G)/U(X, G) = Hom {H,(X, 9), GF}. 


3. We now proceed with an analysis of the group A(X, G). Let z7 e A(X, G) 
and wo41 € %o41(X, 3). Choose d, « G(X, 3), so that Fd, = wey. Define 
6(wWe41) = KI(24, d,). Clearly if Fd, = w,4: then d, — d, is a cocycle and 
KI(z’, d, — d;) = 0, for z* is one of the annihilators of all cocycles. Hence 
@ is a uniquely defined homomorphism §4(X, 3) — G. We also verify 
that the correspondence 2’ — @ defines an isomorphism W(X, G) = 
Hom {41 (X, 3), G}. Furthermore, the subgroup §"(X, G@) of w*(X, G) is 
mapped onto a subgroup Hom { 3,41(X, 3) | Fan(X, 9), G } consisting of those 
homomorphisms of %,4:(X, 3%) which can be extended to homomorphisms 
of 3Boii(X, %) into G. Consequently 7 


W(X, G)/K(X, @) = 


(3.1 
Hom {§.41(X, 9), G}/Hom | Bo+(X, 3) | FarlX, J), GI. 
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It can be proved directly that the factor-group on the right in (3.1) depends 
only upon $241 = 3o+1/_41 and G; however, the meaning of this group becomes 
much clearer if we relate it to the concept of a group extension. 

4, Group extensions. Let G and H be given abelian groups. An abelian 
group, E, is said to be an extension of G by H if E has G as a subgroup and H = 
E/G is the corresponding factor-group. Two extensions E and E’ will be 
regarded as equivalent if there is an isomorphism (in the algebraic sense) of 
E with E’ in which both the elements of G and the cosets of H are left fixed. 
For fixed G and H, the equivalence classes of extensions form an additive 
group, written Ext {G, H}, whose zero is the class of the direct product G * H, 
regarded as an extension of G by H. To represent any extension Z, choose an 
element e, in each coset hof H mod G. Then E is the union of its cosets e, + G, 
and the composition is given by an addition table for the elements e, 


(4.1) Cnn = Cp + ew + v(h, h’), 


where 7 is a function on H’ to G. To within an equivalence E is determined 
by any symmetric y(h, h’), such that the addition law (4.1) defined by it is 
associative, i.e., such that 


yh +h’, hi") + y(h, h’) = (hy hl AY) + yh’, hb"). 


It is clear that T = {y} is an additive group. Since we may replace e, by 
en + og(h), where ¢ is any function on H to G, FE is unchanged when y is aug- 
mented by a function 6(h, h’) = o(h) + o(h’) — o(h +h’). Clearly A = {6} 
is a subgroup of I’, and one may readily prove: Ext {G, H} & T/A. 

When 4 is discrete and G topological Ext {G, H} may be regarded as a 
generalized topological group. 

Suppose now H = Z/F where Z is a free group and F is a subgroup of Z. 
We shall denote again by Hom{Z | F, @} the subgroup of Hom {F, G} which 
consists of the homomorphisms F — G which may be extended to homomor- 
phisms Z — G. There is then an isomorphism 


(4.2) Ext {G, H} = Hom {F, G} / Hom {Z| F, G}. 
Formula (3.1) therefore takes the following form: 
(4.3) W(X, G)/F(X, G) S Ext (G, Ho(X, 9)}. 


5. We:are now in a position to formulate our main results: 


(5.1) THrorem. The group H*(X, G) is determined by the groups G, Bq(X, 3) 
and Ooii(X, &). Explicitly 


H*(X, G) = Hom {H(X, 3), G} x Ext {G, Hoiil(X, S)}, 


where the groups involved are considered as generalized topological groups. 
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This is a direct consequence of (2.2), (2.3) and (4.3). _ We compute §* by 
means of (1.3). Since the group Hom {§,, G} is topological, all we need 
is to replace Ext {G, 6,41} by Ext {G, 6,41}/O. However we can prove that 
this last group & Ext {G, &44:}/O0. Hence 


(5.2) TuzoremM. The group $"(K, G) is determined by the groups G, ,(X, 3) 
and Xeii(X, 3). Explicitly 


§°(X, G) = Hom {§,(X,3), G} X (Ext {@, Ty4(X, 3)}/0). 


6. The preceding results may be further specialized if additional informa- 
tion about the group G is available. 

If the group G is infinitely divisible (i.e., if mg’ = g has a solution g’ « G 
for g e G, m an integer) then Hom {F, G} = Hom {Z| F, G} and Ext {G, H} = 0 
for every group H. Hence 

(6.1) If G ts infinitely divisible then 

o(X, G) = W(X, G), 
H"(X, G) = $°(X, G) S Hom {§,(X, 9), G}. 

If G is discrete and has no elements of finite order then the closure of 
Hom {Z | F, G} is the group Hom {Z,| F, G}, where Zo consists of all elements — 
of Z of finite order modulo F (all “torsion cycles’). Hence | 

(6.2) If G ts discrete and has no elements of finite order then 


9(X, G) = Hom {H(X, 3), G} x Ext {G, Tot (X, 3)}. 


If G = § then Ext {G, To4:} & Char To41, the character-group of Ty4:, 
and we obtain 
(6.3) In the case of integral coefficients we have 


§(X, 3) = Hom [H,(X, 3), $} X Char T4(X, 3). 


An extremely important case arises when G is compact. The group 
Ext {G, o4:} = Ext {G, T,4:} is then compact and is the group of characters 
of the discrete group Hom {G, T,4:}. Hence 

(6.4) If G is compact then §(X, G) = §(X, G) and 
H"(X, G) = $°(X, G) = Hom [H,(X, 3), G} X Char Hom {G, [4:(X, 9)}. 

7. We shall use (6.4) to compute the cohomology groups §,(X, G) (finite 
cocycles) for a discrete group G of coefficients. Since the groups §,(X, @) 
and $*(X, Char G) are isomorphic with one another’s character groups (III, 
41.2) we obtain | 


(7.1) THrorEemM. The cohomology group $,(X, G) of finite cocycles is deter- 
mined by the groups G, Bq(X, 3) and Tq4i(X, $). Explicitly, of G rs discrete, 


©(X, G) & Char Hom {6,(X, 3), Char G} X Hom {Char G, Tyii(X, 9)}. 
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The first factor on the right is isomorphic with the subgroup of 9,(X, G) 
determined by the “pure” cocycles. (A pure cocycle is a finite linear com- 
bination, with coefficients in G, of integral cocycles.) 

We also have the isomorphism 


Hom {Char G, &,4:} 2 Hom {Char T,4:, G}. 


Since the group Char &,4: is compact, and G is discrete, while, as usual, all 
homomorphisms are continuous, it follows that in the group at the right above, 
G enters only through its elements of finite order. Hence: 

(7.2) If G has no elements of finite order then every cocycle over G is pure and 


©,(X, G) & Char Hom {§,(X, 3), Char G}. 


8. Given a compactum St we shall consider the Cech homology and cohomology 
groups §*(%, G) (topologized, with G a division-closure group) and ,(f, @), 
(discrete). In order to apply our theory developed for star-finite complexes 
to §, we shall consider a fundamental complex X for 9 in the sense of [L, 327]. 

The groups of and X are related by the following isomorphisms: 


(8.1) HR, G) = HX, G), HAK, G) S GonlX, G). 

Hence, using (5.1), (5.2) and (7.1) we obtain the following explicit relations: 
(8.2) SR, G) & Hom (GK, 3), G} X (Ext (G@, Tru(R, 3)}/0), 

(8.3) ©,(R, G) & Char Hom {§,(K, 3), Char G} X Hom {Char G, T,4:(K, 3)}. 


9. Universal coefficient groups. The preceding results acquire more sig- 
nificance and force when they are viewed as universal coefficient-group theorems, 
in the manner of (III, 18). 


(9.1) UNIVERSAL COEFFICIENT THEOREM FOR STAR-FINITE COMPLEXES. Ina 
star-finite complex the cohomology groups of finite integral cocycles determine all 
the groups obtained using finite cocycles or infinite cycles with arbitrary coefficients. 


Since the group ©,(X, 3%) is the character-group of 6*(X, $) = H"(X, $) 
we see that the groups §°(X, %) are also universal for X. 
Replacing the complex X by its dual we obtain the 


(9.2) UNIVERSAL COEFFICIENT THEOREM FOR CLOSURE-FINITE COMPLEXES. 
In a closure-finite complex the homology groups of finite integral cycles deter- 
mine all the groups obtained using finite cycles or infinite cocycles with arbitrary 
coefficients. 


Again in (9.2) we could use the groups 6,(X, $) instead of 9§7(X, ¥). 


(9.3) UNIVERSAL COEFFICIENT THEOREM FOR compacta. In a compactum 
the integral Cech cohomology groups determine the Cech homology and cohomology 
groups with coefficients in a division-closure group. 
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Again instead of the groups ©,(%, 3) we could use the groups $7(R, $). 

10. We will conclude with a few remarks regarding the extension to. the 
relative theories. If Y is a closed subcomplex of X, then X — Y is an open 
subcomplex, and in particular it is itself a complex, .and is star- or closure- 
finite with X. As we know the theory of its cycles is the same as that of the 
cycles of X mod Y (III, 23). Therefore (9.1) and (9.2) hold with the cycles 
and cocycles of X replaced, respectively, by cycles of X mod Y and cocycles 
of X — Y. 

Now let & be a compactum and F a closed subset of R. If X is a funda- 
mental complex for ®t then there is a closed subebmplex Y such that the theory 
of X mod Y is essentially the theory of mod F. From this and the above re- 
marks we infer that (9.3) holds with the homology and cohomology groups of 
R replaced, respectively, by the homology groups of R mod F and cohomology 
groups of R — F. 


APPENDIX B 
FIXED POINTS OF PERIODIC TRANSFORMATIONS 


BY 
Pp. A. SMITH 


Let T be a periodic transformation of a space ¥ into itself. We shall give 
a brief account of a homology theory in ® related in a special way to 7 and 
leading to topological invariants of the pair (R, JT). With the aid of these 
special homologies we establish theorems concerning the structure of the totality 
L of fixed points of 7. Roughly speaking, the structure of L cannot be more 
complicated, from the point of view of homology theory, than that of the space 
§ under transformation. As a special instance of this phenomenon we shall 
show in detail that if (compact, finite-dimensional) possesses the homology 
groups of an n-sphere (over suitable coefficient-groups), L possesses those of an 
r-sphere, r S n. Further applications of the theory will lead rapidly to a gen- 
eral theorem concerning the existence of fixed points and to theorems con- 
cerning the mapping of one periodic transformation upon another. 

Although the present account deals only with the situation in the large, 
an easy modification can be made to yield local invariants of (Rt, T) by means 
of which the local structure of L can be studied. For details in this direction 
see P. A. Smith, [b, c]. 

General references: Brouwer [f], Eilenberg [b], Kerékjdrté [a], Richardson 
and Smith [a], Smith [a-g]. 


PRELIMINARY DEFINTIONS. A space will mean a Hausdorff space. R will 
consistently denote a space, T a homeomorphic transformation of R into itself. 
T will always be periodic—that is, some power of T will be the identity. The 
smallest power which gives the identity is the period of T, to be denoted by p. The 
identity itself will not be considered as being periodic. If A 1s a subset of ®, 
the sets A, TA, ---, T? A will be called the T-images of A. We write cA = 
UT'A. Evidently oA is invariant (identical with its T-images). We shall use 
the term fixed only in connection with individual points. The totality of fixed points 
will be denoted by L. T will be called primitive if each point of R — L has p dis- 
tinct T-images. T is automatically primitive tf its period p is a prime. 


1. Simplicial transformations. We shall say that (R, T) is semplicial if R 
is a closed finite Euclidean simplicial complex whose (geometric) simplexes 
are permuted among themselves by 7. The totality of invariant simplexes 
will be denoted by §,. 

A simplicial (®, 7’) will be called primitive if each simplex in ® — 9 has p 

350 


[B] FIXED POINTS OF PERIODIC TRANSFORMATIONS 351 


distinct (hence mutually exclusive) T-images. Evidently a simplicial o T’) 
is automatically primitive if p is prime. 

A simplicial (R, 7) will be called regular if the subcomplex § is elosea:. 

(1.1) If (R, T) ts regular, | Rr | is identical with the fixed-point set L. 

Proor. In any case regularity implies that the vertices of R, arein L. Sup- 
pose L contains | #7 | where jt; is the maximal closed h-dimensional subcomplex 
of Ry. If H is a simplex of Ri andif J = | SE |, then J CL. Suppose FE 
is not pointwise invariant under 7’. Then if we put Eu J into homeomorphic 
correspondence with one-half of an (h + 1)-sphere S, 7 induces there a periodic 
transformation 7: leaving fixed the points of the boundary h-sphere. By 
defining 7, as the identity on the other half of S, we obtain a periodic trans- 
formation operating in S and admitting a hemisphere of fixed points. But we 
shall see later (11.1) that the fixed-point set of any periodic transformation 
operating in S must be nowhere dense. From this contradiction we conclude 
that E C L, hence eventually | #%,| CL. On the other hand L C | Rr| since 
simplexes which contain points of L are necessarily invariant. Hence L = | Rr |. 

While the preceding result will not be used in what follows, it does suggest 
that a desirable combinatorial situation for the study of the fixed-point set 
occurs when a given (®, 7’) can be reduced to a regular (R, 7) by a suitable — 
simplicial subdivision. This can be done if, for example, % and 7 are defined 
by analytic functions and 9% is compact. For general (, 7’), however, there 
is no known way of introducing a subdivision into 9% — even if R is a complex 
to start with—which will render (R, 7) regular, or even simplicial. 

2. Special systems and coverings. It is fairly obvious that. cycles and 
homologies in special relation to a given period 7’ can most readily be defined 
when (f, 7) is simplicial. The power which lies in the assumption of periodicity 
is due chiefly to the fact that a general (%, 7’) can, so to speak, be approximated 
by a simplicial one. Our immediate purpose is to show (3.1, 3.2) how this can 
be done in a manner especially suitable to the study of fixed points. 

A system will mean a finite collection of point sets in . The component 
sets of a system Ul are the Ul-vertices. A system whose vertices are permuted 
among themselves by T will be called a T-system. The a of the 
vertices of a system 11 form a system 7"U. The vertices of U, TU, = 
taken together form a system denoted by cll. Evidently cll is a aati. 

Let Ul be a T-system. We write 11 = WU’ u UW” where W’ consists of the in- 
variant ll-vertices, 11’ of the remaining. Evidently UW’, UW” are T-systems. 
We shall call U1 primitive if each UW’’-vertex has p mutually exclusive T-images. 

Let Ub, U, be T-systems with 1, > U,. A projection +:U, — U, will be 
called a T-projection if r7’ = Tx. Evidently a T-projection U, — U, carries 
l,-vertices into 1,-vertices. 

(2.1) Let Uy, U, be T-systems with WY> Uz. If Uy ts primitive, there exists 
a T-projection U, — U,. 

Proor. We may write ih = Uy vu U3 where UX consists of all U,-vertices 
which are contained in 1,-vertices, U1, of the remaining \,-vertices. Evidently 
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Ux, UX are T-systems, refinements of UW, and WU,’ , respectively. Moreover 
since each ll,-vertex has p mutually exclusive images, the same is true of the 
Uj-vertices, and hence U3 can be represented, without repetitions, as con- 
sisting of the T-images of a suitably chosen subsystem of its vertices, say Us: , 
+++, Whe. Let x2 be a projection of this subsystem into WW, and let m, be ex- 
tended over Ul} by the formula m7"U}; = T’mUi; (¢q = 1, -°°-,p — 1). In 
this manner m, becomes a T-projection Ui — W,. The Ul,-vertices being 
invariant, it is even simpler to define a T-projection 7, :U, — U,. Taken to- 
gether, +, and 7m, define a T-projection U, — U,. 

We shall be particularly concerned with systems that are finite open cover- 
ings of R (we shall simply call them coverings). 

(2.2) Every covering VU is refined by a T-covering. 

In fact the intersection of Ul, TU, ---, T” ‘U is evidently a T-covering, 
refinement of ll. 


DEFINITION. A T-system UW will be said to satisfy condition L, if W' consists 
precisely of those U-vertices which meet L; U satisfies Ly uf all non-empty inter- 
sections of \’-vertices meet L. A T-covering which satisfies L, and Ly will be 
called special. 


Let Ul be a T-system, X its nerve. TJ induces in X a simplicial transformation 
Tx which is the identity or else is of period g, g a divisor of p.. We denote by 
X, the totality of X-simplexes which are invariant under Tx. In addition, 
denote by X, the totality of X-simplexes which meet L. Xz, is a closed sub- 
complex of X but in general X; is not. 

(2.3) If the covering U is primitive and special, then X; = X, and (X, Tx) 
as primitive, regular. 

Proor. A non-invariant X-simplex E has at least one non-invariant vertex 
say U; the T-images of U (regarded as a U-vertex) are mutually exclusive sets. 
A relation TE = E would imply 7° (kernel EZ) = kernel EZ, which in turn 
would imply T7*U n U * @. We conclude that the T-images of | FE | are dis- 
tinct, hence (X, Tx) is primitive. The vertices of an X;simplex E; are per- 
-muted among themselves by 7’, and since as U-vertices they have a non-empty 
intersection, each must meet L by the primitivity of WU. Then condition L, 
implies that E; is vertex-wise invariant and (X, Tx) is therefore regular. 
Moreover, condition L, implies that E; meets L, hence X; C X,. On the 
other hand the vertices of an X,-simplex E, , since they meet L, are invariant 
by L.. ‘Hence E, is invariant and X, C X,;. Hence X; = X,. 

3. The existence of special coverings. The next two propositions are of 
fundamental importance in what follows. Let us recall that dim ®R S$ m if © 
every covering is refined by a covering the dimension of whose nerve does 
not exceed m. 

(3.1) If R ts compact, T primitive, every covering is refined by a special primi- 
tive covering. 
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(3.2) If R 1s compact, T primitive and if dim R S m, every covering Uy ts 
refined by a special primitive covering Ui, such that dim (X, — Xyr) Sk, k-= 
pm + p — 1 (X, = nerve U,). 

We need give only the proof of (3.2) since it contains essentially the proof of 
(3.1). It will be convenient to say that a 7-covering U satisfies L, if, among the 
U-vertices which meet L, each contains a point of Z not contained in any other. 
In addition let U1* denote the covering {St U;} (U; € U). 

We now establish the following propositions. 

(A) Every covering WU) is refined by a primitive 7-covering satisfying Las 
_ (B) Every primitive T-covering, UW, satisfying L,, L, is refined by a covering 
U, of the same sort and such that dim X, S k. 

(C) For every primitive T-covering UU) satisfying LZ, , L, and with dim X) S$ 
k, there exists a special primitive covering U, such that U, > Uy, 
dim (X, — Xy) Sk. 

(3.2) follows from (A), (B), (C), the theorem that for compact & there exists 
for given covering Ul) a covering Ul, such that U* > Uh, and the obvious fact 
that WU > > U, implies uy > uy 

Proor or (A). Evidently an aiieany point z of L possesses an invariant 
neighborhood O(xz) which is contained in some U,-vertex; in fact such a neigh- 
borhood is the intersection of the T-images of U(x) where U(x) is any U)-vertex 
containing zx. Since ® is compact and L closed, there exists a finite set of 
neighborhoods O(z), say O,, --- , O, such that L C U,O;. Since T is primi- 
tive an arbitrary point y in the closed set & — U;0,; possesses a neighborhood 
R(y) with p mutually exclusive T-images; evidently none of these 7-images 
meets L. Using the separation properties of compact Hausdorff spaces and 
the continuity of 7’, we can choose R(y) so as to have the further property that 
the system of T-images of R(y) is a refinement of U,. Let Ri, ---, R: bea 
finite set of sets R(y) such that R — U,O; C U,R;. The sets O, together 
with the T-images of the sets R; form a T-covering U,, refinement of l. 
Evidently WU, is primitive and satisfies La. 

Now suppose that U, is a covering which is a modification of U, obtained by 
replacing each O; by an invariant open set Q; with Q; CO;,Q:n L #@. Then 
U,, like U,, is a refinement of U,, is primitive and satisfies L,. We shall 
show that this modification can be carried out in such a way that the resulting 
U, also satisfies L.,. Choose distinct points a1, --:, a, with a; «€ O; a L. 
Then choose mutually exclusive invariant neighborhoods A; , ---, A. of a, 

, a, such that for each 7, A; is contained in the intersection of those O’s 
which contain a;. Now consider the invariant open sets 


Q: = 0;— U {A;| j # 7}. 


It is easy to see that Q; contains a; if and only if 2 = 7. The obvious relation 
U.Q; C U,0; holds with the inclusion sign reversed. For, a point x ¢ O; either 
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is not contained in any A; (j ¥ 1) in which case z « Q,, or else it is contained 
say in A, (1 ¥ 7) in which case x € Q;. In either case z e U.Q;. Thus we have 
shown that U,Q; = -U,0, and hence that the system U, obtained from U, by 
replacing O; by Q; (i = 1, --- , 8) is a covering, refinement of l,. Each vertex 
Q; meets L since a; ¢ Q;. Hence the passage from U, to U, is of the type de- 
scribed above and we conclude that U, is primitive and satisfies Lz. Moreover, 
it is as easy to see that Q; contains a; if and only if7 = j. Hence U, satisfies L, . 

Proor or (B). The hypothesis dim R S m implies the existence of a covering 
Uy, > UW, with dim X, Sm. Let U, = ol. Thendim X, s k. Moreover 
TU, > TU = Wimplies U, = ol, > Uy. Write UY = Uy u Ul, where as always 
U; consists of the invariant lUh-vertices. Write Ul, = 1) u UW? where Ul consists 
of all lUl,-vertices which are subsets of Uy-vertices, WwW the remaining. Evi- 
dently UU; , U3 are T-systems and Ui > l,, U2 > Uy. By (2.1) there exists 
a T-projection 7:13 — UU. Write Wy = {Uy}. Let O; be the union of the 
vertices which constitute *'U);. Let mr = {0,;}. Evidently Ww’ > th. 
The 11}’-vertices are open invariant sets and their union is identical with the 
union of the 11)-vertices. Hence 3? and 1; together form a T-covering U, 
such that U, > Uh, we > Ww, uw! = u2 > UW’. The primitivity of Uh and 
the relation u, > Uy imply phat U, is primitive. We assert that U, Satisfies 
L,. Evidently a U,-vertex which meets L must be an O;, hence a UW, -vertex. 
Conversely, every Ul-vertex meets L. For since U,; meets L (condition L, 
for U,) U;; contains a point a; of L not contained in Ux;, 7 ¥ t (condition L, 
for U,). A U,-vertex which contains a; —there is at least one, say Ui—can- 
not be a subset of any U,’-vertex (since those do not meet L) nor of any U- 

vertex other than Uj; (otherwise some U,; (j ¥ 1) would contain a;). Hence 
U,; C Us; and a; « U (x "U;,;) = O;, proving our assertion.—Now U, was formed 
from U, by applications of the operation of replacing a number of vertices by 
their union. Since this operation does not raise the dimension of the nerve, 
we have dim X, S dim X, S k. Finally, we showed in the proof of (A) how 
to pass from a primitive covering satisfying L, to a primitive covering satisfying 
L,, Le by replacing the vertices of the first covering by suitable subsets of 
themselves. This operation does not raise the dimension of the nerve and hence 
if it is applied to U, it yields the required refinement of UU. 

Proor oF (C). Say UW = {U,,}. For each 7, choose a point a; contained in 
La Ux; but not in U3, j #7 (condition L,). Choose invariant open sets 
Ai,°°:,As such that a; ¢ A; C U,;, Ain Ux; = Ofori ¥ 7, and such that no 
A; meets any U,-vertex (recall that the U,-vertices do not meet L). Evidently 
A;n A; = @ wheni + j. For each 7 choose a set of A’s by the following rule: 
A; is in the ith set if and only if Uj; n Uj; #9. Let B; be the union of the 
A’s in the ith set and let 


(3.3) O; = U;,u B;. 


The sets O; together with the li,-vertices form a covering U, and since the O; 
are invariant, 


= {0}, UW, = Wy. 
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Hence Ul, is primitive and it is easy to see that U, > ux. Each O; meets L 
because U;; does; hence U, satisfies L,. We assert that Ul, satisfies L,. Sup- 
pose J = 0,0 0,0 +::-00, #G. If Urgn Ux 0 -++ 1 Ux, ¥ G, we have from 
(3.3) and the definition of the B,, . 


A,vA,u---uA,CO, 00,0 ---nO, = J 


so that J contains a,,---,a:, hence meets L. If Uj, n°:- an Uy, = G, it 
follows from (3.3) that J is the intersection of sets of B’s and U,-vertices, each 
set containing at least one B. Since each B is the union of mutually exclusive 
sets A;, subsets of the corresponding sets U,; , it follows that J is a union of 
A’s, hence meets L and our assertion is proved.—We show finally that dim 
(X, — X,y:) S k. The existence of a non-invariant X,-simplex E implies a 
relation of the form 


(3.4)  —sikernel E = (Uii, u By, n «++ 9 (Uni, UB) a S #G 


where § is an intersection of 1 U,-vertices, 1 = 1. The B’s do not meet any 
Ui, -vertex because the A’s do not and hence (3.4) implies that Uxie Neon 
Ux, S *O. Hencel +h+1S dim X%, Sk. Hence dim E < k. This 
concludes the proof of (C). 

4, p-chains in a complex. We assume throughout this section that (, T) 
is simplicial. 

Let G be an abelian coefficient-group for chains and homologies in . 7’ in- 
duces in an obvious manner a chain-mapping which we shall also denote by T. 
We may thus regard 7 as an additive operator acting on chains over G and 
permutable with the boundary operator F. With regard to a 0-dimensional 
chain C°, we recall that KI(TC°) = KI(C’), a relation which holds equally 
well if T is a simplicial mapping of # into some other complex. It will be 
convenient in this appendix to take 9 augmented, so that C° is a cycle if and 
only if KI(C’) = 0. Thus if E is a vertex, EH — TE is a cycle over arbitrary 
G,E+TE+-:--+ 7" * a cycle over 3, (the group of residues mod p), + E 
is never acycle. Boundaries of l-chains are cycles and, in a connected com- 
plex, all 0-cycles bound. 

The operators 


o=147T+---+7", §=1-T 


(where 1 is the identity operator) bear useful reciprocal relations to each other 
and play an important part in what follows. We shall also denote these op- 
erators by p and f agreeing that p may stand for o, f for 6 or vice versa, but that 
the meaning of p and f shall remain fixed in any given discussion. Note that 
in any case pp = pp = 1 — T” = O (the annihilator). p and # are of course 
permutable with T and F. 
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DeErFinition. Chains which are annulled by p will be called p-chains. Chains 
which are annulled mod WR; by p will be called pI-chains. 


We shall assume in the remainder of this section that the simplicial (R, T) 1s 
primitive. 

(4.1) A necessary and sufficient condition that a chain C be a pl-chain is that 
there exist a chain A such that C = pA mod %,. 

Proor. The sufficiency is implied by the relation pp = 0. To prove the 
necessity suppose first that C is a éJ-chain. In any case since (%, T) is primi- 
tive, the oriented simplexes corresponding to the non-invariant simplexes of ® 
may be represented without repetition by 


+E*, +7E, +--+, +7? ‘El, t=1,-++, a. 


Hence we may write C = >) >, gai7”E; where the g’s are elements of G and a | 
ranges over the residues mod p. The relation 6C = 0 mod §; implies 


2 » gas( 7” a T° )E; = >; » (Jas om Ja-1,i) 1" E; = (). 


Hence 91; = gos = *** = gyi 80 that C = cA mod &; where A = yo guski: . 
Suppose now that C is a oI-chain. Since 


oC = > >» Jai(oE;) mod %r , 
the relation oC = 0 mod § implies that 
(4.2) pe Jai = O 


for each 1. We wish to show the existence of a chain A = >> > taiT*E; such 
that >> digaT’E: = 8(>, >, tasT"E;). This last expression equals 
Ss >> (tas — Ya41,;)T°E; and therefore it is sufficient to show for each value 
of 1 the existence of a solution in the variables 11; , --~ , pi of the system 


Mii — Lpi = Ji, XYog — Lis = Jai, °** »>Lpi — Up-1i = Jpi - 
In view of (4.2) such a solution is given explicitly by 
Lai = Jie tga tees + Gai, a=tI1,-+-°,pD, 


We shall use a subscript I with the symbol of a chain to show that the chain 
is in My . 

(4.3) If G = 3p, all chains in Rr are p-chains. For, 6C, = C; — Cr = 0 
and oC, = pC, = 0. 

(4.4) If G = 3, and C is a chain, pC CR — Rr. For in any case we can © 
write C = A + A; where A CR — Rr. Then using (4.3), pC = pA C 
R— Rr. 

(4.5) If G = 3,, a necessary and sufficient condition that C be a p-chain ts that 
it be expressible in the form pA + Ar. 

Proor. Sufficiency follows from (4.3) and the relation pp = 0. To prove 
necessity write C = B + B,; where B CR — Kr. Since C and B, are p-chains 
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(4.3) sois B. In fact B is evidently a pJ-chain, hence expressible in the form 
pD + D, (4.1). Hence C' has the stated form. 

(4.6) If G = 3), @ necessary and sufficient condition that C be a sha in 
R — R, is that C be of the jorm pA (4.4, 4.5). 

5. Special homologies in a complex. Definition. Aesiine that (R, 7’) is 
simplicial. A p-cycle is simply a p-chain which is a cycle. If a p-cycle y is the 
boundary of a p-chain, writey ~,0. If, modulo ®, , a pl-cycle y is the boundary 
of a pl-chain, write y ~, 0 mod #;. These homologies, which we shall refer 
to as p and pl-homologies have the same algebraic properties as ordinary ho- 
mologies. Note that a chain which is identically zero may be regarded as a 
p-cycle and as such, it is p-homologous to zero. A similar remark applies 
modulo §; . | 

We assume during the remainder of this section that (ft, 7’) is simplicial, 
primitive, regular. Regularity implies that the boundaries of chains in ; are 
in My . 

(5.1) If G = 9, and of aC* + Ch is a cycle (hence a p-cycle by 4.5), then pC and 
C; are cycles (hence p-cycles). If pC + Cr ~, 0, then pC ~, 0 and C; ~, 0. 

Proor. We have 


Since FsC = pFC CR — R, (4.4) and FC; C R,, (5.1a) implies FaC = 
FC, = 0.—Suppose now that pC + C;, ~, 0. This implies a relation 
F(pA + Ax) = pC + C, (using 4.5). This can be written p(FA — C) = 
C, — FA;. The left side of this last equation is in R — W,, the right in R,. 
Hence both chains vanish. The result then follows if we recall that all chains 
in §, are p-chains. Incidentally, we have also pes 

(5.2) Let G = 3, and let y be a cycle in Rr, y' a p-cycle in R — Rr. Then 
Y~™> 0 of and only ify ~ 0 im Kr 7’ ~, 0 af and only ify’ ~), On R — Rr. 
(5.8) Let y* = pC’, y" = pC" be ae and pl-cycles such that y" | = FC’ 
mod ®,. If 7’ ~, 0 mod §,, then y" > ~; 0 mod %,. 

The proof is escentially the same as that of 

(5.4) Let G = §, and let y* = pC” + Cr and y*" = pC” + Cr” be p- and 

p-cycles such that y"* = FC". If y" ~, 0, then y"* ~; 0. 

Proor. The relation y’ ~, 0 implies by (5.1) and (5.2) that pC * ~, 0 in 
RMR — R,. By (4.6) this mnplise a relation of the form FaB = pC”. Let "A = 
Cc" — FB. Then pA = pC’ — FpB = 0s0 that A isa f-chain. AlsoFA = 
FC’ = 7". Hence 7" ~; 0. 

(5.5) Let G = 3, and assume that R; = 0. Let C° be a 0-dimensional chain. 
Recall that pC” is a cycle (see 4), obviously a p-cycle. If pC” ~, 0, then KI(C”) = 0. 

Proor. The relation pC ~, 0 implies a relation FaA = AC (using 4.5 and 
the hypothesis #; = 0). Write 


(5.5a) FA =C°+B. 


Then pB = 0 and hence we may write B = pD (4.5). This implies, since 
G = %,, that KI(B) = 0. Since also KI(FA) = 0, (5.52) implies KI(C") = 0. 
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(5.6) Let G = 9,, and let C be a cycle. If C ~ 0, then pC ~; 0. For, 
FA = C implies FpA = pC and pA is a f-chain since jp = 0. 

6. p-homology groups in a complex. We assume in this section that (, 
T) is simplicial. 

We shall denote the additive groups of p- and pl-homology classes of (R, 7) 
over G by 


Let T° be a p-homology class of dimension h. If one p-cycle in I is ho- 
mologous to 0 in the ordinary sense, so is every p-cycle in T*. The totality of 
classes I whose p-cycles are ~0 is a subgroup of 6 which we denote by 
B*(R, T; G). The corresponding subgroup of $2, is BP,(R, T; G). 

Let 7" be a p-cycle, element of [*. By (4.5) we may write 


(6.1) vy" = pC +Cr. 


Suppose now that I has the property that for at least one y* in I'*, there 
exists a representation (6.1) in which C is a cycle. The totality of classes I 
with this property is evidently a subgroup of 6) ; we denote it by &*(R, 7; G). 
The corresponding subgroup &*; of $%, consists of the pJ-homology classes which 
contain pl-cycles of the form jC when C is a cycle mod & . 

Let y* be an ordinary cycle, element of the ordinary homology class I”. 
Since jp = 0, py, is @ p-cycle. Suppose I” has the property that for at least 
one y’ in I’, py" ~;0. The totality of classes I with this property evidently 
is a subgroup of 6°; we denote it by 6{)(#, T; G). The corresponding sub- 
group of (9, Rr, G) is Gin (K, 7; @). 

We assume during the remainder of this section that (R, T) is simplicial, primz- 
tive, regular and that G = 3. 

We shall define certain homomorphic mappings a and £@ of the groups 


G(R, T, Sp). 
a. By (4.5), a p-eycle 7" in Tl has a representation vy = pC’ + Ch. Let 
vy" = FC’. y*' is a p-cycle; fon Give pC" is a cycle (5.1), py” = Fac” = 0. 


We assert that the class [';’ containing x ‘is independent of the choice of y" 
in I’ and of C” in the representation pC” + Ci for y*. For suppose 7" ~, 7”, 

y'® = pC" + C,, 7") = FC”. It follows from (5.4) that ake i ire |) 
areuie our assertion. Thus the correspondence ail — 3" is a homo- 
morphic mapping of §} into a subgroup $;°. Since ht 0, the image of 
under a is a subgroup of SB}. We assert that a covers B; °; that is, 


(6.2) aS = BF". 
For, let r=” be an element of 83° and let _. a be ry p-eycle i in Ty . We have 
vy ~ 0, say FC* = 7*". Since FaC” = py" = 0, a = pC" isacycle. In 


fact y" is a p-cycle and we have al = I; where I is the p-homology class 
containing 7". 
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The kernel of a (as acting on ©") is R}. For, al? = 0 implies relations 
vy =pC+Cr, FC~,0, | ver, 


The second of these implies a relation F(pA + Ary) = FC. Then B = 
C — pA — Arisacycle. By (4.5) psB = AC so that y" = pB + C,. Hence 
T «R*. Conversely, every element of &* is evidently carried by a into the 
zero of 63. 

Remark. Strictly speaking, the symbol a should bear indices p, A corre- 
sponding to the p, h of the group on which it acts. In general, however, these 
indices need not be written. 

B. The elements of a p-homology class I? are contained in a uniquely deter- 
mined ordinary homology class I’ and ans correspondence 8: ms I" is evi- 
dently a homomorphism of S} into §*. The kernel of 8 is B} . We assert that 
BS" = Gio. For consider an element lM of GF. A p-cycle Y , member of I 
satisfies py" = 0, hence (trivially) py’ ~; 0. Hence Il € Hey - Conversely, 
let I',) be an element of Soo - To show that T,) has a pre-image under 8, it is 
sufficient to show that r,) contains a p-cycle. In any case r",) contains a 
cycle +" such that py” ~; 0. This implies a relation F(pC + Cr) = py’. The 
relations py CR—-— Rr, FoC CR — Rr (4.4) and FC, Cc Ry imply FeC = py’. 
Let y” = y* — F(oC + C;). Then py” = 0,7" = 7" — FC, y" ~ 7’, so that 

* is the desired p-cycle in I, . 


(6.3) TuroremM. For a simplicial regular primitive (R, T), 


(6.3a) G(R, T; 3p) /KI(R, T; 3p) = Bz (KR, T; 3p), 
(6.3b) H,(M, T; 3p) /Bp(R, T; 32) = Ht (KR, T; 3p). 


These formulas hold for arbitrary G af p is everywhere replaced by pl. 


Proor. (6.3a) and (6.3b) follow from the properties of a, 8 established above. 
The proof of these formulas for the pJ-homology groups depends on the prop- 
erties of the corresponding homomorphisms ar , ar of Spr. We shall not discuss 
a;, Br further than to remark that for their definition no restriction need be 
put on G. 

7. A decomposition. We assume in this section that (R, T) is simplicial, 
primitive, regular and that G = 3,. 

Let I) be an element of $; with the property that vy" CR — Rr for at least 
one element yin I. The totality of classes I} with this property is a sub- 
gioup of $} which we acuat by OF. By (4.6), es element I'* of O) contains 
a p-cycle of the form pC. 

_ Let r, be an element of 6* with the property that 7" C , for at least one 
yin ©. The totality of classes I} with this property is a subgroup of St 
which we sdenot by St,. From (5. 2), Sb, may be regarded as being identical 


with O'(Rr , Bp). 
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As an immediate consequence of (5.1), the groups ©}, 6) furnish a decom- 

position 

(7.1) S; on 9} x Doo , 


Consider the mappings a. A glance at the definition of a reveals that 
aOi, = 0. Hence 


(7.2) aD* = aS = BF". 
Let ¢ be the projection O} x $f, > $6, , and let k = {a (a followed by ¢). Then 
(7.3) KO = kO* C Hp; 


Remark. It will simplify matters in the simplicial case if from now on we 
make no distinction between a cycle and its homology class (p- or ordinary). 
Thus we may regard © as composed of cycles, , of p-cycles, &, of p-cycles of 
the form pC + C; where C is a cycle, ©, of p-cycles of the form pC’, 6%,) of cycles 
y such that py ~, 0. Conversely, every h-dimensional p-cycle may be regarded 
as an element of 6) and so on. 


(7.4) Hi, 1 BF C KH”. 


Proor. An element y in 6, n $° is a cycle in which is ~ 0 (in R) say 
FC = y. Then FpC = py = 0. Hence AC is a p-cycle, hence an element of 
*+1 and from the definition of a, ¢, k, 


K(pC) = fa(pC) = Sy = ¥. 


8. Projections of p-homology classes. Let ll be a T-system, X its nerve, 
Tx the transformation inducedin X by T. Letpy =1— Tyorl+T7x+--: + 
T® according as p = 5 or c. We may think of px as the operator induced 
in X by p. Now let % be a second T-system, Y its nerve. Suppose that 
U > B and that x is a T-projection UW — ¥. The chain-mapping induced by x 
will also be denoted by x. The relation r7 = Tx implies that 


(8.1) Wpx = pyt. 


An important consequence of (8.1) is that + carries px-chains and homologies into 
py-chains and homologies. 

In general, induced operators such as px , py may simply be denoted by p, 
since it will always be clear in the context what the meaning of p is to be. We 
may, accordingly, describe (8.1) simply by saying that p permutes with x. 

(8.2) Let U, B be T-systems with nerves X, Y and such that B is primitive and 
U> B. Let m , x2 be T-projections U— B&B. If y isa p-cycle in X, my ~, my 
in Y. 

Proor. We may suppose that the passage from m to m, can be effected by 
redefining 7, over the T-images of a single ll-vertex. For it will be seen that in 
any case the passage from 7m, to 72 can be obtained by a finite number of such 
steps. Suppose then that m differs from m2 only as concerns the T-images of U. 
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Assume first that U is contained in a non-invariant @-vertex. Then since ¥ 
is primitive, the images U, = 7°U are mutually exclusive. Let 7:U, = Vv; 
(2 = 1, 2). We define an additive operator D over X-chains as follows. An 
oriented simplex FE either has just one vertex among the images of U (regarded 
now as vertices of X), or has none. In the latter case define DE = 0. In the 
former, suppose FE = (U;S) where S is a simplex with no vertex U;. Then 
define DE = (V;V;S’) where S’ = x,S = mS. Let the definition of D be 
extended additively to all X-chains. It is a straightforward verification to show 
that the formulas 


(8.3) FD = m2 — 7, — OF, DT = TD 


hold for individual simplexes, hence for chains. From the first of these formulas 
it follows that mzy — my = F®Dy and from the second that pDy = Dpy = 0. 
Hence rzy ~, mry.—We must still dispose of the case in which U 1s not a subset 
of any non-invariant %-simplex. In this case 7,U and mU are invariant so 
that 7,;U, = V; say (« = 1, 2). Suppose the X-simplex E has just one vertex 
among the images of U, say E = (U,S). Then take DE = (V:iV28S). In all 
other cases take DE = 0. The formulas (8.3) again hold, but in their verifica- 
tion it is necessary to examine the case in which the vertices of E include more 
than one image of U, say for example EF = (U,U,S). Here DE = 0 by defini- 
tion, hence FDE = 0. Also 7,;E equals (V;V.S) which is degenerate, hence 
zero, and SFE vanishes by cancellation and definition. 
9. p-homology groups in a compact apace. We assume in this section that 
® is compact, 7 primitive. 

Let > = {,} be the totality of spinitive special coverings of # and let 7, 
be the transformation induced by 7 in X, = nerve Uy. Each (X%, 7) is 
primitive, regular (2.3). Primitivity implies that each 7) is.of period p. Notice 
that by (1.1) X, is the fixed-point set of X, (not to be confused with the fixed- 
point set L of ®). 

By (3.1) 2 is a directed set relative to ordering by refinement, and is cofinal 
with the totality of all finite open coverings of . Hence 2 is adequate for 
carrying the ordinary homology theory of Jt. We shall show now that 2 
carries a p-homology theory for (R, 7’). 

Let U,, U, be coverings in 2 with U, > U,. Since UW, is primitive there 
exists by (2.1) a T-projection m:1, — U,. Since ™, is permutable with p 
and F, thus carrying p-cycles into p-cycles and preserving p-homologies, w. in- 


duces a mapping 
(9.1) 2 O,(X., Tr; @) > G(X,, Ty 5 G) 


and it is a consequence of (8.2) that +. is independent of the particular choice 
of the T-projection nw . Thus the groups $3(X, , 7, ; G) and associated map- 
pings *, form an inverse system invariantly related to (R, T). Let 


OUR, T; @) = lim (HEX, Tr 5 G); wy). 
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The elements of $* may be regarded as p-homology classes of p-cycles of (M, 7), 
a p-cycle y" being a collection {7%} where y} is a (p, X,)-cycle (p-cycle in X) 
and where U,, U,e 2, Ua > U, imply 


(9.2) wen ~p yh } 


y' ~, 0 if and only if yf ~, 0 for each X. As in the simplicial case, frequently 
we shall not distinguish between a p-cycle and its p-homology class. Let A be 
a subset of 9 and let X,, be the subcomplex of X, consisting of the X,-simplexes 
whose kernels meet A. If yy © Xy4 for each ) and if the relations (9.2) can be 
expressed in the form FC = ryp — Y; , where C is a p-chain in X), , we call 
y" a p-cycle of A. 

It is clear that the totality 2 is a topologically definite entity uniquely deter- 
mined by ® and 7. It follows that the groups §*(R, T; G) are topological 
invariants of (R, 7’). 

Concerning the subgroups of 6" and /, it can immediately be verified that 
the homomorphism (9.1) carries 8}(X , T, ; G) into a subgroup of B*(X, , Ty ;@) 
and similarly for @°(X,, 7, ;G@). Thus 6*(R, 7; G) admits subgroups 


BR, TG) = lim (BX, 13 @; #), 
GR, T;G) = lim (@1(X, Tj @;R}. 


In the same way, the homomorphism §°(X, , G) — §'(X,, @) induced by wr. 
carries {,)(X,, Ty, ; G) into a subgroup of $%)(X,, T.; G). Thus $'(R, G) 
admits a subgroup 


GHto(R, T; G) = lim {Hty)(X., Tr ; @); wy. 


Concerning the corresponding groups of relative cycles,—the relation m7 = Tx. 
implies that 7’ carries invariant X-simplexes into invariant xX Maaipleces? hence 
w.Xyr © X,r. Thus (pl, X,)-chains are carried by 7’ into (pI, X,)-chains and 
pl homologies are preserved. This leads to inverse systems of groups 
$p1(Xx., Tr ; G) ete., based on an easy modification of (8.2) for relative cycles. 
The relations X,; = Xz, of (2.3) imply that elements in the resulting limit- 
groups are p-eycles modulo L and these limit-groups are therefore properly 
denoted by 62,(R, L; G), ete. 

(9.3) Remark. A inlay in the coefficient group G will of course lead to a 
topology in 63, 6*., etc. In what follows, howéver, groups are to be con- 
sidered as being discrete. 

(9.4) Remark. Like the groups $/, the groups 8; , %, %) and the corre- 
sponding groups *, etc. are topological invariants of (®, 7). 

(9.5) Remark. Suppose that dim R < m. Then it is a consequence of (3.2) 
that Z can be replaced in the preceding discussion by 2, = {1h}, the totality 
of primitive special coverings U, such that dim (X, — Xz) S k. 

Let a, , 6, denote the mappings a, 8 (defined in 6) for (X, Ty). That a), 
6, actually exist is guaranteed by the regularity and primitivity of (X), T,). 
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It is a consequence of the definition of a, 8 and the fact that T-projections 
permute with p, F that for U,, U, in 2 with WU, > U, and T-projection x 


(9.6) thon, aoe oi ’ #8) = Bt, . 


If y* = {yh} isa p-cycle, element of H(R, T; Xp), (9. 6) implies that {axy}} is a 
p-cycle; denote it by ay". Evidently « is a homomorphic mapping 


OUR, T; 3p) > BF '(R, 7335). 


Using (9.1) and the fact that the groups O;(R, 7; 3p) are finite (and hence 
compact) it follows from the general theory of inverse systems that a actually 
covers 8} ’ (see II, 13.6). Moreover, the fact that kernel a, = R(X , Tr 5 Bp) 
for every Uh in 2 implies that the kernel of a is ®* A(R, T;%,). Similar remarks 
lead to a homomorphism 6:O(R, 7; 3%) > H~y) (R, T; 3p) with kernel 
BR, T; ¥,) and therefore the Formas (6.3a, 6.3b) hold for every compact ® 
and primitive T. 

In connection with the porresponding relations between the groups >, etc., 
we merely remark that they hold if G is any compact group or any field. 

10. Homologies in LZ. We assume in this section that R is compact, T 
primitive and that G = %,. 

We shall now see the importance of the relations X,; = X) L (2.3) in connection 
with questions about homological properties of L. Let a. be a T-projection 
(Uy, U,e2). We have already remarked that m\X,, C X,r. Consequently 
if we recall that the elements of 5,(Xa i Tx ; Sp) are cycles in X), ,—that 
92,(X, , Tr ;%p) is in fact identical with 6’(Xir, ¥p), we see that the induced 
mapping (9.1) carries ,(X. , Ty ;%p) into a subgroup of $,.(X,, Ts; Xp). Let 


Ho,(K, T;3>) = lim { Boo( Xr » Tr 5Sp)3 t,}. 


The relations X,; = X,, now imply that $$, is the group of ordinary homology 
classes of L (see VII, 5.4). That is, 


(10.1) Ho(R, T; Ip) = H'(L, Fp). 

Moreover, since X)-chains of the form pA are carried by mr, into X,-chains of the 
same form, it follows from (4.6) and (5.2) that PO"(Xy y ENS Ne) GS 
On (Xy » Ty ;3). Let 

OR, T3 Hp) = lim {04% , Tr Bo); Hh 

Evidently if y’ is a p-cycle, element of OR, 133), vx may be taken as a p-cycle 
in X, — Xy;. If Xz is the totality of X,-simplexes whose kernels meet R — L, 
we have X, — Xyr = X) — Xx, C X, and consequently (5.2) and the relations 
vk © X, — Xx imply that y" is a p-cycle of R — L (or at least is p-homologous 


to such a cycle). | 
The decomposition (7.1) which holds in each (X,, 7), implies the decom- 


position 


(10.2) gi = 0% X S, for (RK, 7:4); 
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and the relations (7.2) and (9.1) imply 
(10.3) aD? = aG* = BF" for (MR, 7; 3). 


Hence if we denote by ¢ the mapping O% X 6}, —> Ho, by projection, and by « 
the mapping fa, we have 


(10.4) KQe = KO C Hi; for (KR, 7; 3s). 


Denoting by x the mapping of 62(X,, Ty ; Sp) induced by x, it is obvious 
that x is precisely the mapping « defined in 7 for simplicial (R, 7) with R = X), 
T = 7T,. Moreover (9.6) implies 


(10.5) mK = K,jth, \ > uw, a T-projection. 


(10.6) If OF * = 0, the kernel of x, as applied to ©} , is ®.. 

Proor. The hypothesis 0° = 0 implies that a®* C Hi;°. Hence faG} = 
a®* so that x has the same kernel as a, namely RK? . 

(10.7) If O* = 0 and St) = SH, then x transforms O} isomorphically. 

Proor. By (10.6) the kernel of x, acting on o , is O an &*. Now from 
(4.6, 5. 2) and the definition of O%, KR. , it is easy to see that an element in 
RK 0 ©} is of the form aA = {pC*}, where C” = {Cx} is an ordinary cycle. Thus 
c” is an element of 6’, consequently an element of $%,). This implies that 
aC” ~, 0 (see definition of $%,)), hence that y" is the zero of ©). Thus the 
kernel of K vanishes. 

(10.8) If S** = 0, then x, acting on OS} , covers Gog —that is, KO = hz. 

Proor. We have only | to show that a given cycle vy” in 60; has a pre-image 
in ©. We may write 7" = x 1) where yx C Xy,. Since p-homologies 
imply ordinary homologies, 7" * may be regarded as an element of §”’, hence 

y ~ 0. Hence each y* ‘is an element of $05 (Xx , Tr 3x) 0 Bs (Xd, T, : ¥,) 
anid so has a pre-image in 6)(X,, Th ; Sp) under x, (7.2). Let A, denote the 
totality of these pre-images of ye. If mis a T-projection, the relations (10.5) 
imply that m4A, C A,. The sets A, being finite (hence compact), it follows 
that the limit of the inverse system {Ay | i is not empty (I, 39.6). The limit 
elements are evidently pre-images of y” under x. 

a 9) Let A, B be invariant sets with ACB. Let Oi [B] be the subgroup of 
9} consisting of all p-homology classes I” such that (3 contains at least one prcycle 
of B. If every (ordinary) cycle of A ts Tomolonoiws to zero in B, then $F [A] C 
a6,[B |. 

The proof is essentially the same as that of the preceding proposition; it is 
based on an obvious modification of (7.2). 

(10.10) Assume that 9 is finite-dimensional, p a prime. Assume further that — 
H'(R, Xp) = Oforh > n while H"*(R, Bp) 1s cycle of order p. Then 


Oty = OF SH", BP =0; GH =0,h>n, (for (R, 7335). 


Proor. Suppose dim ® < m; evidently n S m. According to (9.5) the 
definition of the p-homology groups can be based on 2, & = pm + p — I, in 
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place of =. Recall that the d-coordinate of a cycle y” of Of is an h-dimensional 
(p, Xy)-cycle in X, — X,. Hence if h > k and Wis in 2, yr = 0. We-con- 
clude that ©} = 0, h > k. Now let I be an integer larger than & such that 
1 — kiseven. We have O} = 0. The relation §'* = 0 implies that 3° = 
Bi = aD! = a0 = 0, OF" = 0. From this in turn we infer that OF = 6,” 
= 0, finally that OF** = H3** = O and hence 


(10.11) Br = aH?” = 0. 


From (6.3b) we conclude that 6; & §(,). It remains only to show that 
Doo) = §". 
Let 7” be an n-cycle ~ 0. Then Ty ~ xy (x a nonzero integer), T’y ~ 
ay,-+:,y = T’y ~ xy. Hence x? = 1 mod p and since p is prime, r = 1 
mod p. Thus for each \, Ty, ~ y,, hence jr, ~ 0. We assert that {ay} is a 
p-cycle. We have only to show that if +, is a T-projection (lh > U,), 
PY ~, By¥u- We have THYd — ¥, ~ 0; hence by (5.6) B(wpyn — Yu) ~, 0 as 
required. Now jy ~ 0 implies that jy is an element of the subgroup B; of 6, . 
Hence (10.11) implies sy ~, 0 so that fy is a nonzero element of 6(,). Thus 
$f) ¥ 0 and being a subgroup of a cyclic group $” of prime order, $" must be 
identical with (,) . 

11. The property A,. We shall say that ® possesses the property A, over 
G if for any non-empty set A in §, all n«ycles of R — A (over G) are ho- 
mologous to zero. Example: an n-sphere (G arbitrary). 


(11.1) TutorEmM. Let q be a prime factor of p. Suppose that R 1s compact 
and finite-dimensional and that $"(R, X,) = 0 forh > n while S"(K, Yq) ts cyclic 
of order q. Suppose further that R possesses property A, over ¥,. Then L is 
nowhere dense in RR. 


Proor. Lets = p/g. Then 7” is of prime period q, hence primitive. Since 
points fixed under 7 are fixed under 7”, it will be sufficient to show that the 
fixed-point set L, of T’ is nowhere dense. By (10.10), 6, (8, 7"; Bq) is cyclic 
of order g, and $7 (KR, T°; 3.) = 0. Let IT) be an arbitrary p-homology class, 
element of 67(%, T°, %,). From (10.1) and the properties of ©,, 5, T, 
contains a p-cycle y which has a representation y = 71 + Y2 Where 71 is a p-cycle 
of R — L, and y2 is an ordinary cycle of L,. Since R — L, is open and non- 
empty, property A, and the fact that v2 is a cycle of R — (MR — L.) imply y2 ~ 0. 
Suppose now that L, contains a non-empty open subset L,. Then y; is a cycle 
of % — L, and hence y; ~ 0. Thus y ~ 0 and hence I; ¢ 8; (KR, 7"; 3), hence 
it is the zero of ©7(R, T°; %,). Since I; was arbitrary this implies that 
$7 (KR, T°; %q) = 0, which is impossible. 

For locally Euclidean §, the preceding theorem follows from a theorem of 
Newman [c]. Concerning a generalization of Newman’s theorem see P. A. 
Smith [el]. 

12. Homological spheres. A compact finite-dimensional space will be 
called a homological n-sphere over G if, when augmented, it is n-cyclic over G 
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(III, 21). We shall regard the empty set as a homological (—1)-sphere over 
every G. 


(12.1) Turorem. Let T be a transformation operating in R, of period p = q° 
witha 21, qaprime. If R is a homological n-sphere over 3, , then the fixed- 
point set L is a homological r-sphere over3,, ~-l1 Sr sn. 


Proor. We shall first establish the theorem for the case a = 1, p = g. In 
any case we may assume that L = 9. 

Let po, pi, °°* Stand alternately for 5, o beginning with pp = 6 (o would do 
just as well). Let r be the dimensional index of the first vanishing group in 
the sequence 


(12.2) OF OFT (R, T; 3p). 


We assert that O%, = 0 so that the definition of r has meaning. Consider an 
element of O?,. It contains a po-cycle of the form y’ = {fAx}. Since S° = 0, 
X) is connected (VII, 11.15). Hence if E is an X)-vertex, we have E ~ 0 
mod X);. It follows that A? ~ 0 mod Xy,, say FB} = Ap + Apr. Then 
FpoB, = poAi = y, and so 7, ~ 0 for each \ proving our assertion. 

We shall show that $5,, is cyclic of order p while 5,, = 0 fori # r. This 
will imply, since the groups $5,, are identical with the ordinary homology groups 
of L (see 10.1) that Z is a homological r-sphere. 

Note first that 


(12.3) B;, ad 85, ) 1A n, 


since ' = Ofori ¥ n. By (10.10), 6%, is cyclic of order p. Assume for the 
moment that r <n. Then ©; ¥ 0 and hence O), = ©7,. We have aD), = 
Br~" (10.3) and consequently 6?—* is cyclic, possibly zero. If r <n — 1, we 
have 0 ¥ Of" C HF so that (12.3) implies BP, ~ 0. Hence BP~" is of 
order p and hence so is O7—, . On repeating this argument we conclude that 
the groups (12.2) with dimensional index exceeding r are cyclic of order p. In- 


cidentally, we have shown that 
(12.4) 9;, = O3.; t=nn—1--,rtl. 


Next we assert that the remaining groups of (12.2) vanish. In any case OD), = 0 
by definition of r. Then using (12.3), O77, C Of, = Bir, = aOf, = 0. 
Replacing r by r — 1 and so on, our assertion is established. 

By (10.8) we have 


(12.5) Boo, = KObae, = xO = 0, ti<r 


Using the fact that 6), = 0 for i > n (10.10) we see that (12.5) holds equally 
well for i > n. Moreover $),, vanishes fori = r + 1,---,n. This follows 
from (12.4) and the decomposition ©, = ©, X Go (10.2). We have now 
shown that 65, = 0 when 7 = r. 
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It remains to show that ;, is cyclic of order p. If r = n, this is implied by 
the relation ©; = 0, the fact $7. is cyclic of order p, and the decomposition 
9, = O, X Hy. lfr < nit is implied by the fact that O57", is cyclic of order p 
and that « carries So. isomorphically onto $o,, (10.7, 10.8). This concludes 
the proof fora = 1. 

Now assume that a > 1 and that the theorem has been proved for p = q’, 
b< a. The transformation 7’, s = g*’, is of prime period g. Hence its fixed- 
point set L, is a homological r-sphere, r S n. Now T transforms L, into itself 
and the transformation T’ induced in L, is either the identity or it is of period 
g where c < a. In the first case, L = L, and the theorem is established. In 
the second case the fixed-point set L’ of JT’ is homological r’-sphere, r’ S r. But 
it will be seen on a moment’s reflection that L’ = L and the theorem is therefore 
established. 

Denoting by a, the homomorphism a acting on the p- and j-homology groups 
of dimension h, let arn = GrOr41°*: an. Let po, p:, °°: stand alternately for 
5, o as in the proof of (12.1). 

(12.6) Let R be a homological n-sphere over $,, p a prime, so that L is a 
homological r-sphere over ¥,, —1 S r S n (12.1). Then 


(12.6a) As41nDp_(R; T33p) = H,, (KR, 15 ¥5), S= PT,°°' Ms 
(12.6b) Fr tinDpn(R, T; 3p) = O'(L, 3p). 


Proor. It follows from (6.3a) and (12.3) that a6}, = OH, @ =r +1, 
--+,n); this implies (12.6a)—It was shown in the proof of (12.1) that 
KOo, = H'(L, 3). By (12.4) © can here be replaced by §5*1,. Since 
K = fa,4, we have fa119;*., = ©'(L, ¥,) which with (12.6a) gives (12.6b).— 
We have referred here to the proof of (12.1) which was carried out on the 
assumption that r 2 0. It can readily be verified however that (12.6ab) hold 
equally well when r = —1. 

13. The existence of fixed points. We shall say that R is acyclic over G 
if for every compact set A in ® there exists a compact set B with A C B such 
that cycles of A over Gare~Oin B. (Example: Euclidean n-space, G arbitrary.) 


(13.1) THrorreM. Let ® be a finite-dimensional locally compact space and 
assume that R is acyclic over %,,qa prime. Every transformation of period p = q° 
operating in R admits at least one fixed potnt. 


Proor. Assume first that a = 1, p = qg. Suppose that dim ® S mand let | 
k = pm + p — 1. Let By be anon-empty compact set in R. Then Ao = oBo 
is invariant, compact, non-empty. We may choose a compact B, containing Ao 
and such that cycles of Ap are ~ 0 in B,. Evidently B, can be replaced by the 
compact invariant set A: = oB,. Proceed in this way to obtain compact in-— 


variant sets Ao, --- , Ax41 such that 
yy # Ay CA, C-:-: C Agai 
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and such that cycles of A; are ~ Oin Ai41. Let S = Aji. It is easy to see 
that in the topology of S, regarded as a subspace of §, it is still true that cycles 
of A; are ~ 0 in A;4,;. T induces a transformation of period p in S and since 
dim S S m, the p-homology groups for (S, 7’) can be based on the system 2, of 
coverings of S (9.5) where hk = pm + p — 1. 

Now assume that L = 0. The relations X); = Xz, (2.3) then imply that 
Xyr = 0, dim X, S k for each Uy in 2. Hence 9F7(S, T;%,) = 0. Let a, 
denote the mapping a as applied to cycles of dimension h. Repeated applica- 
tion of (10.9) gives 


§,[Aol = M102 °°" onu®y [Ax] (for (S, 7; 35)) 


where vy = p or f according as k is odd or even. The relation 65** = 0 then 
implies 


(13.2) ©9(Ao) = 0 (for (S, 7; 3,)). 


Now choose a definite Ul, in 2,. By the theory of inverse systems of groups, 
there exists a li, in 2; such that the image in X, under a T-projection r. of an 
arbitrary 0-dimensional (p, X,)-cycle in X)4, (the subcomplex of X)-simplexes 
meeting Ao) will be the u-coordinate of a p-cycle of Ao (VI, 3.12), hence by (13.2) 
will be ~, 0. But now let Cy be an X,-chain consisting of a single X-vertex 
in Ay, with nonzero coefficient. Then KI(Cx) ¥ 0. But KI(sCX) = 0 since 
G = 4,. This implies that pC\ is a (p, X,)-cycle in X,,4, and hence by what 
was said above, wr(pC}) ~, 0. Hence by (5.5) KI (mC) = 0. But the value 
of KI(C) is unaltered by projection, so KI(Cx) = 0 which is impossible. This 
contradiction completes the proof for the case a = 1. 

We need not insist on the details for the case a > 1. The proof there rests 
on (i) the theorem that for a = 1, the acyclic property for implies the acyclic 
property for L and (ii) an induction on a. The proof of (i) involves the map- 
pings a and x and closely resembles parts of the proof of (12.1). Moreover 
the induction in that proof indicates how (ii) is to be carried out (see Smith [f]). 

14. The index. Consider an (R, 7) with ® compact, L = @ and p a prime. 
We associate with each 0-dimensional p-cycle y’ a unique element of %, in the 
following way. Since by (2.3) Xy; = 0 for each Uy, in Z, we may write y, = pA. 
Let myo = KI(A)). It follows from (5.5) that ny, is independent of the choice 
of A, , in the expression 5A, for y,. Moreover 77 is independent of . To 
prove this it is sufficient to show that 77, = ory, whenever \ > ». We have 


; ney = nwrpAy = np(®rAy) = KI (Ay) = KI(A,) = m. 


By (5.5) the relation my, ~, y, implies ntvy. = ty, which proves our assertion, 
Another application of (5.5) shows that 7 is independent of the choice of the 
p-cycles 7) in their respective p-homology classes. Hence 7 is a function of the 
elements of ©; , with values which are residues mod p. Regarded as a mapping 
$?. — 3,, 7 is evidently a homomorphism. 

(14.1) If S°(R, ¥>) = 0, 7 is an isomorphism. 
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Proor. It is sufficient to show that 7y° = 0 implies y’ ~, 0. The first of 
these relations implies relations of the form 


yx = pA,;  KI(Ax) = 0, - 


the second of which implies that A, is a cycle. The hypothesis S° = 0 implies 
that X, is connected and therefore A, ~ 0. Hence pA, ~, 0 (5.6), so that 
y ~, 0. 

Now let $ denote the additive group of integers. On reducing the integers 
modulo p, there is induced in an obvious way a homomorphic mapping &: 
H'(KR, 3) - H'(R, Sp). | 
- We shall say that a homological n-sphere 9 over 3, is integral if H"(R, B) is 
infinite cyclic and & is an isomorphism of 6"(R, 3) onto H"(R, ¥,). We shall 
agree to consider the empty set as an integral homological sphere over 3, of 
dimension —1. 

We shall assume in the remainder of this section that 9 is an integral homo- 
logical n-sphere over 3p, p 2 prime. Theorem (12.1) asserts that L is a homo- 
logical r-sphere over$,, -lSrsn. It is not known, in the case r 2 0 whether 
or not L is necessarily integral. We shall say that (MR, T) 7s integral if r = —1 
or else if r = 0 and L is integral. It can be shown that (R, 7) is integral if, 
for example, # is locally Euclidean and T locally analytic. , 

Let y” be a fundamental n-cycle of #, that is, an n-cycle over ¥ which is a 
generator of 6"(#, 3). The only other fundamental cycle of R is —y"; the 
choice of a definite y” amounts to the choice of a definite orientation eg of MR. 
Suppose now that (9, 7) is integral and assume for the moment that r 2 0. 
Then L admits an orientation e, defined by a fundamental cycle y’. By (10.10) 
and (6.3) 8 maps , (8, 7; 3p) isomorphically onto $"(N, %p). Hence, writing 
x = 6, we have from (12.6b) 


CatrginxénaD” (Tt, S) = O'(L, 3p). 
Hence 
Sarginxtnly”) ~ g&(y’) 
where g €<¥p _ The fact that y” is a generator of H"(N, 3) implies g ~ 0. Evi- 
dently g depends only on (3, 7), ex, € and is replaced by its negative when 
one of the orientations is reversed. We shall call g the index of (R, 7) with 


respect to the given orientations and write g = ind (MR, T, en, €.). Ifr = —1, 
we define an index by the formula 


(14.2) ind (MR, 7, ex) = nainxén(y")- 


Here again the index is an element of 3p and differs from 0 by virtue of (14.1), 


(12.6a). 
15. Mappings of (R, T). Let T, T’ be transformations of period p operating 
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in spaces R, Jt’ and let s be a (single-valued continuous) mapping R — KR’ 
such that 


(15.1) sT = T's. 


We may call s a mapping of (R, 7) into (R’, 7’) and write s: (R, T) — (R’, T’). 
Evidently (15.1) implies sL C L’, 

Suppose that #, 9’ are compact, TJ and 7” primitive. Then a mapping 
s:(R, T) — (R’, T’) induces homomorphic mappings S of the p-homology 
groups of (R, 7) into those of (R’, T’) in exactly the same way as it induces 
mappings of the ordinary homology groups (see VII, 5.11). Briefly let p’ 
stand for 1 — J’ or1 + T” + --- + T’”' according as p stands for 8 or ¢ and 
let {Uy}, {U\-} be the primitive special coverings of ®, R’. As a result of 
(15.1), sU, is a T’-system (not necessarily a covering). Denote nerve sll, by 
sX,and the transformation which TJ’ induces in sX, by s7,. Let p., denote the 
operator p defined with the aid of sT,. Asa result of (15.1), the chain-mapping 
which s induces carries p-chains in X) into p,-chains in sX) and hence s induces 
in an obvious way a homomorphic mapping 


5: 65(X, , Tr 5 @) > H3(sXy , sTr ; G). 


Suppose that there exists a Ul, such that sll, > Uh. Since Uy is primitive, 
there exists by (2.1) a T’-projection ’:sl, — Uy. On the basis of (8.1), x’ 
induces a homomorphic mapping | 


#’:OF(sX, , sTy , G) > OX, Ty , G) 
so that 
#'86"(X,, Tr ; G) CK OX, Ty 5 G). 


Now by the continuity of s there can be associated to every \’ a A = ¢(’) 
such that sll, > U,-. The set of coverings {Ua} is cofinal with {U,} and 
hence a p-cycle y is uniquely determined by coordinates y,a). The elements 
#’ Sy oo) can be shown to be the coordinates of a p-cycle in Rt’, call it Sy. The 
correspondence y — Sy can be shown to be independent of ¢ and in fact it will 
be seen that S is precisely the induced homomorphism §)(R, T, G) > SiR’, 
T’, G) which was to be defined. 

From now on we need not disinguish, in our notation, between a mapping 
s:(R, T) — (R’, T’) and the homomorphisms it induces. Let a’, B’, --- denote 
the homomorphisms a, 8, --- operating on the groups of ({t’, T’). Then 


(15.2) sa = a's, st = &’s, st'= ¢’s, 
(15.3) sB = B's if 8, B’ are isomorphisms, — 


The verification of these relations is perfectly straightforward. With regard 
to a for example, (15.2) follows from the fact that a is defined by means of cor- 
respondences pA + B—FA (A, B chains) and the fact that all chain-mappings 
which enter into the definition of the induced s are permutable with p and F. 
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With regard to ¢ (defined in 10) we use the relation sL C L’. Let us observe 
also that when L = L’ = @, 


(15.4) nS = 4. 


This is simply an expression of the fact that Kronecker indices of 0-chains are 
Mvariant under chain-mappings. 

16. Throughout this section let s be a mapping (M, 7) — (R’, T’) where 
MR, R’ are integral homological n-spheres over %,. Let L, L’ be the correspond- 
ing fixed-point sets; they are homological r- and r’-spheres over &, (12.1). 
Let eg, eg be definitely chosen orientations of R, R’ defined by fundamental 
cycles y", y’” over 3. The uniquely determined integer x such that sy” ~ xy” 
is the degree of s relative to the given orientations: x = deg (8, ex, eg’). Let 
a’, B’, --- denote the homomorphisms a, 8 --- acting on the groups of (®’, 7’). 


(16.1) THrorem. If deg (s, €g , ex) ~ 0 mod p, thenr = 7’. 


Proor. If 7’ = —1, then r = —1 since sL CL’. Assume therefore that 
r’ =0. We have sy” ~ zy” where x = deg (s, eg , eg’). Since x ¥ 0 mod p, 
t.(sy") ~ 0 in R’. Hence (12.6b), 


(16.2) Cot ainx’En(sy") % 0 in L’, 
But on applying (15.2, 15.3) the left side of (16.2) becomes s[fay4inxEn(¥")]. 
The expression in brackets is an r’-cycle over$,in L. Hence if r ¥ 7’, that cycle 


is ~ Oin L so that its image under s is-~ 0 in L’ contradicting (16.2). Hence 
a ae 


(16.3) TuHrorEem. If r! = —1 (that is, of L = L’ = 0) then ind (XR, T, ex) 
= ind (R’, 7’, -e:)-deg (s, ex , én). 


Proor. We have sy" ~ xy’", x = deg (s, em, €g'). Hence (14.2), 
(16.4) n/ainx’En(sy") = xn'aingn(y”) = deg (s, en, ew)-ind (’, 7’, ew). 


On applying (15.2, 15.3, 15.4) the first expression (16.4) becomes qa:nxén(y") 
which equals ind (®, 7’, ex). 

Consider the special case in which R = MR’, T = T’, eg = ew. Then ind 
(R, T, ex) = ind (R’, T’, em) ~ O and hence 


(16.5) deg s = 1 mod p, 


a relation obtained by Ejilenberg [b] for simplicial (R, 7) and simplicial s. 
If we specialize still further and take for a Euclidean n-sphere and for 7 the - 
reflection of ® across its center, then p = 2 and we conclude from (16.5) that 
an ‘“‘antipode-preserving’ mapping of an n-sphere into itself is necessarily of 
odd degree, a well known theorem of Borsuk [b]. | 
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(16.6) THzorem. Suppose that r’ = 0 and that deg (8, ex, en) = 0 so that 
r =r’ (16.1). Suppose further that (R, T), (R’, T’) are integral so that L, L’ 
admit orientations ¢,, €.. Then 


(16.7) ind (9, 7, en , ez) deg (8: , €. , ex’) = ind (M’, 7”, ew’ , ex) deg (8, ew , ex’) 
where 8, 1s the mapping L >» L’ induced by s. 


Proor. Let’, 7” be fundamental cycles in L, L’ corresponding to ex , éx: . 
The relation sy" ~ xy’ (x = deg (s, ex, €x’)) implies by (14.2) 


(16.8) Cote sinx’En(8y") ~ aly” 


where g’ = ind (®’, 7’, ew, ex). Applying (15.2, 3, 4), the left side of (16.8) 
becomes s[tarsinxén(y")]. Now[ ]~ gy’ where g = ind (®, T, ex , er). Hence 
s{ ]~ 2xigy” where z, = deg (sz, er, €x’). Comparing this with (16.8) we 
conclude, since x ¥ 0, g’ ¥ 0, that z:g = xg’ which is precisely (16.7). 

Consider the special case in which R = KR’, T = T’ so that L = L’. Take 
én = €g and e, = ez. Then (16.7) yields the relation 


(16.8) deg s = deg s, mod p. 


Suppose st is an n-sphere and T the reflection of 9 across a great r-sphere, 
r <n. Then p = 2 and we conclude that if s is a mapping of ® into itself 
which preserves 7’-corresponding point-pairs, then deg s and deg s, are either 
both even or both odd. : 

17. Some further results. Suppose # is a homological n-sphere over 3, 
p a prime, so that by (12.1) L is a homological r-sphere,r Sn. Simple examples 
show that » may equal n. However if it is assumed that ® satisfies certain 
local homological conditions, we have always r < n. Moreover in this case 
rcan equal n — 1 only when p = 2, and if r = 0, L consists of exactly two points. 
If R is a 3-sphere, L is empty or consists of two points or is a simple closed 
curve or is homeomorphic to a 2-sphere. (See P. A. Smith, [b, c].) The cor- 
responding theorem for 2-spheres was first established by Brouwer [f] and 
independently by Kerékjarté [a].) | 

As a consequence of (13.1) a transformation of period q° (q a prime) operating 
in Euclidean n-space, admits fixed points. However if n = 3, every periodic 
T admits fixed points; if n = 4, every locally analytic periodic T admits fixed 
points (P. A. Smith [f]). 

18. Problems. The foregoing account seems to indicate that as concerns 
the properties of fixed-point sets, the method of p-homologies applies to best 
advantage when one has to do with a transformation of period p where p is 
a prime, and when one is concerned with homological properties over 3. 
Whether the results obtained hold for other periods and coefficient groups is 
an open question. It would be interesting for example to know whether (12.1) 
holds if the period of 7 is a prime and the coefficient-group is the group of 
rational numbers; a partial answer is found in Smith [bl]. 
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(18.1) SPECIAL PROBLEMS. Does every periodic transformation in Euclid- 
ean 4-space, every periodic locally analytic transformation in Euclidean n-space 
admit fixed points (cf. 17)? Assuming 9 to be an n-sphere, p to be prime so 
that L is a homological r-sphere over &, (12.1), is it true that n — r must be even 
or odd according as 7 preserves or reverses orientation, as would be the case 
if 7 were analytic? 
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